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Calculus 3c-2 Introduction

Introduction

Here follows a collection of examples of general, elementary series. The reader is also referred to
Calculus 3b. The main subject is Power series; but first we must consider series in general. We shall
in Calculus 3c-3 return to the power series.

Finally, even if I have tried to write as careful as possible, I doubt that all errors have been removed.
I hope that the reader will forgive me the unavoidable errors.

Leif Mejlbro
14th May 2008
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Calculus 3c-2 Partial sums and telescopic series

1 Partial sums and telescopic series

Example 1.1 Prove that the series

i I
— n+4 n-+6

is convergent and find its sum.

We shall in this chapter only use the definition of the convergence as the limit of the partial sums of
the series. In this particular case we have

N 1
v = 3 (o are)
B 1 1 1 1 1 1 1 1
- {3?}*{65}*{?5}*“'*{@@}

1 1 1 1
+{N+3_N+5}+{N+4_N+6}'

The sum is finite, and we see that all except four terms disappear, so

1,1 1 1 L SRS | R
sN=~-+-—-———-—————>-+--0-0= - for N — oo.
N=5"6 N+5 N+6 5 ' 6 30

It follows by the definition that the series is convergent and its sum is

i —1 — ! = lim s *1—1
n+d n+6) nNoowo N30

n=1

Remark 1.1 Since

N 1 N+41 N 1 N+61
;H‘l:;ﬁ and ;n+6:;ﬁ

(finite sums with the same terms; check!), we get more well-arranged (the sum can be split, because
it is finite)

N N
1 1 1 1

B 1+1+N+41 N+41+ 1 N 1
|5 6 & ~n N+5 N+6

11 1 1 1 1 11

576 N+5 N+6 576 30 T

etc.
6
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Calculus 3c-2 Partial sums and telescopic series

Example 1.2 Prove that the given series is convergent and find its sum

> 1
; 2n—1)(2n+1)

Since we have a rational function in e.g. x = 2n, we start by decomposing the term

1 1 1 1 1

2n—1)(2n+1) 22n—1 22n+1"

Then calculate the N-th partial sum

MU 4 @n-D@En+1) 24 m—1 24+l

_l_

Since the sequence of partial sums is convergent,

111 1
_ . S for N
NTH T 9N+l 2 AT

the series is convergent and its sum is

i L = lim s —1
@n—1)(2n+1) Noow ¥ 2

n=1

360°
thinking.

Deloitte.

Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affliated entities.
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Calculus 3c-2

Partial sums and telescopic series

Example 1.3 Prove that the given series is convergent and find its sum,

oo

1
Z’I’LQ—l.

n=2

We get by a decomposition,

I 1 11 11
n2—1 (n—1Lmn+1) 2 n—-1 2 n+l

Se sequence of partial sums is then

N N
1 1 1 1 1
nz—liingzn—liign—l—l

|
M=

SN =
n=2
(N=1 N
= 3 75 - (the same insides, check the first and the last terms)
n n
n=1 n=3
N-1 N-1
1 1 1 1 1 1 1 1
= {§+Z+§;ﬁ}_§{§ﬁ+ﬁ+l\f—+l} (remove some terms)
3 1 1 1 1
= 173 N "2 Vil (cancel the two identical sums)
3
- for N — oo.

It follows by the definition that the series is convergent and its sum is

oo

S dm sy =
n?—1 Ny

N—o0
n=2

Example 1.4 Prove that the given series is convergent and find its sum

Vntl—yn
= Vn?+n .

This is a nontypical case, though one may still copy the method of decomposition. since

vVnZ4+n=+vn+1-yn,

it follows by a division that

Viti-yn VaFli-yn 1 1

ViEin Vntlyn Vi vail

Then calculate the sequence of partial sums,

d
5
U

w = SV
— n?+n n

(o]
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Calculus 3c-2

Partial sums and telescopic series

Since the sequence of partial sums is convergent

1
sSN=1————1 for N — o0,
N +1

the series is also convergent and its sum is

(o] 1_
§ —M: lim sy = 1.
ot ‘/n2+n N—oo

Remark 1.2 We see from the expression of the sequence of partial sums that the convergence is very

slow, so it is not a good idea here to use a pocket calculator.

Example 1.5 . Prove that the given series is convergent and find its sum,

i 2n+1
—n?(n+1)? '
We first decompose,

2n+1 (n>+2n+1)—-n? 1 1

n2(n+1)2 n?(n+1)2 T2 (n+1)?

This gives us the sequence of partial sums
N N N

2n+1 1 1 1 1

5N = an(n+1)2_2ﬁ_ (n+1)2_zﬁ_ n2

n=1

=

Il
—
_|_

3
1=
SM|H
—
I

3
1=
§m|’—‘
_|_

=
+ | =
:
e
—

= 1—-—-—1 for N — oo.

It follows by the definition that the series is convergent and its sum is
o0
2 1
S~ fim sy =1

—n?(n+1)?  Nooo

Example 1.6 Prove that the given series is convergent and find its sum,
i 3n +4
—nm+1)(n+2)

We get by a decomposition that
3n+4 2 1 1

nn+1)(n+2) n n+l n+2

9
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Calculus 3c-2 Partial sums and telescopic series

The sequence og partial sums becomes

oo N~ Bnd _2i1_i 1 _i 1
N nzln(n—i—l)(n—i—Q)_ —n n=1n+1 n=1n+2
N]. N+11 N+21
S S B R I e | .
Z . Z . - (same insides)
n=1 n=2 n=3
N 1 N—i—l1 N 1 N—|-21 N 1 N 1 N 1
SR OEEDIEITR) OETS S NN CRETES DS SEFD 9B
n=1 n=2 n=1 n=3 n=1 n=1 n=1
N N N N
1 1 1 1 1 1 1 1
= <1 - - 14— i - =
fratosito b gustost
_ Sy v o vt
a N+1 2 N+4+1 N+2
5 2 1 5

SIMPLY CLEVER SKODA
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Do you like cars? Would you like to be a part of a successful brand?
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Send us your CV. You will be surprised where it can take you.
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Calculus 3c-2

Partial sums and telescopic series

Example 1.7 Prove that the given series is convergent and find its sum,

o0

Z 2n + TL2 + n
2ntin(n+1)

n=1

By using a decomposition like method we get

2"+n*+n 1 LS SRR S S S
2ntln(n4+1) 2 n(n+1) 20+1 2pn  2np41  2nFl]
The sequence of partial sums is
N N N N
2" +n?4+n 1 11 1 1
WS D ) 22n 22 na1 T 2
B 1%1 1N“1+1 _
2 n o2 no 2 2
n=1 n=2
N N
1 1 1 1 1 1 1 1 1
- {5*525 {§ZE+§N—+1}+§W
n=2 n=2
11 1 1 11 1
= - 4 - _—1--_——_—_—_ 51 for N .
2 2N+1 ' 2 2N+ 9Nf1 oN+l 4 OrA T

By the definition, the series is convergent and its sum is

(oo}

—_— = m s = 1.
2”+1n(n + 1) N—o0 N

n=1

Example 1.8 Check if the given series is convergent or divergent,
i 2+ (—1)"
2n '
n=1

First estimate each term,

24 (=17
0<an:%

IN

3
— =b,.
2n

Then the larger series

bn=3§:2in=3,
1 n=1

8

(a quotien series),

n

is convergent, so it follows from the criterion of comparison that the smaller series

- =2+ (=1)n
Ay = —_—

is also convergent.
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Calculus 3c-2 Partial sums and telescopic series

Remark 1.3 We can in this case even find the sum. which will give us an alternative proof. The
sequence of partial sums is

SN

Il
[~]=
[N}
+
N | —~
3
=
3
Il
[N}
1 [M]=
N
DN
N———
3
| =z
|
DO
N——
3

(quotient series)

Il
o

N+1
2 1 2 1
- — -z — - (——) —>§ for N — oo.

It follows that the series converges towards the sum

— 2+ (-D)" 5
I

n=1
I joined MITAS because for Enginecrs and Geoscientists

I wanted real responsibility www.discovermitas.com

Vil Q moa

& el et BLT
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Calculus 3c-2 Simple convergence criteria for series

2 Simple convergence criteria for series

Example 2.1 Check if the given series is convergent or divergent,

Criterion of comparison. Since

1 1
n(n—1) <+vn-n=n, wehave ———>—.
nn—1) n

Therefore, if we put a,, = 1/y/n(n — 1) and b,, = 1/n, we get

Since the smaller series is divergent (the harmonic series is divergent), the larger series is also, thus

is divergent.

- 1
7;2 vn(n—1)
Criterion of equivalence. Putting as above

1 1
ap, = — and b, = —, n> 2,
n(n—1 n

we see that both a,, > 0 and b, > 0. Since

by n(n—1) n—l_\/l_l )
B n B no n

an

o0 o0 1
E b, = E —
n - is divergent
n=2 n=2

By the criterion of equivalence,

is divergent.

o0 o0 1
2 =2 e
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Calculus 3c-2 Simple convergence criteria for series

Example 2.2 Check if the given series is convergent or divergent,

=1
Z 1+Inn’
n=1

It follows either by the magnitudes or by a graphical consideration that

0<l+Inn<n for every n € N.

Hence,

5]
X
5 ! 15 2 25 3
0
—24
—4
1 1
ap=——"—2>—=">0
" 14lnan " n w
and thus

o) [eS)
Z ay, > Z by,.
n=1 n=1

Since the smaller series Y b, is divergent (the harmonic series), the larger series Y a, is by the
criterion of comparison also divergent.

We have proved that

oo
Z ; is divergent
— 1+1nn gent-

14
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Calculus 3c-2 Simple convergence criteria for series

Example 2.3 Check if the given series is convergent or divergent,
>0 2
Z ne " .
n=1

Criterion of comparison. By putting a,, = ne=™ > 0, and e.g. b, = 1/n?, it is seen that

2 1

1
0<ap,=n-e" :—2~n367”2<—2:bn forn > N (in fact for n € N),
n n

since the magnitudes assure that at n? - e — 0 for n — oo.

Since the larger series Y. b, = >_n~2 is convergent, it follows by the criterion of comparison that

o0
— 2 .
E an = E ne " is konvergent.

Remark 2.1 Another choice of b, could be b, = e¢~" or b, = exp(—n?/2). In both cases we also
prove the convergence.

Criterion of quotients. If we put a,, = nexp(—n?) > 0, it follows that

" 1 — 1)2 1
an+1 — (n + )exp( (T; + ) ) — <1 4 _) 6—277.—1 —~0<1 forn— 00,
an, nexp(—n?) n

and the convergence follows by the criterion of quotients.
Criterion of roots. If we put a,, = nexp(—n?) > 0, it follows that
Va, =Vn-e"—=1-0=0<1 for n — oo,

and the convergence follows by the criterion of roots.

Example 2.4 Check if the given series is convergent or divergent,
o0

1
Y i

n=1

Criterion of equivalence. If we put

1 1
an:m>0 og bn:ﬁ, fOI'TLGN,
it follows that
2n? — 11
b_”:—n \/T_lzl————>1 for n — oo,
an 2n? 2 ny/n

thus (a,,) and (b,,) are equivalent sequences. Since

(oo} oo

1 1 )
; b, = 3 Z o is convergent,

n=1

15
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Calculus 3c-2 Simple convergence criteria for series

the criterion of equivalence shows that

oo

1
;2712—\/5

is konvergent.

Criterion of comparison. Since /n <n < n? for n € N, we have
—/n>2n? —n? =n?

thus

0O<an=o—s—<—=b, neN.

22 —\/n ~ n?
The larger series Y. b, = >_1/n? is convergent, hence the smaller series

oo

1
E I T is also convergent.
2n2 — \/ﬁ

n=1

~
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Calculus 3c-2

Simple convergence criteria for series

Example 2.5 Check if the given series is convergent or divergent,

oo

1
;n—i—\/ﬁ'

Criterion of equivalence. Put

1
S n+vn

>0 and bn:l>0.
n

by, 1
—*m:1+——>1 for n — oo,

an N vn

so (ay) and (b,) are equivalent. The harmonic series

Z = Z — is divergent,
n=1 n= 1

so we conclude by the criterion of equivalence that

Z a, = Z — \/_ is also divergent.

