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Preface

With the explosion of resources available on the internet, virtually anything can be learned on your own,
using free online resources. Or can it, really? If you are looking for instructional videos to learn Calculus,
you will probably have to sort through thousands of hits, navigate through videos of inconsistent quality

and format, jump from one instructor to another, all this without written guidance.

This free e-book is a guide through a play-list of Calculus instructional videos. The play-list and the book
are divided into 16 thematic learning modules. The format, level of details and rigor, and progression
of topics are consistent with a semester long college level Calculus II course, the first volume covering
the equivalent of a Calculus I course. The continuity of style should help you learn the material more
consistently than jumping around the many options available on the internet. The book further provides
simple summary of videos, written definitions and statements, worked out examples - even though fully

step by step solutions are to be found in the videos - and an index.

The present book is a guide to instructional videos, and as such can be used for self study, or as a textbook

for a Calculus course following the flipped classroom model.

An essential companion to this book is the exercise manual Exercises for A youtube Calculus Workbook

Part II: a flipped classroom model, which also outlines and discusses the structure for a flipped classroom

course based on this material.

For future reference, the play list of all the videos is available at:

https://www.youtube.com/playlist? list=PLm168eGEcBjnS6ec]flh7BTDaUB6;ShIL.

If you need to review any part of Calculus I, please refer to the first youtube workbook, whose associated

play-list is available at:

http://www.youtube.com/playlist? list=PL265CB737C01F8961.

In particular, undefined notions or Theorems we may refer to that are not stated in the present book

can be found in the first volume.

I hope that only few errors are left in this book, but some are bound to remain. I welcome feedback and

comments at calculusvideos@gmail.com.
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1 M1: Natural Logarithm and
Exponential

1.1 Natural Logarithm: definition and logarithm laws

Watch the video at

https://www.youtube.com/watch?v=HETqWLBLsYc&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&i

ndex=1

ABSTRACT

The natural logarithm function is defined as the antiderivative of 1 on (0,00) that takes the

value 0 at 1. Its basic properties are introduced and proved.

DEerFINITION 1.1.1. The natural logarithm function, denoted In, is defined on by

Inx = .
1t

Properties of the natural logarithm function: Let x and y be two positive numbers and let r € (—o0, ).

(1) = 0 (1.1.1)
In(zy) = lnz+lny (1.1.2)
In <§> = Ilnz—Iny (1.1.3)
In(z") = rlnzx (1.1.4)
(Inz) = é7 (1.1.5)

so that In is an increasing function on (0, c0).

ExaMpLE 1.1.2. Expand In (\;’%)

1 < 3 > In3 + 21 Lt +2)
n| — =1 nr — —-1n\xr .
vVa+2 2

ExAMPLE 1.1.3. Express as a single logarithm In3 + 3 In8.

1
I3+ I8 =In (3-8%) — In6.
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1.2 Calculus of Logarithms

Watch the videos at

https://www.youtube.com/watch?v=]jwQvDwhUrQ&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&i

ndex=2

and at

https://www.youtube.com/watch?v=z10upT5GyaU&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;jShIL&in
dex=3

ABSTRACT

These two videos go over more properties of the natural logarithm function, in particular its

graph, and over derivatives and integrals involving the natural logarithm function.

Since, (Inz)' =1 >0 and (Inz)” = — 2 < 0, the function In is increasing and concave down on its

domain (0, o0). Moreover

lim Inz = 4o0
Tr—00
lim Inz = —oo,
z—0t
and the graph of the function is
2
y=lnx

DEFINITION 1.2.1. The Euler number e is by definition the unique number such that

Ine=1,

12
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as shown below:

0 1 2 3 4 5 6 Fi

e A 2.718

Calculus of logarithm:

(lnx)/ = %
(njal) = ©
dx
- = In|z| 4+ C on (0,00) or on (—o0,0).
oy @)
(@) = Fo-

ExampLE 1.2.2. Differentiate:

1) f(z)=n(z?+10);

Solution.
J@) = s
2) f(x) = cos(lna);
Solution.
) = _sin(aljn )

3) f(x) =MWB3Y).

Solution.

13
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ExamPLE 1.2.3. Find an equation of the tangent line to y =1In (23 — 7) at z = 2.
Solution. The point of tangency is
(2,In(2° = 7)) = (2,In1) = (2,0),

. dy .
and the slope is 7z |,—». Since,

@_ 322
de 23 -7

the slope is 22 = 12 and the tangent line has equation

y=12(z —2).

ExaMPLE 1.2.4. Find 2 along the curve

In(zy) = ysinz.
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Solution. We differentiate implicitly

dy
+ == d
Y7 % _ —ysinerycosa;,
Ty dx

and solve for %

d, d d, 2 —
y+x—y —xysmx—y + xy? cosr = & _ w.
dz dx dx T —xysinz

ExaMPpLE 1.2.5. Evaluate the following integrals:

1) [ gy

LL

Solution.