Criterion of comparison. Since \/n < n for n € N, we have n + /n < 2n, so

Ay = ——— ! 1—b

Since the harmonic series is divergent, the smaller series

oo

= 1
Z Z - is divergent.

n=1

By the criterion of comparison, the larger series

ﬁMéa

oo
Z is divergent.

17
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Calculus 3c-2 Simple convergence criteria for series

Example 2.6 Check if the series

>

is convergent or divergent.

n 2n2

Since

1
\/2n2+1:m/2+—2>n
n

it follows by the criterion of comparison that

> 1 =1 =1
0<nzln —2n2+1<;n n:;§<007

so the series is convergent.
We can also apply the criterion of equivalence, but it will only be a variant of the above.

Remark 2.2 Since a,, = 1/(nv2n? + 1) approximately behaves like a fractional rational function,
we cannot use the criteria of quotients or roots:

A1
Ya, — 1, and i SN 1, for n — co.

an,

Example 2.7 Check if the given series is convergent or divergent,
i n+2
— (n+1)vn+3
Criterion of equivalence. Put

2
:L>O

fin (n+1)vn+3

By counting the degrees we see that it would be reasonable to compare with b,, = 1/4/n. Since
b, (m+1)vn+3 n+1 /n+3 1 3
no_ = =(1—- — 1+ ——1 forn— oo,
an (n+2)v/n n+2 n n+2 n
it follows that (a,) and (b,,) are equivalent. Then compare b, = 1/y/n and ¢, = 1/n. We see that

1
\/ﬁ

1
b, = > — =cy.
n

1
The harmonic series is divergent, so > ¢, = > — is divergent. The larger series Y b,, is also divergent,
n

so according to the criterion of equivalence

n+2 .
ay, = - is divergent.
Z Z (n+1)v/n+3 8

18
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Calculus 3c-2 Simple convergence criteria for series

Remark 2.3 The above is rather difficult. It will later be proved that > n~% is divergent, when

« < 1. This is true here, where a = %

Criterion of comparison. Since

= nt 2 > L >l*b forn >3
" m+DvVn+3  Vn+3 n " -

and > b, = > 1/n is divergent (the harmonic series again), the larger series

g z:: n +7; J:/Q_g divergent.

Example 2.8 Check if the given series is convergent or divergent,

i4n2+5n—2
2 3/2°
“— n(n?+1)%

Criterion of equivalence. Put

4n? +5n—2

I

By counting the degrees we are led to choose b, = 4/n%. Then

1\ 32
.n3 _
b, n(nQ + 1)3/2 4 n-n (1 + n2> 4

— 1 forn — oo,

a, An*+5n—-2 n? <4+§_32> n?
n
so (ay) and (by,) are equivalent. Since
i bn, i x is convergent,
n=1 n=1 Tl
it follows that also
~4dn? +5n -2 . .
_ is convergent.
n=1 n(n2 + 1)3/2 g
Criterion of comparison. Since
4 + b2
2 _ 2 - — = _
) _dn?En—2 nt W _A45-0 1 _ 9

n(n2 +1)3/2 na ( 1\32 = (14032 n2  n2
1y —)

19
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Calculus 3c-2

Simple convergence criteria for series

where the larger series

o0 oo 1
Z b, =9 Z 3 is convergent,
n=1 n=1

the smaller series

o

o0

An® 4+ 5n—2 .
Z ay, = Z _— is also convergent.
n=1

2 3/2
— n(n?+1) /

no.l
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Calculus 3c-2 Simple convergence criteria for series

Example 2.9 Check if the given series is convergent or divergent,

n—Inn
n2 4+ 10n3"

The series looks horrible, but if we use the principle of taking the dominating factors outside the
expression, then the task becomes fairly easy:

It follows by the magnitude that the latter factor converges towards 1/4/10 for n — co. We have now
two variants.

Criterion of equivalence. If we put
1
bn = ;
Vv10-n

it follows from the above that

thus (a,) and (b,,) are equivalent. Since >_ b, =

i 1/ w is also divergent
n2 + 10n3 '

n=1

is divergent, we have that

1 1
Vi0 > n

Criterion of comparison. Since 1/4 < 1/4/10, it follows from (1) that there is an N € N, such that
1
ap, > — - — = by for every n > N.
n
Since the smaller series
- 11
Z b, = 1 Z - is divergent,
n=N n=N
then the larger series

oo (o)
-1
E 1 Op = g ﬁ is also divergent.
o

21
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Calculus 3c-2 Simple convergence criteria for series

Example 2.10 Check if the given series is convergent or divergent,
o0
> (V14n?—n).
n=1

The insides v/1 + n? — n is of the type “oco — 00”, so we must first make a rearrangement

o — /—1+n2_n_(\/1+n2)2_n2_ 1 _l. 1
" VvV1+n2+n n+vV1+n2 n

—.
14+ 4/14 =
n

It follows immediately from this that

1
— —b, > 0.

Qnp Z m

1 1
— 5" — is divergent, the larger series
n

Since the smaller series Y b, = 5

oo oo
Z a, = Z(\/ 1+n2—n) is also divergent
n=1 n=1

according to the criterion of comparison.

1
We can alternatively apply the criterion of equivalence with b,, = o because
n

b, 1 / 1 1
a:§{1+ 1+F}—>§{1+1}:1 for n — oo,

thus (a,) and (b,) are equivalent. Since

i b, = % i % is divergent,

n=1

3
—

we also have that

an, = Z(\/ 14+ n%—n) is divergent.

n=1

[M]8

3
Il
-

22
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Calculus 3c-2 Simple convergence criteria for series

Example 2.11 Check if the given series is convergent or divergent,

i exp(—+/n)
n=1 \/ﬁ

Whenever the exponential function appears together with a term which is almost polynomial, one
should immediately think of the different magnitudes and try to make a comparison with a known
convergent series.

Here we choose the standard series

oo o0 1

E by, = E —5 which is convergent.
n

n=1 n=1

We shall isolate the factor 1/n?. This gives the following estimate

O<a,=— Y2 - 2V VI

vn n? vn n?

3

exp(—y/n) 1 . n? exp(—/n) 1 -{(\/ﬁ)ge_‘/ﬁ}.

x

Due to the law of magnitudes, z°e~* — 0 for n — oo.

Then put = \/n — oo for n — co. We see that there exists an N € N, such that

1
0<a, <—5=by for n > N.
n

Since the larger series

o0 o0 1
g b, = E 2 is convergent,
n=N n=N

then the smaller series

oo oo
Z a, = Z W is also ckonvergent
n=1

n=1
since we only add a finite number of terms Zg;ll .
Example 2.12 Check if the given series is convergent or divergent,

s
N
n=1nln (1 + —)
n
Criterion of comparison. We get from
1
O<nln{l+—)<In2-n,
n

that
1 1

_—— > — =b, > 0.
1

nln(1+ —
n

Ay =

S|

n2

23
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Calculus 3c-2 Simple convergence criteria for series

Since the smaller series

o0

> 1 1 N
Z b, = 2 Z - is divergent,
n=1 n=1

the larger series

o0 o0 1
Z a, = Z — 1\ is also divergent.
n=1 n=1nln (1 + —>

n

Alternatively we prove that the necessary condition of convergence is not fulfilled. In fact, we
get by Taylor’s formula

In(1+z) = + xe(x).

If we put = 1/n — 0 for n — oo, then

1 1 1 1 1
n1n<1+—>:n{—+—5<—>}:1+5<—)—>1 for n — oo,
n n n \n n

hence

1

_— —
1

nln {1+ —
n

The necessary condition of convergence is not fulfilled, hence the series is divergent.

an = =1+#0 for n — oo.

= =
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Calculus 3c-2 Simple convergence criteria for series

Example 2.13 Check if the given series is convergent or divergent,

=1

E —Arccot n.
n

n=1

We get by Taylor’s formula that
Arctan x = z + ze(x).

Put = 1/n. Then

1 1 1 1(1 1 /1 1 1
0<an—Arccotn—Arctan——{—+—5<—)}—2{1+s<—)},
n n n nln n \n n n

hence
1 1 2
0<a,=—<1+¢|— < —==0b, for n > N.
n? n n?

Since the larger series

o0 o0 1
Z b, =2 Z 2 is convergent,
n=N n=N
it follows by the criteria of comparison that the smaller series

o0
1 .

E — Arccot n is also convergent.
n

n=1

Example 2.14 Check if the given series is convergent or divergent,
3 In(1 !
Z n + ﬁ .
n=1
We get by Taylor’s formula that
In(1+z) = + xe(x).
We even get by a graphical consideration that
O<In(l+z) <=z for z > 0.

If we put x = 1/n?, it follows that

1 1
O<an—1n<1+—2><—2—bn, for n € N.
n n

The larger series

(o] o0 1
E b, = E 2 is convergent,
n=1 n=1

25
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Calculus 3c-2 Simple convergence criteria for series

0.5+

0.‘2 0.‘4 0.‘6 0.‘8 ‘1 1.‘2 1.‘4 1.‘6 1.‘8 é
X

hence the smaller series

o'} 0o 1
Z Ay = Z In (1 + ﬁ) is also convergent
n=1 n=1

by the criterion of comparison.

Example 2.15 Check if the given series is convergent or divergent,

> (3n)!13"
Z n3n92n !
n=1

This example either assumes Stirling’s formula or the criterion of quotients combined with a pocket
calculator.

It follows from Stirling’s formula

= vam (1) {14 (3)}

when n is replaces by 3n that

=i () [+ (D)),

hence

13" / .a3n | ,3n  an 1 4\"N 1
an:(?’:)?’ _ Vbrn 37 073 {1+6<—>} 67m~<3—) {1+5<—>}.
n3n92n e3n . p3n . 4n n 4e3 n
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We get by a calculation on a pocket calculator that

34
a:@%1,008>1,
hence
an\/&r—n'a"{lJre(%)} — 00,

and the necessary condition of convergence is not fulfilled, and the series is divergent.

Alternatively we apply the criterion of quotients. Since

(3n)!13™
n = n3n . 922n > O’
we get
Uny1 (3n + 3)13n+1 n" 22" (3n+3)(3n+2)(3n+1)3
an  (n41)3nH3.22042 0 (3p)I3n 1\°"
(1+—> “(n41)3-22
n
4
— —— =1,008>1 for n — oo,
ed -4

where we again have used our pocket calculator.
Since the limit value is > 1, it follows from the criterion of quotients that the series is divergent.

Example 2.16 Check if the series

> (v

18 convergent.

The structure invites an application of the criterion of roots. The criterion of comparison may also
be applied. Anyway, an application of the criterion of quotients will be rather messy, although it is
also possible to succeed in this case. See below.

Initial investigation. Since {/n > 1, we have ({/n —1)" > 0 for n > 2. Since even {Yn — 1 for
n — oo, there exists an N, such that

0< {n—-1< for every n > N (one may here even choose N = 2).

N | =

1) Criterion of roots. Since

Ylan| = ¥Yn—-1—-0<1  for n — oo,

it follows from the criterion of roots that the series is convergent.
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2) Criterion of comparison. Since
1
0<€/ﬁ—1§§ for every n > 2,
we get the estimate
0< Un—1)" < =) =3,
S (v <X (5) =3
n=2 n=2
and the series is convergent.

3) The criterion of quotients becomes very messy:

el n+1 1l ——
a/n-‘,-l :( +1’”‘—’—1—1) { +1n+11}n.(”+\1/n—4’11)
an (¢/mn—1)" Yn—1 '

This does not look nice. We can, however manage it by noting that the latter factor — 0 for
n — oo, and by convincing oneself that the former factor can be estimated upwards by 1, by
proving that {/n — 1 is decreasing in n for n > 3, which means that the numerator is smaller than
the denominator.
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...I finally
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speak it in jus
six lessons”

Jane, Chinese architect

OUT THERE

Click to hear me talking

before and after my

unique course download

\.
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Calculus 3c-2 Simple convergence criteria for series

Example 2.17 Check if the series

o0 2”
>
n=1n

18 convergent.
First variant. According to the rules of magnitudes,
ap = — — 00 for n — oo,

hence the necessary condition of convergence is not fulfilled, and the series is divergent.

Second variant. Since a,, = 2"/n7 > 0, we get by the criterion of roots that

20 2
n’ (/)

showing that the series is divergent.

0< Ya, =

—2>1 forn — oo,

Third variant. Choosing the same a,, we get by the criterion of quotients that

a ontl  p? 2
ntl -2 =—  — —>2>1 for n — oo,

an _(n+1)7.2_" 1\”
(1+3)
n

and we conclude that the series is divergent.

Example 2.18 Check if the series
5 ()
n=2 n

18 convergent.

First variant. The structure invites to an application of the criterion of roots. Put

an:(ln—n) >0 for n > 2.
n

Then
1
Ya, =—Inn—-0<1 for n — oo,
n

by the laws of magnitudes. Then the series is convergent by the criterion of roots.

Second variant. Put

Inx _ 1—Inz

f@)=— med f(z)=

x 2
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Calculus 3c-2 Simple convergence criteria for series

Then we have a global maximum for z = e, thus

Inn 71116 1

0<—=f(n)< fle)= — = - for n > 3.
n e e
Then
0<an—<ln—n> <i:bn for n > 3.
n e?L

The larger series is convergent, because it is a quotient series of quotient 1/e €]0, 1],

) © 1IN
AN

and thus convergent. Then it follows by the criterion of comparison that the smaller series
= = /Inn\"
22 (0)

is also convergent.

Third variant. It is possible to apply also the criterion of quotients, but this will give a terrible

mess, so the details are ere left out.

Example 2.19 Check if the series
n=1 3"

is convergent.

First variant. Criterion of roots. Since a,, > 0 and

.20 +n? 2, 22
0< Ya, = %:g 1+;—nﬂg<1 for n — oo,

it follows from the criterion of roots that the series is convergent.

Second variant. Criterion of quotients. Since a,, > 0 and

(n+1)2
anpr 2"l (n+1)2 3n 2 1t 2
P T e N S I s

it follows from the criterion of quotients that the series is convergent.

Third variant. Criterion of comparison. Since

2n +n?  2m42n 2\"
0< < =2-1=] ,
3 - 3 (3)
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2 n
and the larger quotient series > 2 - (§> is convergent, it follows from the criterion of comparison

that the given series is convergent.

Addition, fourth variant. By using the theory of power series it is possible explicitly to find its
sum. We have for |z| < 1

1 oo
_ n
lfz_zx ’
n=0

and we are allowed to differentiate each term separately

2 = n—2
Then
o0 2
2.n _ 2 22 _ 2 z
T;nx =z Z n(n —1) —|—xnz:1nx TEE +(1—x)2'

n=2
(n=1)

Choosing x = 3’ which immediately gives the convergence, we get

9 11
n oo n — 2._ _
2" 4 p? 5 (1 3 9 3 3 377
ZE Z() #3(5) = Ayt i i=g
" N " 3271 9

Example 2.20 Check if the series

2"+3n
Z

18 convergent.

First variant. Find the sum directly. Every term is positive, so we may split the series. Then it
is reduced to two convergent quotient series,

1 1
= 2" 4 3" i L ‘”(1)" = /1\" 3 5 3
L I S € It
n=1 6 n=1 6 n=1 6 n=1 3 n=1 2 1-— 1 1-— 1 2
3 2
Second variant. Criterion of comparison . Since
2n 43" 3+ 3" 1
0<a,= < =2 — =b,,
“ 6" 6n on

and the larger quotient series > b, (quotient 1/2 < 1) is convergent, the smaller series

[eS) [e%S)
on 3n
Z Ap = Z ;;L is also convergent.
n=1

n=1
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Third variant. Criterion of roots. Since a,, > 0, and

2+ 3" 3 2\" 3 1
Y, = 1 (;: :6"1-1-(5) —>6~1:§<1 for n — oo,

it follows from the criterion of roots that the series is convergent.

Fourth variant. Criterion of quotients. Since a, > 0, and

2 n+1
n+1 n+1 n n n+1 1+<_)
np1 2" 43 6" 6" 3 3 s
@, 61 gnygn gl gn o\NT g S e
v (3)

it follows from the criterion of quotients that the series is convergent.
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Calculus 3c-2 Simple convergence criteria for series

Example 2.21 Check if the series

> 5n—1

>

n=1

18 convergent.

1) Prove directly that the series is crudely divergent. It follows from the laws of magnitudes that

5n—1

ap = — 00 #0 for n — oo,

n2+n
hence the necessary condition of convergence is not fulfilled.
2) Alternatively we get by the criterion of roots that
o) Bl 5
Vlan| = n2+n:{1/5~{/ﬁ~{‘/n—+1—>5>1 for n — oo,

hence the series is divergent.

3) Alternatively every a,, > 0, so by using the criterion of quotients,

O<an+1: > .n(n+1):5. n —5>1 forn— oo,
an, (n+1)(n+2) 571 n+ 2

and the series is divergent.

Example 2.22 Check if the series
i n?+1
— n3 +1

is convergent.

2

n
Since P is a quotient between two polynomials, the criteria of roots and of quotients will both
n

give the limit value 1, so nothing can be concluded by applying these two criteria.

It follows instead by the equivalence

1 1

Ay = 3 1 ﬁ 1 _E 1 NE bna
n+ 1+—3 1+—3
n n

that the series behaves approximately like the divergent harmonic series. Then by the criterion of
equuivalence se series

oo

2
1

Z n3 i is divergent.
= ntt 1

33
Download free eBooks at bookboon.com



Calculus 3c-2 Simple convergence criteria for series

Example 2.23 Check if the series
i (n+ 1)
I
s (2n)!
18 convergent.

Whenever the faculty function occurs, apply only the criterion of quotients and avoid the criterion of
roots.

Criterion of quotients. First check the assumption

ap = W > 0, OK.

Then we get [be aware of the calculation of a, 1]

Uni1 7 (n+2)2(n+1) (2'fl)' B n+2 2(n+1) (n+1)2
an  (2n+2)! w4+ \n+1 (2n+2)(2n + 1)
1
1\ 2 1 1+-
n+ 14+ —

2n

1 n
When we apply the standard sequence (1 + —) — e for n — oo, we get
n

an-l—l_)eg 1 1+0_(€>2>1

n Zm— - for n — oo.

2

It follows from the criterion of quotients that the series is divergent.

Remark 2.4 It is possible also to use the Criterion of roots (excluded here) if we apply Stirling’s
formula.

Remark 2.5 If we instead use the rather sophisticated estimate
2n—j4+1)j<(n+1)n forj=1,...,n,
(prove this), one may directly prove the coarse divergence,

2n 2n 2n n
(n+1) (n+1) . (41 <1+%> -

T e T @n -t T (D

thus a,, does not converge towards 0 for n — oo, proving that we have coarse divergence.
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Example 2.24 Check if the series

> 3

18 convergent.

2n+1

The structure indicates that we should apply the criterion of quotients. Since a,, > 0 and

g1 (n+1)2"t3  9n(N)2 1 (n+1)23 1 1(n+1>2”+1

an 9 ((n+ )2 w2t T 9 (p41)2  p2etl 9

ny 2
1 1 1 1 2
= 5(”5)'{(”5) } —gld=(3) <1 oo

it follows from the criterion of quotients that the series is convergent.

n

Example 2.25 Check if the series
(oo}
Z — tan
n=1 \/ﬁ

18 convergent.

Since tanz > x for 0 < 2 <1, we get

LD B D S |
NG vn T yn o oynoon

The smaller series Y b, is the divergent harmonic series, hence it follows from the criterion of com-
parison that the larger series

is divergent.

= by.

Ay =

S\
%\

Example 2.26 Check if the series
= nl
> 30

is convergent.

Since the faculty function occurs, one should use the criterion of quotients and avoid the criterion of
roots.

Criterion of quotients. First check the assumption

——_ >0, OK.
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Da (n+1)? =n? + 2n + 1, fas dernzest, at

 (n+1)!
nt1 = 2n2+2n+1 :

It follows from the laws of magnitudes that

2
anpr  (n+ 1)1 20070 ppd
a,  oniten+l Tl o9l 0<1 forn— oo

(The exponential function dominates any polynomial).
It follows from the criterion of quotients that the series is convergent.
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Calculus 3c-2 Simple convergence criteria for series

Example 2.27 Check if the series

> (2n)!
>y &

n=1

18 convergent.
The faculty function occurs we use the Criterion of quotients.

First check the assumption,

2n)!
an = ( Z) >0, OK.
n n

Then calculate a1 separately (in order to avoid errors),

a1t (2n42)!

An41 = (n + 1)2(n+1) (n+ 1)2n+2°

Finally, check the quotient,

a1 (20420 0¥ (2042)2n+1)-@20)! (0 1
0 < an (n+1)2n+2 ) (2n)! N (2n)! (n+ 1) (n+1)2
(2n+2)2n+1) ' 1 4 _ <§> .

T

n

1
because <1 + —> — e for n — oo (a standard sequence).
n

Then the criterion of quotients shows that the series is convergent.
Example 2.28 Find all values of the constant a € Ry, for which the series

o0
a™n!
>

n=1

18 convergent.

n

!
From a > 0 follows that b,, = e > 0, hence we get for the quotient
nn
bn n+1 | n
+1_ 4 (n+1).n = a4 nHE for n — oo.
by, (n4 1)+ annl ( 1 )
14—
n

We conclude by the criterion of quotients that the series is convergent for 0 < a < e, and divergent
for a > e.

Investigation of the possible convergence when a = e. We cannot conclude anything from the criterion
n

1\" 1
of quotients itself, but since (1 + —> is increasing, it follows that (1 + —) < e for every n, thus
n n

b e e
ntl >-=1 for every n € N,
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which shows that (b,,) is increasing. Since every b, > 0, we conclude that the necessary condition of
convergence is not fulfilled. Hence the series is divergent for a = e.

Alternatively we apply Stirling’s formula

= e (1) {1e (1)}

If a = e, then

== G () e (D) =i ()}

hence b,, — oo # 0 for n — 0o, and the necessary condition of convergence is not satisfied.

We conclude that we have convergence for 0 < a < e and divergence for a > e.

Addition. If we put

e"n!
Cp = W, n e N,
then
Cn+1 e 1 e

. = h e T . - —1 forn— cc.
(1+—> 1+ - (1+—)
n n n

Then by Taylor’s formula (with three terms),

1 1
In(l+z)=2— 53:2 + §m3 + z3¢(z).

Writing = 1/n, we get

: 1+1"“/2 +1 1 11+11+1 1 1+11+1 1
n — = )y -z ts=+t—=el{— )= ——+ e,
n K 2 n 2n?2  3n3 nd n 12n2  n2 \n

hence

Cn+1_ e o € _ 1
N AN B A A NN S S e
- X — 4+ —c| - xp|——=+—=¢( -
<1+n> P 12n2 n2 \n P 12n2 n2 \n

for n > N. This shows that (c¢,) is decreasing eventually, so (¢,,) is bounded

<1

e"n!

O<anw

< kl,
thus

n
nl<k-e "n"t2% = ki (E) )
e

On the other hand, (b,) is increasing, so

e"n!

b, = > ko >0,

nn
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and thus
n!>ky-e "n" =ky (g) .

Therefore, there exist positive constants k1, ko, such that

iy - (%)" <nl < ki (%)” for n € N,

and we are pretty close of a proof of Stirling’s formula.

Example 2.29 Prove that the series

|
Z (Inn)p

n=2

is divergent for every p € R.

According to the laws of magnitudes, to every p € R there exists an N, € N\ {1}, such that

(Inn)? <n for n > N,,.

Then

1
(Inn)p

1
a, = > —=b, for alle n > N,.
n

The smaller series is the divergent harmonic series, so it follows from the criterion of comparison that
the larger series is also divergent. Since p € R was any number, the claim is proved.

Example 2.30 Check in each of the following cases if the given series is conditionally convergent,

absolutely convergent or divergent.

(1) ,i(”“ <”Zl r o 2> |

1) It follows from the rearrangement

n+1 n 1 1 1 1
+ _ J—
n n+1

n_n—ﬁ—l:n(n—i—l)NF

and the criterion of equivalence that the series is absolutely convergent.
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2) Tt follows from the rearrangement [cf. (1)]

n—+1 n
n n—+1

1=1+ —1#0 for n — oo

1
nin+1)
that the necessary condition of convergence is not satisfied, so the series is (coarsely) divergent.

3) It follows from (2) and a Taylor expansion that

n—+1 n 1
1 —1)=In(1+ ——
n( n +n+1 ) n( +n(n—|—1)>

1 1 1 1
RICES)) Jrn(rL—&—l)E(n(n—|—1)> Al

Then it follows from the criterion of equivalence that the series is absolutely convergent.
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Calculus 3c-2 The integral criterion

3 The integral criterion

Example 3.1 Check if the given series is convergent or divergent,

V2n —1In(4n + 1)
Z n(n+1) '

—Q

It follows from the integral criterion that > n~* is convergent for o > 1. We shall need this result

below.

Let alone the logarithmic term we see by counting the degrees of the other terms that we should
compare with

= 3
Z£ hvor o = = > 1.
ot no 2

3 5 1 5
Since — = — 4+ —, where we still have 1 > 1, we can dominate the logarithmic term by n'/4

4 )
the laws of magnitudes give

, because

1
Indn+1) < — - ¥n for n > N.
(an+1) < 2= ¥

Then
1
V2on .- —¥n

0<an:\/2n—1ln(4n+1)_ V2 _ 1 forn > N.

n(n+1) n-n nb/4

5
Since o = 1 > 1, the larger series

1
Z 571 is convergent.
n

By the criterion of comparison the smaller series

is also convergent.

V2n —11n(4n + 1)
Z n(n+1)

Example 3.2 Check if the given series is convergent or divergent,
i Arctan n
“~ nlhn '
In this case we compare with a series which according to the integral criterion is divergent.

Now, Arctan n > Arctan 1 = %, thus

Arctan n 1
an = >

_E- =b, for n > 2.
nlnn 4 nlnn
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1
Since f(z) = zInz tends increasingly towards oo, it follows that —— tends decreasingly towards 0.

] nlnn
Since

t
d
/2 xljx = [In(lnz))4 = In(Int) — In(In2) — oo for t — oo,

it follows by the integral criterion that the series

Z by, = 1 Z o is divergent.
n=2 n=2

By the criterion of comparison the larger series

oo

Arctan n . .
Z _— is also divergent.

nlnn
n=2

Example 3.3 Prove the inequalities

P
N

— 1 1
< <z
; n2+1 2 +
We shall use the integral criterion.

1) Identification of the function. Clearly, we shall choose

flz) = 332;4—1 for z € [1, 00].

1
2) Assumptions. Obviously, f(z) = o)
x

tends decreasingly towards 0 for x — oo in [1, co].

3) By the integral criterion, > oo | f(n) and [ f(z)dx are both convergent (or divergent) at the

same time. We get in case of convergence
e} e 1 00
x)dr < — < f(1) + x)dz.
[ @ <> i <am [sw

4) When we calculate the integral we get
o < dx o T
/; f(l') dr = /; 1_’_—12 = [Arctan xh = Z
Therefore we have convergence.

1

1
5) Since f(1) = Tyl Ve get by insertion into the estimates of (3) that

N
)

=1 1
<;n2+1<§+
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Example 3.4 . Prove the inequalities

1
<n§2$<

| =
-

As a rule of thumb we shall only go through harder estimates by either Leibniz’s criterion or by the
integral criterion. This series is not alternating, so n Leibniz’s criterion cannot be used.

Instead we shall try the integral criterion.

1) Identification of the function. Obviously, we shall choose

f(:v):i3 for x € [2,00].

1
2) Assumptions. Clearly, f(r) = — is a) decreasing on [2, o0, and b) tends towards 0 for z — oco.
x

3) Then by the integral criterion,

2

/ Ciwar<y Lt [ e

sssssssssssssvsssssassssssssssssssssnssssssssssnnsssssssssssssssssssssssfilcgte]-Lucent @
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Calculus 3c-2 The integral criterion

4) Calculation of the integral gives

o <1 1 17" 1

1 1
5) Since f(2) = 3 =g ve get by insertion into the estimates of (3) that
1 -1 1 1 1
s<l W <stiT1

Example 3.5 Prove that the series
i ) ( V1+n? )
n|XY—"
n
n=1
is convergent, and that its sum is smaller that %

It follows immediately by the rearrangement

VITZ) 1. 1422\ 1 1
(S () 2). e

T 2
that f(z) is decreasing and that f(x) — 0 for z — oc.

Then we get by partial integration,

/f(:v)d:z: %/th(l-i—xz)—/l-lnxdx

= %{x'ln(l—kxz)—/lix;dm}—{m-lnx—/%dm}
1 1
§x{1n(1+x2)—2lnx}—/<1—m> dr +

1 1
= —zln(1+ — |+ Arctan z.
2 2

The estimate In(1 + y) <y for y > —1 follows easily from the graph. Then by putting y = 1/x2,

1 1 1
0<I1H<1+—2)SIL"—2—HO for x — oo.
T x T

This implies that the improper integral is convergent

o 1 1 1
/ fx)de = lim {§x1n<1 + —2)+ Arctan x}§ +1-In(1+1)— Arctan 1
1 T—00 x
T 1 ™ 7w 1

From the integral criterion follows that the series

S (—1;”2> =3 )
n=1 n=1
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0.5+

0.‘2 0.‘4 0.‘6 0.‘8 ‘1 1.‘2 1.‘4 1.‘6 1.‘8 é
X

is convergent and that we have the estimate

> V1+n2 o0 1 | T
In | Y—— 1 dr=-In2+ - — -In2=—.
S (V) s [T e juas § - fma=

Example 3.6 Check for each of the following series if it is convergent or divergent,
o0 o0 1
W) Y- VeED @) 3 Ve

Notice that we have the well-known result (n —vn? —1)(n +vn? — 1) = 1.

It is obvious that

(n—vn2—1)n+vn2-1)=n*-(n*>-1)=1.

Since 0 < v/n? — 1 < n, it follows in particular that

1
]_ S_a
N 0<n—vVn2—-1= —— for every n € N.
() n+ /n2_1 >;i_7 y
n

1 1
1) Tt follows from (2) that n — vn? —1 > o Since Y0, o is divergent, we conclude from the
n n
criterion of comparison that >, (n — v/n? — 1) is divergent.
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The integral criterion

2) Tt follows from (2) that
0 2-1)< !

1
Since 0% 32

criterion of compam’son that the series
— 1
Z —(n—-vn?-1)
n=1 \/ﬁ

is convergent.

Example 3.7 Let a be a real number bigger than 1. Prove that

o0

1 o 1

JE— < PR
n® a—1 ko1
n==k

for k € N.

Hint: First use the integral criterion to prove that

oo

1 1 1
gn—a<k—a+m for k € N.

3
is convergent by the integral criterion, because (a =3 > 1>, it follows from the

1
It is obvious that when o > 1, then f(t) = = is decreasing for ¢ > 0 with the limit value. By

considering an area we get

1 1 % 1 1 A e
— < + —dt +
k

= ne ke ke 1—-a
B i_'_ 1 _a—1+k
kY (a— 1Dkl (@ — 1)k
ka—(k—1)(a— )< ! 1
(v — 1)ke “a-1 kel

because £ > 1 and o > 1.
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4 Small theoretical examples

Example 4.1 Let Y a, be an infinite series of positive terms. Prove or disprove the following
claim:

o If > | ay, is divergent, then Y | a2 is also divergent.

1
This claim is wrong. In fact, if we choose a,, = —, then
n

oo (o)
1 o

E an = E — is divergent,
n

n=1 n=1

and
o0 o0
2 1 .
E a, = g oz 1s convergent.
n=1 n=1

/
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1
We know in general that if a, = —, then
n

oo o

1
Z ap = Z v is divergent for oo < 1,

oo o0 1

2 _ .
E a;, = E 2 1S convergent for 2a > 1.
n=1 n=1

We see that we get counterexamples of the claim, if only
! <a<l1
- <« .
5 <

Example 4.2 Let Z;:O:l an be an infinite series of positive terms.
claim:

a
oo 2 00 n .
o If> ", a; is convergent, then Y~ | s also convergent.

The claim is true, which is proved by a small trick. It follows from
2
1 1 n
0§<an——> :ai+—2—2a—
n n

by a rearrangement that

> I, 11
D=5 amt5)

Prove or disprove the following

as a sum of two convergent series of positive terms. Using the criterion of comparison the smaller

series

an

M8

— is convergent.
n

I
-

n

Remark 4.1 By a modification of the proof above it follows that

. an, . 1
o If 22021 a? is convergent, then fo:l n—z is convergent for every o > —.

2
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5 Conditional convergence and Leibniz’s criterion

Example 5.1 Prove that the following series is conditionally convergent
5 o
Incoshn’
n=1

Since Incoshn > 0, and In cosh n tends increasingly towards 400, we see that

1

— —0 decreasingly for n — oo.
Incoshn

In particular, the necessary condition for convergence is fulfilled.

Absolute convergence? Using the definition of cosh, we get the following estimate for every n € N,

n -n n “+n
0 <Incoshn =1In (%) <In <%> =n,

hence

1

bn = In coshn

1
> — = ap.
n

The smaller series > 2 a, = > .- — is divergent (the harmonic series), hence the larger series

n=1

oo oo 1
nz::lbn - nz::l In coshn

is also divergent according to the criterion of comparison. This proves that the series is not er
absolutely convergent.

1
Conditional convergence? The series is alternating, Y., ,(—1)"b,, where b, = Toosin 0 is
ncoshn

decreasing for n — oo. It follows from Leibniz’s criterion that the series is convergent.

Since the series is convergent, though not absolutely convergent, it must be conditionally convergent.

Example 5.2 Prove that the following series is conditionally convergent,
o
Insinhn’
n=1

Since Insinhn > 0 for n € N, and Insinhn increases to +o0, it follows that

1

— —0 is decreasing for n — oo.
Insinhn

In particular, the necessary condition for convergence is fulfilled.
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Absolute convergence? By using the definition of sinh we obtain the following estimate for every
neN

0<lnsinhn—ln<%> <ln(e ;_6 >:n,

hence

1

1
= > = =an
" Insinhn ~ n "

. . . . . .
The smaller series > 2 a, = > o, — s divergent (the harmonic series), so the larger series

oo o0 1
an - Z Insinhn
n=1 n=1

is divergent according to the criterion of comparison. This shows that the original series cannot
be absolutely convergent.

1

Conditional convergence? The series is alternating, » .. (—1)"b,, where b, = snhn 0
nsinhn

decreases for n — oo. Then it follows from Leibniz’s criterion that the series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.
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Calculus 3c-2 Conditional covergence and Leibniz’s criterion

Example 5.3 Check if the given series is absolutely convergent, conditionally convergent or divergent,
(o)
2
Z(fl)" cos (—W> .
n
n=1
The necessary condition for convergence? From

lan| =

2
cos(—ﬂ-)‘—>0080:17é0 for n — oo,
n

follows that the necessary condition of convergence is not fulfilled, hence the series is (coarsely)
divergent.

Example 5.4 Check if the given series is absolutely convergent, conditionally convergent or divergent,

i(—l)”sin (2%) .

n=1

. . 2w . e
The necessary condition for convergence? As sin (— — 0 for n — oo, this condition is
n

satisfied.

Absolute convergence? We see that

2 2
sin (—W>’ = sin (—ﬂ> forn >4
n n

2
where X € ]0, %] for n > 4. Hence, by a consideration of a graph we get for n > 4 that
n

. 27 2 27 4
lan| =sin (2 ) > 2. 2T = 2,
n T n n

4
n

lan| =

. I . . .
The smaller series > o>, — = 4> | — is divergent, hence the larger series Y -, |a,| is also divergent
n

according to the criterion of comparison, and the series is not absolutely convergent.

. . 2m _—
Conditional convergence? As |a,| = sin <—) for n > 4 decreases towards 0, and the series is
n

alternating for n > 4,
S (1)"sin (%) - S (1)a
n=4 n n=4 w
it follows from Leibniz’s criterion that the series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.
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Example 5.5 Check if the given series is absolutely convergent, conditionally convergent or divergent,

i (—nn
— sinhn

Necessary condition for convergence? From sinhn — oo for n — oo, follows that

(=n"

- — 0 for n — oo,
sinhn

and the necessary condition is fulfilled.

Absolute convergence? We have e.g. that

—n

1 2

_ n
sinhn = % > %, implies 0<

sinhn = e’
The larger series
oo o n
4 1
> =1 (;)
n=1 e n=1 €
is a quotient series of quotient 1/e €]0, 1[, hence convergent.

According to the criterion of comparison the smaller series

= 1
E - is convergent.
sinhn

n=1

We conclude that the original series is absolutely convergent.

52
Download free eBooks at bookboon.com



Calculus 3c-2 Conditional covergence and Leibniz’s criterion

Example 5.6 Check if the following series is absolutely convergent, conditionally convergent or di-
vergent,

S (1" cosh (%) .

n=1
Necessary condition for convergence? It follows from
1
|an| = cosh [ — | — cosh0=1#0 for n — oo,
n

that the necessary condition for convergence is not fulfilled, so the series is (coarsely) divergent.

Example 5.7 Check if the following series is absolutely convergent, conditionally convergent or di-
vergent,

i(—l)" tanh (%) .

n=1
Necessary condition for convergence? Astanh [ — | — 0 for n — oo, this condition is satisfied.
n

Absolute convergence? The graph of tanh x is concave (cf. the figure), hence
0 < tanh(1l) -z < tanh(z)  for z €]0,1[.

When z = 1/n, we get the estimate

0.8

0.6

0.4+

0.2

02 04 06 08 1 12 14 16 18 2
X

1 1
tanh (—) > tanh(1l) - — > 0.
n n
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Since the smaller series
EOO tanh(1) - 1_ tanh(1) EOO 1
n n
n=1 n=1

1
is divergent (the harmonic series), the larger series Y - | tanh ( —) is also divergent by the criterion
n

of comparison. This shows that the original series is not absolutely convergent.

Conditional convergence? As tanh(x) is increasing, we get

1
1) tanh (—) decreasing for n — oo.
n

1
2) tanh (—) — 0 for n — oo is proved above.
n

n=1

1
3) >0 [(—1)"tanh <—) is due to the factor (—1)" alternating.
n

The series is convergent according to Leibniz’s criterion.

Since the series is convergent, though not absolutely convergent, it is conditionally convergent.
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Calculus 3c-2 Conditional covergence and Leibniz’s criterion

Example 5.8 Check if the following series is absolutely convergent, conditionally convergent or di-

vergent,

o st (1),

n=1

1 . .
Necessary condition for convergence? Because of Arctan <— — 0 for n — oo, this condition is
n

fulfilled.

Absolute convergence? The graph of Arctan x is concave (cf. the figure), hence
0<Zm§ Arctan z for z €]0,1].

Putting = 1/n this gives the estimate

02 04 06 08 1 12 14 16 18 2
1 T 1

Arctan (—) > — . = for n € N.
n 4 n

The smaller series

1
is divergent (the harmonic series), hence the larger series Y~ | Arctan <—) is also divergent accord-
n

ing to the criterion of comparison, and the series is not absolutely convergent.

‘s . 1 . . .
Conditional convergence? Since Arctan (— — 0 is decreasing for n — oo, and the series
n

1
oo (=1)™ Arctan (—> is alternating, it follows form Leibniz’s criterion that the series is conver-
n

gent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.

55
Download free eBooks at bookboon.com



Calculus 3c-2 Conditional covergence and Leibniz’s criterion

Example 5.9 Check if the following series is absolutely convergent, conditionally convergent or di-
vergent,

S o (1),

n=1

Necessary condition for convergence? Since
1 s
lan| = Arccot | — ) — 5 #0 for n — oo,
n
the necessary condition for convergence is not fulfilled, and the series is (coarsely) divergent.

Example 5.10 Check if the series

i(_l)n—l . \/ﬁ

14+n

n=1

is absolutely convergent, conditionally convergent or divergent.

Use the flow diagram in Calculus 3b.

1) Is the series coarsely divergent? It follows from

1
lan| = 1\—/i-ﬁn = — 0 for n — oo,
\/ﬁ‘f'%

that the series is not coarsely divergent.

2) Is the series absolutely convergent? Since

NZD - 1
n+l " n+1’

lan| =

we get (the harmonic series)

Z‘a"|_zn+1_gn+l_z

Then it follows form the criterion of comparison that the series is not absolutely convergent.

3) Is the series conditionally convergent? Obviously, the series is alternating. The auxiliary
function is

Nz

f(x):$+1, x € [l,00[, where f(z) — 0 for x — oo.
Since
1 1 1-2 -1
Play= o o VI Al E r L

2y z+1 (z+1)2% 2yx-(x+1)? 2yx - (x+1)2

for @ > 1, we see that f(z) decreases for x > 1.
According to Leibniz’s criterion the series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.
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Example 5.11 Check if the series
—2n—yn-lnn

is absolutely convergent, conditionally convergent or divergent.

Necessary condition of convergence? It follows from 2n — y/n - Inn # 0 and

2n—\/ﬁ'1nn:ﬂ{?[—lnn}:n{Q—lnTn}—mxa for n — oo,
n

that

B Gt N
2n —/n-Inn

00 for n — oo,

hence the necessary condition of convergence is fulfilled.

Absolute convergence? AsInn/\/n — 0 for n — oo, we have

1
0<2n—+/n-Inn=mn o 2L oy for n > 2.
vn
Hence
1 1 1
- > — - —,
2n—+/n-Inn " 2 n
The smaller series > , 53— = £ >, L (the harmonic series) is divergent, so the larger series
> s
~2n—y/n-lnn

is also divergent according to the criterion of comparison. Thus the series is not absolutely
convergent.

Conditional convergence? Two of the conditions of Leibniz’s criterion have already been proved,
namely that the series is alternating and |a,| — 0 for n — co. We shall show that the sequence is
decreasing eventually. We introduce the auxiliary function (¢t ~ y/n)

o(t) =2t —t-In(t?) = 2t> — 2tInt,  t> V2.
Now
O'(t) =4t —2Int —2=22t—Int—1) >0  fort > 2,
s0 ¢(t) is increasing, and
0] = 1 1
" e(vn)  2n—y/n-lnn

Then it follows from Leibniz’s criterion that the series is convergent.

is decreasing for n — oco.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.
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Example 5.12 Check if the series
= Inn
1"
> (V"
n=1

is absolutely convergent, conditionally convergent or divergent.

Apply the flow diagram from Calculus 3b.
1) Is the series coarsely divergent? We have

Inn

— 0 for n — oo
n—+1

lan| =

by the law of magnitudes, so the series is not coarsely divergent.

2) Is the series absolutely convergent? Since Inn > 1 for n > 3, we get the following estimate
of the numerical series.

> Inn <1 ~ 1
712::1 n+1 = ; nil ;E =00 (the harmonic series).

It follows from the criterion of comparison that the series is not absolutely convergent.
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3) Is the series conditionally convergent? There are several criteria in the literature for condi-
tional convergence, but at this stage one may assume that Leibniz’s criterion is the only known
one to most readers.

a) Aslnn/(n+ 1) > 0, the factor (—1)" shows that the series is alternating.
1

b) If we put f(z) = r_1|_x1 it follows from 1. that f(z) — 0 for x — oo.
x

c¢) It follows from

ron 1 Inz  z+1-zlnz
flx) = wx+1) (@+1)2 z(w+1)?

that f/(z) <0, at least for & > 4, thus f(z) is decreasing eventually.

Then it follows from Leibniz’s criterion that the series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.

Example 5.13 Check if the series
o0
DR :
3n— an—1
is convergent or divergent. In case of convergence, check if the series is conditionally convergent or
absolutely convergent.
We have from the magnitudes,

1
0<la,| =3 3£< for n > nyg.

The larger series Y 27" is convergent, hence the smaller series is also convergent by the criterion of
comparison, and the series is absolutely convergent.

Alternatively the convergence is obtained by the criterion of roots,

, 1 1
\"'/|an|:{7§-{‘/ﬁ~§—>§<1 for n — oo.
Alternatively the convergence is obtained by the criterion of quotients,

lani1]  3(n+1) 3" n+4+1 1 1
o] = g ~3—n—T-§—>§<1 for n — oo.

Remark 5.1 It is possible directly to find the sum. In fact,

:Zx" for x €] —1,1],
n=0

p(r) ==

hence by differentiation each term (which is legal for power series in their open interval of convergence),

! —_—
o' (z) = A=z an forx €] —1,1[.
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Choosing x = —% €] —1,1[, we get
N D Nt 1y 19
Z g1 _Z” 3) ~¥\3)” N 16°
n=1 n=1 <1+§>

Example 5.14 Check if the series
DRE
- 3v/n
is convergent or divergent. In case of convergence, check if the series is conditionally convergent or
absolutely convergent.
Necessary condition for convergence? Since n — 3y/n > 0 for n > 10, and

1 1 1
n—3/n o Ji-3

this condition is fulfilled.

0 for n — oo,

Absolute convergence? Since
1 - 1
n—3y/n n’

1
and Zf,o:w — is divergent, it follows from the criterion of comparison that the numerical series
=n

o0

1
Z _ is divergent,
=on— 3v/n

and the series is not absolutely convergent.

Conditional convergence? The series is alternating, and a,, — 0 for n — oo. Thus we shall only
prove that

1
n—3yn

is decreasing in order to apply Leibniz’s criterion. However, the denominator

n— 8y = Vi~ (Vi - 3)

is clearly increasing, so (3) is decreasing. Hence it follows from Leibniz’s criterium that the series
is convergent.

(3)

As the series is convergent, though not absolutely convergent, it is conditional convergent.
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Example 5.15 Check if the series
i (=1)
n=1 \/ﬁ

is convergent or divergent. In case of convergence, check if the series is conditionally convergent or
absolutely convergent.

n

Necessary condition for convergence Since 1//n — 0 for n — oo, this condition is fulfilled.

. 1 1 . . . .
Absolute convergence? Since — > — for every n € N, and since the harmonic series > -, — is
n o n n

divergent, it follows from the criterion of comparison that
>
n=1 \/ﬁ
is also divergent. This proves that the series is not absolutely convergent.

- . 1 . )
Conditional convergence? The series is alternating, and T — 0 is decreasing for n — oo. Hence,
n

it follows from Leibniz’s criterion that the series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.

Example 5.16 Check if the series
— In(e" +e77)

is convergent or divergent. In case of convergence, check if the series is conditionally convergent or
absolutely convergent.

Remark 5.2 Since In(e”™ + e~ ") = In(2 coshn), this example is almost identical with Example 5.1.

Necessary condition for convergence? Since

0< ! < ! ! 0 f
In(em +e ™) " In(em+0) n orn T ee

this condition is satisfied.

Absolute convergence? It follows from

la| 1 - 1 1 - 1
a’I’L = = = = —,
In(en + e ™) ~ In(e™+e?) n+1n2 =~ 2n

where )" 5 is divergent, and the criterion of comparison that }_ |a,| is divergent. Hence the series
is mot absolutely convergent.
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Conditional convergence? The series is alternating and |a, | — 0 for n — oco. Since
In(e" + e ") =In(2coshn) — oo is increasing for n — oo,

because both In and cosh are increasing, we have

1

(e 1 ) — 0 decreasingly.

It follows from Leibniz’s criterion that the series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.
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Example 5.17 Check if the series
= Inn

is convergent or divergent. In case of convergence, check if the series is conditionally convergent or
absolutely convergent.

n

Note that Inn > 0 for every n > 2.

Necessary condition for convergence? This is fulfilled, because

1
— =0 for n — oo.
Inn

Absolute convergence? We see that

1 1

Inn = n’

1

and since Y-, - is divergent, it follows from the criterion of comparison that }

oy o s also
divergent. This proves that the series is not absolutely convergent.

Conditional convergence? The series is alternating, and

1
— =0 aftagende for n — oo.
Inn

Hence the series is convergent according to Leibniz’s criterion.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.

Example 5.18 Check if the series
S
“— n(lnn)?

is convergent or divergent. In case of convergence, check if the series is conditionally convergent or
absolutely convergent.

Apply the flow diagram.

1) Is the series coarsely divergent? Since n(lnn)? — oo, it is obvious that

(=D"

tn = n(lnn)

— 0 for n — oo,

and the series is not coarsely divergent.

2) Is the series absolutely convergent? Concerning the numerical series we get the auxiliary
function
1
r)=——,
/(@) z(lnx)?

for x € 2, 00][.
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The denominator tends increasingly towards oo (look at the derivative) for  — oo in [2, 00|, hence
f(z) tends decreasingly towards 0 for x — oo in the same interval.

According to the integral criterion

(o) 1 oo
nz:; ) and /2 f(x)dx

have the same property of convergence. Since the integral

o > dx 11 1
[, rwar=[ xam)z:[—ml ~ 2

is convergent, the series is absolutely convergent, where we apply the integral criterion.

Remark 5.3 One should here not be misled by the changing of sign (—1)" and immediately start
with Leibniz’s criterion. This is a waste of time! Leibniz’s criterion will only show the convergence,
so anyway one shall afterwards check the absolute convergens.

Example 5.19 Check if the series

S 1

— 1+ n?
is convergent or divergent. In case of convergence, check if it is conditionally or absolutely convergent.
Necessary condition for convergence? We see that

n2

T 1+n?

:lil—I—nQHl#O for n — oo,

|an|

so the necessary condition for convergence is not fulfilled, and the series is (coarsely) divergent.

Example 5.20 Check if the series

For(m(?)

is convergent or divergent. In case of convergence, check if the series is conditionally or absolutely
convergent.

Necessary condition for convergence? As
1
l—cos{—)—1—cos0=1—-1=0 for n — oo,
n

this condition is fulfilled.

Absolute convergence? Since |a,| = 1 — cos %, we get by a Taylor expansion

0<1 1 1 1 11+1 1 1 1+1 1 1 1
—cos—=1—-<1—=- =+ —¢|~— ===+ —c|-]~= .
n 2 n2  n2 n 2 n?2  n? n 2 n?
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Now
23w

is convergent, so by the criterion of equivalence,

1

l\’>||—l

oo

1
Z {1 — Cos —} is convergent,
n

n=1
and we have proved the absolute convergence.

Alternatively,

;11

1
0<1—cos~ =2si =
cosn s 2n  4n?

As >~ 1/n? is convergent, it follows by the criterion of comparison that Y {1 —cos —} is convergent,
from which follows that we have absolute convergence.
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Calculus 3c-2 Conditional covergence and Leibniz’s criterion

Example 5.21 Prove that the series below is conditionally convergent and find its sum.:

o~ ()" (n+1)
Z n(2n+1)

Necessary condition for convergence. Clearly,

1
n+1 I+ =

|an|: = —
n(2n+1) 2n+1

so the condition is fulfilled.

0 for n — oo,

Absolute convergence? As

lan| n+1 n+1 1
an = = = -,
ni2n+1) “n@2n+2) 2n

and ) - is divergent, the larger series Y |a,| is also divergent, and the series is not absolutely
convergent.

Conditional convergence. Since

1 2n +1 m+2)—n—1+1 1
_:n(n—l- ):n(n—i— )—n—-1+ =2n—14+ —— — 00 isincreasing,
|an| n+1 n+1 nl

we must have that |a,| — 0 is decreasing. The series is alternating, so it follows from Leibniz’s
criterion that the series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.

Sum. We get by a decomposition,
n+l 1 1

n@n+1) n 2n+1

hence the sectional sequence becomes

N N N
R (DM L (-D)” (="
Now
N 1)" el 1"
I
and

T
=1— Arctanl=1——
2n+1 rctan 4,

n=1 n=0

|
M=
T
+|=
—_ 3
1
5
|
WK
T
=
3

where we in both cases apply Abel’s theorem, i.e. both series are convergent according to Leibniz’s
criterion, and

o 1 n—1 00 _1)n
In(1+x) = Z %m", Arctan z = Z %x%“, lz| < 1.

n=1 n=0
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Then it follows by taking the limit that

o0

R R RN L
— 1 — — :1———1 2
2n+1 N BN > n ZQn—I—l g "

n=1 n=1 n=1

M

Example 5.22 Prove that the series below is conditionally convergent and find its sum

(=D)"(n+1)
n+2

b

M

Necessary condition for convergence? Clearly,

0<|an|:n7+1§l—>0 for n — oo,
nn+2) ~n

s0 |an| — 0 for n — oo, and the condition is satisfied.

Absolute convergence? We see that

n+1 1
|an| = Z )
nn+2) ~ n+2
1
and the smaller series Y 07, —— = > . — is divergent. Hence also >0, |an| is divergent, and

the series is not absolutely convergent.

Conditional convergence. We see that

1 n(n + 2) . .
—=————=p+4+1-—— >0 is increasing,
|an] n+1 n+1

0 |an| — 0 decreasingly. The series is alternating, so it follows from Leibniz’s criterion that the
series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent.

Sum. We get by a decomposition,
ntl 11 1 1
nn+2) 2n 2n+2’

hence the sectional sequence becomes

N ) N N ) N N+2 n—
B L A | L A () B A O G
T ; n(n + 2) _57; n +§;n+2_§; n +§7;3 n
N
()™ 1( 1 1) 1((=)N (=N
=2 i T e e )

By taking the limit and applying a known sum we finally get

=Dn+1) R L B
I e R S

n=1 n=1
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Example 5.23 Prove that the series

oo

1 1 1
B Y L e
Z( ) n 2+3+

n=1
is convergent. Find an approximation s* of the sum of the series, such that

|s — s <1071

It is easily proved by Leibniz’s criterion that the series is convergent.

1
Since |s — s,| < ] (the absolute value of the first neglected term), we can choose n =9, thus
n

1 1 1

Remark 5.4 It is easy to prove that
In2 ~ 0,693 147.
This shows that the error here is < 1071,

Example 5.24 Prove that the series

oo

Z(*Unfl IEo1

n=1
is convergent and find its sum. Check if the series is absolutely convergent.
n
Necessary condition for convergence. This follows from o1 0 for n — oo.
n2 —

n

s
4n? —1 — 4n?
that > |a,| is divergent, and the series is not absolutely convergent.

11 1 1
Absolutely convergence? Since =1 and Y7, in is divergent, it follows
n n

Conditional convergence. This can be proved by using Leibniz’s criterium, but this not neces-
sary here. In fact, we get by a decomposition that

n _ n 1 1 +1 1
4n2 -1 (2n—-1)2n+1) 4 2n—1 4 2n+1’

and the sectional sequence becomes

N N
_ n 1 (-t 1 (—1)nt
— - _ = DS A
SN > (1) in? —1 4Z m—1 +4Z 11

n=1 n=1 n=1

N
1 (-t 1 -1 .
= 3 E STt E ST (change of index)

N

1" 1 1) 1 (—1)N+!
(=1 ZQ( ) (=1

2n71+1n m—1 11 2N +1

1
—>Z for N — oo.
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We conclude that the series is convergent.

As the series is convergent, though not absolutely convergent, it is conditionally convergent, and its

sum is according to the above,
= n
)l ——— = lim sy =~
( ) 4n2 —1 N—o0 N

n

=1
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Calculus 3c-2 Conditional covergence and Leibniz’s criterion

Example 5.25 Check the values of o € R for which the series
= ne Inn

is absolutely convergent, conditionally convergent or divergent, respectively.

Necessary condition for convergence?. It follows from

ay| = — o0 forn — oo when o < 0
) b

n*lnn
that the series is coarsely divergent for a < 0.

Absolute convergence. Since

1 1 1
— for n > 2,

and Y ° ,n~“ is convergent for o > 1, the series is absolutely convergent for o > 1.

Conditional convergence? If 0 < o < 1, then

1 1
> .
n®lnn — nlnn

1
Now, on 0 decreasingly, so by the integral criterion
nlnn

(oo}

1 * dx
annn /2 rzlnx [In(n )l >

and the series is not absolutely convergent for 0 < a < 1.

On the other hand, o1 — 0 is decreasing for n — oo and 0 < « < 1, and since the series is
n®lnn

alternating, it is convergent according to Leibniz’s criterion.

As the series is convergent, though not absolutely convergent for 0 < « < 1, it is conditionally
convergent.

Conclusion. The series is
1) Absolutely convergent for v > 1.
2) Conditionally convergent for 0 < a < 1.

3) Coarsely divergent for a < 0.
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Example 5.26 Check the values of a for which the series
2
n=1 (n + 1)O¢
0s
1) absolutely convergent,

2) convergent,

3) conditional convergent.

1) Tt follows by the criterion of equivalence and

n? n 1

Ian|=W’“nﬁ—W’

that the series is absolutely convergent, if and only if 2a — 1 > 1, hence a > 1.

x
(1‘2 + 1)a ’
shall assume in the following. Now,

1
2) If we put f(z) = it follows that f(x) — 0 for x — oo, if and only if o > 3 which we

20— 1)z — 1
(a )z <0 for x >

1
(22 4 1)et1 V2a—1’

so |a,| = f(n) — 0 decreasingly for n > 1/v/2a — 1, n — oco. The series is alternating, thus it

@)=~

1
follows from Leibniz’s criterion that the series is convergent, if and only if o > 3

3) The series is conditionally convergent, when it is convergent and not absolutely convergent. Ac-

1
cording to 1. and 2. this happens when 3 <a<l.

As a conclusion we get that the series is

1) absolutely convergent for o > 1,

1
2) convergent for o > 2’
” 1
3) conditionally convergent for 3 <a<l,

4) coarsely divergent for o <

N =
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Example 5.27 Prove that the series
= = o1 2n+1
(@) X on =2 -1 =
n=1 n=1
is divergent. Then prove that if one introduces parentheses into (4) in the following way
(a1 + az2) + (a3 + as) + (a5 +ag) + -+,

then we get a convergent series.

Necessary condition for convergence?. Since

2 1 1
lan| = n =2+ =240 for n — oo,
n n

this cannot be fulfilled, so (4) is coarsely divergent.

Convergence by introducing parentheses. First calculate

1 1
pp—1 +az, = (=1)*"77 (2 M- 1) HEDT (2 " %)

1 1 1 1 1 1

= — ~

2 — = yPr
2n—1 2n 2n—1 2n  2n(2n—1) 4n?

Here Y2, P is convergent, so it follows from the criterion of equivalence that
n
(o] o0 1
Qon—1 + agy) = 7
Z( 201+ d2n) Z 2n(2n — 1)
n=1 n=1

is convergent.

Example 5.28 Check in each of the cases below if the given series is conditionally convergent, abso-
lutely convergent or divergent.

ni(l)” (1+5).

i cos nm i (n!)?
i | M
— NZD — (2n)!
1) Necessary condition for convergence. It follows from
1 1
‘(—1)7L<1+—2)‘:1+—2—>17ﬁ0 for n — oo,
n n

0 AW
that the necessary condition for convergence is not fulfilled, so >~ (—=1)" (1 + —2) is (coarsely)
n

divergent.

2) Now cosnm = (—1)", so the series can more conveniently also be written > >  (=1)"//n.
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a) Necessary condition for convergence? This follows from

e
\/ﬁ

1
=— =0 for n — oo.

vn

1
b) Absolute convergence? Since > >, 7 is divergent, the series is not absolutely convergent.
n
1
¢) Conditional convergence? The series is alternating and — — 0 is decreasing for n — oco. It
n

therefore follows from Leibniz’s criterion that the series is convergent. As it is not absolutely
convergent, it is conditionally convergent.

(n})?
(2n)!

> 0,80 Yo" an =Y o, |ay|, and the series is either absolutely convergent

3) Clearly, a,, =
or divergent.

We get from the criterion of quotients that

anp1 _ (1)) @2m)!  (n+1)* 1 n+tl 1
an  (2n+2)!  (n)?  (2n+2)2n+1) 4 n+l 4

for n — oo. It therefore follows that the series is convergent, thus absolutely convergent.
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Calculus 3c-2 Conditional covergence and Leibniz’s criterion

Example 5.29 Check if each of the series

3 i i ne c- n+1 2
(1) ;sm (ng) n2+3n+2’ og (2) HZ::I(_D In (14_?)

is divergent, conditionally convergent or absolutely convergent.

We shall use the flow diagram from Calculus 3b, i.e. first check if a,, — 0. If “yes”, then continue with
“absolute convergence”. Note that (2) invites to an early application of Leibniz’s criterion, which is
here a waste of time.

1) Since sin (n %) =1 for n =3+ 12p, p € Ny, we have sin (n %) = 1. From

2
2 2 1+—
213++2: Ty 140 forn—oo,
n n 14342

follows that
asyizp — 1 for p — 0.
The necessary condition for convergence is not fulfilled, hence the series is coarsely divergent.
2) Using a well-known graph (cf. the figure) we have the estimate
O<ln(l+z) <=z for every z > 0.

[Alternatively, In(1 + z) = x + ze(x), etc.]

0.5+

Then for z = —,
n

2 2 2
0<|an|:‘(—1)"+11n<1+—2>‘:ln<1+—2) <— —0 forn— oco.
n n n
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Thus, (a) the necessary condition for convergence is fulfilled, and
oo o0
2 72 72
(b) Z|%\<Z$=2'€=§
n=1 n=1
is convergent, hence the series is absolutely convergent.

Remark 5.5 Leibniz’s criterion it not at all mentioned in this proof. ¢

Example 5.30 Check in each of the following cases if the series is conditionally convergent, absolutely
convergent or divergent.

U S NC) SIS

1) The faculty function occurs, hence the criterion of quotients is the most natural criterion to

apply. All terms are positive, the the series is either absolutely convergent or divergent. It follows
by the criterion of quotients from

any1 2" (n+1)! (2n)! 2(n+1) 1 0<1
— . — = —
an (2n+2)! 2nn! (2n+2)(2n+1)  2n+1

for n — oo that the series is absolutely convergent.

1
2) From 0 < — < 1 follows that
e

> = /1\" 1 1
_1\Pe—P| — ) ===
E|( 1)Pe \—g (e)_ T <00,
p=8 p=8

so the series is absolutely convergent.

Remark 5.6 The series is a quotient series, so we can find its exact sum,

e’ o] 1 P 1 8 1 e 677
_1)Pe P — ) =) = 8 = .
=8( e Z< e) ( e) 1_(_}) © TeF1 e+t

P p=8
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Example 5.31 Check in each of the following cases if the series is absolutely convergent, conditionally
convergent or divergent,

= e = n!)3
DI W

1) We have by the laws of magnitudes

— — 0 for n — oo,
n2

hence the necessary condition for convergence is not satisfied, and Y -, (—1)"e™/n? is (coarsely)
divergent.

(n))?
(3n)!

a1 {(+D1E @n)! (DN (3n)!
s

2) If we put a,, =

> 0, then

an, {3(n+1)}! (n!)3 n! 3n+3)!
B (n+1)3 B 1
 (3n+3)(3n+2)(3n+1) N 5 2
n+1 n+1
1 1
3\ = o <1 for n — oo.

Then by the criterion of quotients,

n=1

is absolutely convergent.

Example 5.32 Check in each of the following cases, if the series is absolutely convergent, condition-
ally convergent or divergent.

I S

n=1 n=1

Inn
1) The series Y 2 (—1)" — is not absolutely convergent. It is conditionally convergent.
n

a) Applying e.g. the criterion of comparison we get

i ZIHQil:oo,
n=1 n=2n

which shows that we do not have absolute convergence.

Inn
1)y ——
()=
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Inx
b) Due to the different magnitudes, the function — tends towards mod 0 for z — oo, and
x

% " :—2*?—T<0 fOI'IL’>€,

d (Inx 1 Inx B 1—-Inx
T

X Inn . .
thus for n > 3 we see that —— tends decreasingly towards 0. Furthermore, the series is alter-

n
nating, so it follows from Leibniz’s criterion that the series is convergent, hence conditionally
convergent.

2) This series is absolutely convergent. In fact, if we put

(=4 (@2n)!]| 47 (2n)!
n = ‘ (3n)!  (3n)! 70,
then
any1 4" (2n 4 2)! (3n)! 42n+2)(2n +1)
an (Bn+3)  4r-(2n)!  (Bn+3)(Bn+2)(3n+1)
5 2n + 1 0 for n — oo
= _—— — .
3 (3n+2)(3n+1)

We conclude from the criterion of quotients that the series is absolutely convergent.
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Calculus 3c-2 Conditional covergence and Leibniz’s criterion

Example 5.33 1) Prove that
Vn+1l—+yn—0 forn — oo.

Hint: Apply the formula

a? — b2
a+b’

a—b=

2) Check if the series

S (1 AT V) = (VE- 1)~ (V- V) oo (1) (VT T - Vi) +

18 absolutely convergent, conditionally convergent or divergent.

3) When we remove all the parentheses of the series in (2), we get the series

V2-1-V34+V24+Vi—V3—-...

Is this series convergent or divergent?

1) It follows from

WAFD? - (Va2 1
Y i BTN R s ST

that v/n + 1 — /n — 0 decreasingly for n — oo.

Alternatively,

VATI- VA

Il
—N—
=
+
S|
|
—_
—_——
B
—N
=
_|_

| =
S
_|_
S
™
N
S
N———
|
—
——

2) If we put a,, =vn+1—/n=————, then
n

a) a, — 0 for n — oo, thus the series is not coarsely divergent.
RS
b) a, , and
¢) We see that > 7 (—1)"~ 1(\/n +1—+vn)=>r",(-1)""ta, is alternating, and that a, — 0
is decreasing, so it follows from Leibniz’s criterion that the series is convergent. Since it is
not absolutely convergent, it must be conditionally convergent.

—— is divergent, hence the series is not absolutely convergent.

d) When we remove all the parentheses we see that |b,| > 1 for every n, and the necessary
condition for convergence is not satisfied. The series is coarsely divergent.
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Example 5.34 1) Prove that the series

i iy ! +
244 T 142 1424 +n ’

is convergent with the sum 2.
1
(Hint: One may without proof use that 14+2+ --- +n = 5n(n+1), neN).

2) Prove that the series

o0

=1+-—
;1*2+~“+(*1)”*1n + 1- 2+ o 1—2+...+(71)n71n+

18 conditionally convergent with sum 0.

Hint: One may use without proof that

1= 244 (—1)"ln =

| —

1
(—1)" 1 {n +5 (1+ (1)”1)} , neN.
1) When we consider the sectional sequence sy, we get by a decomposition,

al AR /1 1

z::l +nzzn(n+1):2;(ﬁ_n+l>
N
IR

1
Z—: 7—*>2 for N — oo,
—n +1

and the series is according to the definition (absolutely) convergent with the sum
= 1
_— = 2.
2 14+24-+n
n=1

2) We first apply the hint,

o0 oo

> : Y e
=24+ (=) a4 {1+ (-1) 1)
2(—1)n1
n+ 3 {1+ (=)'}
of equivalence that the series is not absolutely convergent.

2
b) The series is alternating, and T is weakly decreasing towards 0. Hence the
n+5{1+ (-1)""1}
series is convergent by Leibniz’s criterium, and therefore conditionally convergent according

to (a).

2
a) Now, —, and > — is divergent. Thus it follows from the criterion
n n
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Sum. We see

1 2

= 1 2 1 ] = 1 —)0
SRR Gt R 1))

Qn

weakly decreasing for n — oo.

Then calculate the sectional subsequence ssp,

0 . 2N 21 ne1
SoN = Zl(—l)” a, = Zl p— %{(1 Jr)(l)nl}
_ N 2(-1)zr— 1 2(—1)%"!
- I; { (2p—1) + {1+(-1)>»—1-1}  2p+ %{14_(_1)2;;—1}}
N o9 9
= pl(%_%>20—>0 fOI‘N—)oo,

We can now continue in different ways:

a) The series is convergent, thus sy — s for N — oo. The subsequence (sax) converges both
towards s and towards 0, and its limit is unique. Hence s = 0, and the sum is 0.
1

N——H, we have

b) Since sont1 = Qont1 + Son = Qon41 =

0 for n lige,
Sp = 2 i I
1 or n ulige,

and it follows that s,, — 0 for n — oo.

As a conclusion we finally get

oo

1
21_24_...4_(_1)”—1”70’

n=1

where the convergence is conditional.
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6 Series of functions; uniform convergence

Example 6.1 Let f: R — R be a C'-function, for which f(0) = 0. Prove that if the series > - | an
(real terms) is absolutely convergent, then the series Y -, f(an) is also absolutely convergent.

We shall apply Taylor’s formula from e.g. Calculus 1b.
1) We assume that the series Zle ay, is absolutely convergent. Then especially, |a,,| — 0 for n — oo.
2) Since f € C*(R) we get by Taylor’s formula that

f'(0)

fl@) = £0) +

x+ze(x) = f(0) - 2+ ze(x).

3) Since (a,) is bounded, we can find constants C' and N, such that
le(an)| < C for n > N.

Without loss of generality we may assume that N = 1.
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Calculus 3c-2 Series of functions; uniform convergence

4) Since
flan) = f/(()) “ap + ane(an)

where

[f(an)] < [f(0)] - lan| + |an| - C = (|f/(0)| + C) - |anl,

and since > | |a,| is convergent, and |f'(0)| + C < oo, we get by applying the criterion of
comparison that Y 7 |f(a,)| is convergent, so >~ f(a,) is absolutely convergent.
Remark 6.1 It is here essential that f(0) = 0 and that f/(0) is finite. Consider for instance the func-
1
tion f(z) = \/|x| which is not differentiable at 0 (vertical half tangent), while 777 | — is convergent.
n
In this case we see that

> 1 <1
;f<ﬁ>—;ﬁ

is divergent.

Example 6.2 Find all values x € R, for which the series

o0

Z(l —x)z"

n=0
is convergent, and find for each of these values the sum function of the series.

Then check if the series is uniformly convergent in

(1) 111 2) H%[

1) When |z| < 1, the series is the usual quotient series of quotient 2, hence the series is here convergent
with the sum function

> _l—m

f(x):Z(l—m)x"—lile forz €] —1,1].

n=0

2) When r « = 1, all terms of the series are 0, thus f(1) = 0.

3) When z = —1 or |z| > 1, we see that |(1 — 2)z"™| does not converge towards 0 for n — oo, and the
series is coarsely divergent.

Conclusion. The series is convergent for « €] — 1, 1] with the sum function

[ 1 forxe]-1,1],
it ){ 0 fora=1.
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0.8

0.6

0.4+

0.2

;
2 -1

1) Every term (1 — 2)a™ is continuous in | — 1, 1], while the sum function f(z) is not continuous at

1. Hence, the convergence cannot be uniform in this interval.

11
2) When z € ] ~33 {, we get the estimate

N N N 1
. n _ n n+l _ N+1
lsn(z) — 1] = ;(kx)x —1| = ;x ;x 1 =21"" < o

11
which tends towards 0 for N — oo independently of x € ] 35 [, hence the convergence is uniform
) 11
in|—=,=|.
22

Alternatively we have the convergent majoring series

> B e | 11

11
We conclude again that the series is uniformly convergent i } 35 [
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Example 6.3 Check if the series
St
is uniformly convergent in the interval I = [0, 1].

This is a tricky example, because the sum function f(x) = 1 is continuous in [0, 1], so one is misled
to think that the convergence is uniform. This is not true!

When z € [0, 1], we get as in Example 6.2 that
|sn (@) = 1] = |2V
By choosing
1
N = EE) € [0,1],
it follows that
lsn(zn) — 1] :% for every N € N,

and the convergence is not uniform.
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Calculus 3c-2 Series of functions; uniform convergence

Example 6.4 1) Prove that the series
6) D A5
n=0 (1 T )n
is convergent for every x € R, and find its sum function.

2) Then prove that (5) is not uniformly convergent in the interval R.

3) Prove also that (5) is uniformly convergent in any interval of the form [a,b], where 0 < a < b.

4) Find
o0 2 $2
; / T

1) If =0, then f(0) = 0.
If x # 0, then the series is a quotient series of quotient 1/(1+ z?) €]0,1[ (i.e. convergent), and its

sum is
00 2 2 2 2
1
T _ T :x(—|—x):1+x2.
Z(l_’_xZ)n 1 12
n=0 S
1+ 22

The sum function is

= x? 1+a2 forx#0
f(ac)—z (14 22)n _{ 0 for z = 0.

n=0

0.5+

175806 04 020" 02 c.‘4xofs 08 1

2) Every term z2/(1 + %)™ is continuous, while the sum function is not continuous at z = 0. It
follows that the convergence cannot be uniform in any interval, which contains 0, and in particular
not in R.
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3) Finally, we can prove the uniform convergence in [a, b], where 0 < a < b, in two ways:

a) directly by the definition (estimate such that = disappears),

b) find a convergent majoring series.
a) We shall prove that
lsn(z) — (1+22) <ay — 0 for N — o0, =z € [a,b],

where ay does not depend on z. We get

N N
1+a2?—1
-1 ) = 1+ 2?)| = (1422
s () = (1+%)] Z:j vy~ )| = (2 e e
N N
= 1422
§(1+x2)" T nz:% 1+:c2 — (427
N-1 N

—_

2 1 2
1 - 1
(1+22)N = (1+a?)N

and we have proved that the series is uniformly convergence, even in the half infinite intervals
[a,00], where a > 0.

— 0 for N — oo independent of z > a,

b) Alternatively we get for 0 < a <z < b < oo the following estimate
o0
Notice that the numerator is estimated from above, while the denominator is estimated from
below by some smaller positive number, and also that the quotient 1/(1+ a?) €]0, 1], hence the

quotient series is convergent with the given sum. Since we have obtained a convergent majoring
series we conclude that the original series is uniformly convergent.

oo

Z 22 nib2(1+az)
1+a2 1+a2 N a? '

1—|—x

4) According to 3) the convergence is uniform in the closed and bounded (i.e. compact) interval [1, 2].
Then we can interchange summation and integration, so we get by 1)

oo 2 .'1/'2 2 o0 1,‘2 2 )
———dx / 7d33:/ (1+2%)dx
2/ (EwaD L i e ), 0

[ :c?’r 710
= |z+ | =14+5=—.
. 3

3 3

It is possible, though very difficult directly to calculate the sum of the integrals. We shall leave
out these tedious details.
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Example 6.5 Prove that the series
o0 o0

1
P LD P

n=1 n=1

are uniformly convergent in the interval R.

We use in both cases the criterion of majoring series.

1) Since |cosnz| < 1, each term of the series can be estimated from above by

cos N 1
‘ 7 ‘7—4, for alle z € R.
n n
Th S . ) d oo COSTT . ‘ ;
enery >, aisa convergent magjoring series (x does not occur), so Y~ | — s uniformly
convergent in R.
w 1t :
Remark 6.2 Here )~ | — = g 18 one of the standard series. ¢
n
2) Each term of the series is estimated from above by decreasing the denominator,
1 1 1
= < —, da 22 > 0.
n? + 2 n? 422 ~ n? -
N o 1 t majori ; d h o i ‘ [
ow, » o7, 3 is & convergent majoring seris (« does not occur), hence y_ > | o is uniformly

convergent i R.

1 2
Remark 6.3 Here ) 7| — = % is one of the standard series. ¢
n

Example 6.6 Prove that the series
o n

>

n=1

is uniformly convergent for |x| <1, and divergent for |z| > 1.

1) Since

mn
W S W for |$| S 1,

and 2 > 1, the series > o2 | 1/n%/2 is a convergent majoring series, thus "o, 2™ /n%/? is uniformly
convergent for |z| < 1.
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2) If || > 1, then it follows by the magnitudes that

xn

n3/2

_ ="

= — 00 for n — oo.
n3/2

The necessary condition for convergence is not fulfilled, so the series is coarsely divergent for
|z] > 1.

Example 6.7 Prove that the series

e 2

Z 2cosnx + 3sinn“x
ny/n

is uniformly convergent in the interval R.

n=1

Each term of the series is estimated by

g
‘2608n$+351nn$ <2+3 5 for alle € R,

ny/n ~ nyn nd/2’
so a majoring series (in which x does not occur) is

o0

5
2

n=1
3 . L
I\TOW7 o = 5 > 1, so the majoring series 18 CODVGI‘geIlt.

We conclude that the series is uniformly convergent in R.

Example 6.8 Prove that the series
e onw
> T

n=1

is uniformly convergent in the interval | — oo, k|, where k is any number in R .
We shall find a convergent majoring series. It follows from
onT 2nk _ (Qk)n

that

n=1 n=1

Thus we have constructed a convergent majoring series, and the claim is proved.
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Remark 6.4 We see that we have pointwisely everywhere,

o0 nx

Z—':exp(T”)—l, r € R,
n!

n=1

and this convergence is even uniform over each interval of the type = €] — oo, k.

Example 6.9 Prove that the series

— 1
7;2 n(lnn)®

is uniformly convergent in the interval [k, o[, where k is any real number bigger than 1. Then prove
that the sum function tends towards oo for x tending towards 1 from the right.

When n > 3, then Inn > 1, and thus n(Inn)® > n(lnn)* for + > k and n > 3. This gives us the
estimate

— 1 — 1
< f > k.
0< 7;3 n(lnn)* — Z n(lnn)k o=

n=3
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Calculus 3c-2 Series of functions; uniform convergence

Now, ———— is decreasing in n for n > 3 and k£ > 1. Since

n(lnn)k

/°° d 1 I ! 1
5 tmt)* | k-1 (mt)k-1], k-1 (In3)*k-1’

1
we get by the integral criterion that > - . W is a convergent majoring series, so the series
n(lnn
1
is uniformly convergent, because nothing is changed by adding the function W, even if it tends
n x
towards oo for x — oo.
1
Assume that z > 1. Since ﬁ is decreasing in n for n > 3, we get by the integral criterion
n(lnn)*
the following estimate from below,
— 1 1 — 1 1 > dt
7 = o ow > + /
7;2 n(lnn)® 2(In2)> ; n(lnn)® — 2(In2)* 3 t(lnt)®
B 1 (Int)'==1% 1 Lt 1
~ 2(In2)® -2 |, 2(In2)* z-1 (In3)=-1

Then the claim follows from the fact that the lower estimate clearly tends towards oo for x — 1+.

Example 6.10 Prove that the series

co .
Z S NIT
7’L2

n=1

is uniformly convergent for every x € R.

Also prove that

[ (E5) =St

n=1

Each term in the series is estimated from above by

sin nx 1
— | < for every = € R.
n n
w 1 7 . . . o
Then ), 2= is a convergent majoring series (a standard series), so the series itself is uniformly

convergent in R.

Since the convergence is uniform, and [0, 7] is a bounded interval, we may interchange summation and
integration,

/0” (Z smnw) Z / sinnz de = Z 711—2 [—%cosm]o = Z n3{1 —(~1)).

n=1 n=1

As

n_ | 2 forn odd,
L= (=" = { 0 for n even,
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we shall only sum over odd indices, thus

/: <Z 5’“;2’“) dr=%" %{1 Sy =2y ﬁ

n=1 n=1 n=1

Remark 6.5 The exact value of > °7

1
el m is yet not known; but one may of course find

approximating values.

~
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Calculus 3c-2 Series of functions; uniform convergence

Example 6.11 1) Prove that the series
[ee]
(6) Z sinz - (cos x)*"
n=0
is pointwise convergent for every x € [0, 7|, and find its sum for every x € [0, 7).
2) Check if the series (6) is uniformly convergent in [0, x].
. . . 7T 27
3) Prove that the series (6) is uniformly convergent in 33|
1) When z €10, 7[, the quotient fulfils 0 < cos? z < 1, so the quotient series is pointwise convergent i
10, 7| and its sum function is

sin x 1

o0 o0
Z sinz - (cosz)?™ =sinx z:{cos2 o}t = =
n=0

l—cos2x sinzx
n=0

When either z = 0 or z = 7, every term is 0, and the sum is 0.

As a conclusion we get pointwise convergence in [0, 7] and the sum function is here given by

0 forx=0o0rx=m.

f(x){ 1/sinz  for z €]0, ],

\\\ B /,

05 1152253

X

2) Since every term of the series is a continuous function, and the sum function is not continuous at
the end points, we conclude that the series cannot be uniformly convergent in the interval [0, 7].
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3) Ifze [”

2 1
—, il , then | cosz| < —. Hence we get the estimate
3 3 2

SO O

n=0

o0
Z sinz - (cosz)?"
n=0

. .. . . . T 2w . .
The series has the convergent majoring series 47" in the interval {g, ?}, so it must be uni-

formly convergent in this interval.

Example 6.12 Prove that the series

= 1
f(x):;m

is uniformly convergent for x > 0, and then calculate

/Olf(fr)dxz/ol{

We assume that x > 0. Every term is estimated from above by decreasing the denominator,

oo

1
Zm}dx

n=1

1 1 1
0< < = — f > 0.
T2l S TR or every x >

1 2

Now, S>> — is a convergent majoring series (a standard series). Hence, it follows that the

nt g =
series is uniformly convergent for z > 0.

Since the series is uniformly convergent in the bounded interval [0, 1], we may interchange summation
and integration. Hereby we get

/Olf(x)dx _ /ol{iﬁ}dmzi/;ﬁdx

n=1 n=
o] 1 00
- 2l 26
n—1|: n+wx), _g nz::l n n+1
Y11
— - telescoping series
i nzzl <n - 1) (telescoping series)
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Example 6.13 1) Prove that the series
n 1

Z n2+x2

1s convergent for every x € R.

2) Ezplain why we have the following inequalities for every x € R and every n € N,

2| <2®+1< 2% +n.

3) Define a function f by

n 1

:Z —l—xQ’ reR.

Prove that f is differentiable and that

(o] n

/x)2z(n(g+7$2)2, z €R.

(Hint: Apply the result of (2)).
1) We get by a crude estimate that
B>
—~ n?

and we see that the series has a convergent majoring series, so it is even uniformly convergent, and
its sum function f(z) is continuous.

o0 ( —

Z n2+x2

n=1

2) Now, 22 —2|z|+1 = (Jz] —1)%2 > 0, so we obtain the left hand inequality by a rearrangement. The
right hand inequality is trivial.

3) Formally we get by termwise differentiation,
& n

“f Z 77,2 + £U2

However, the following estimate

2z 1 =
_Zn2+x2'n2+x2 Szl
n=1 n=1

shows that the formally differentiated series has a convergent majoring series, so it is uniformly
convergent. Hence, f is differentiable with the derivative

oo

n2+x2

n

, > —1)"x
x)zZZﬁ.
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Example 6.14 1) Prove that the series

(o] (oo}
_ (_l)nfl _ 1 1 (_1)77,71
;f"(x)_; zr+n  l+z x—|—2+ + T+n +

is convergent for every x € [0, 00|

2) Let f be the sum function of the series of (1), thus

CEEED SFACED Phee Sy |
n=1 n=1

Prove that f is differentiable and that

f/(x> = Zf’rll(m)7 T € [0700['

n=1

1
1) If x <0, then |f,(z)] = o 0 decreasingly. Now, f,(z) = (=1)""!|f.(z)|, so the series is
r+n

alternating, and therefore convergent according to Leibniz’s criterion. Hence, the series of f(x)
is pointwise convergent for every z € [0, ool.

2) The formally termwise differentiated series is

Z =0 x € [0, 00[.
n=1

(z +n)?*’

Clearly, this series has the convergent majoring series so it is uniformly convergent. The

=,
n
series of f(x) is pointwise convergent, and the termwise differentiated series is uniformly convergent,

so it follows that f(x) is differentiable with the derivative

f@=2ﬁm=2%ﬂi x € [0,00]
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