4+u —2 ? 1 3
/1 /—+ du—{ﬁ+ln|u|}l—(§+1n2)—(—2+0)—§+1n2.

2) f6 dr .

zlnz’

Solution. Let u = Inz. Then du = % and

6 In6
dx du "
/ zlnz :/1 — = [ Ju[[;"* =In(In6).

3) f Qicé‘.slrfr
Solution. Let u = 2 + sinz, then du = cosz dx and
2+4+sinx

d
/ﬂdwz/—u:1n|u\+C:1n(2+sinx)+C.
u

4) [tanzdz.

Solution. Since tanz = 322 we can let u = cosz and du = — sinz dz to the effect that

cosx’

i d
/tanxdx = / SN2 r = f/—u = —In|u[+C = In|cosz| '4+C = In|sec z|+C.
u

COsST
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1.3 Logarithmic Differentiation

Watch the video at

https://www.youtube.com/watch?v=6sjx60 AKkW TE&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&in

dex=4

ABSTRACT

This video illustrates on examples the technique of logarithmic differentiation.

The basic idea behind logarithmic differentiation is that to differentiate

a function f(z) that involves

products, quotients and/or powers, we can consider In f(z) and take advantage of the Laws of Logarithm

to turn it into a simpler expression to differentiate, and then note that

M f@) =L@ — fla) = 1) (0 f(@))’

)

f(=)
ExampLE 1.3.1. differentiate
22 +1)3zInx
flay = & DT
3Vt + 3
Solution.
1
Inf(z) =3In(z* +1) +Inz +In(lnz) — 3lnz — 3 In(z* + 3),
so that
6x 2 1 1 423
1 o2 -
(In f() 22 +1 x+xlnx 224 +3

that is

fll@) _ ( 6e 2 L 2%\

fzy — \22+41 2 zlhz 24+3

, _ b6x 2 - 223
Fa) = f@) <m2—|—1 x+mlnm x4 +3
B (2?2 +1)3zInz 6z _g+ o 223
- 23V + 3 22+1 2z zlhx 2*+3)°

Exercises

you are now prepared to work on the Practice Problems, and Homework set M1A in the manual of

exercises.
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1.4 One-to-one functions and inverse functions

Watch the video at

https://www.youtube.com/watch?v=a00KcvI2ECA&list=PLm168eGEcBinS6ec]flh7BTDaUB6jShIL

ABSTRACT

This video defines one-to-one functions and considers criteria, and defines the inverse function

of a one-to-one function.

DEFINITION 1.4.1. A function f is one-to-one on an interval I if for every =1 and z3 in I

T1 # x2 = f(x1) # f(22).

In other words, f is one-to-one if it never takes on the same value twice.

STUDY AT

LINKOPING UNIVERSITY, SWEDEN
RANKED AMONG TOP 50 UNIVERSITIES UNDER 50
Interested in Strategy and Management in International

Organisations? Kick-start your career with a master’s degree
from Linkoping University, Sweden.
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ProposITION 1.4.2 (Horizontal line Test). A function is one-to-one if and only if horizontal lines intersect

the graph in at most one point.

(\

Y
Y

/

not one-to-one one-to-one

ExAMPLE 1.4.3. For instance f(x) = 2 is one-to-one on its domain (—o0, 00), while g(x) = 22 is not:

Download free eBooks at bookboon.com



Recall
DEFINITION 1.4.4. A function fis increasing on an interval I if for every z; and x5 in I

T < 1y = f(x1) < f(22),

and decreasing on I if for every z; and x5 in I
r1 < xp = f(z1) > f(22).
A function is monotone on I if it is either increasing or decreasing on I.
PrOPOSITION 1.4.5. If f is monotone on an interval, then it is one-to-one on this interval.

DEFINITION 1.4.6. Let f be a function with domain A. The range of f is the set of values assumed by f,
that is, the set {f(z): = € A}.

DEFINITION 1.4.7. If f is a one-to-one function with domain A and range B, then it admits an inverse

function, denoted f~!, that has domain B and range A and is defined by

y=f(z) = [y ==

A B

Download free eBooks at bookboon.com
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1.5 Finding inverse functions

Watch the video at

https://www.youtube.com/watch?v=ddc_t0n0xhQ&list=PLm168eGEcBjnS6ec]flhi7BTDaUB6iShIL&in
dex=6

ABSTRACT

In this video, examples are provided to check that a function is one-to-one, to evaluate the
inverse function at a particular point, and to find a formula for the inverse of a given function.
Additionally, it is shown that the graph of the inverse function of a one-to-one function is

obtained from the graph of the function by reflection about y = x.
ExaMPLE 1.5.1. If fis one-to-one and f(2) =9, whatis f=1(9)?

Solution.

f@Q)=9 <« 2=f7Y9).
f one-to-one

“I studied
English for 16 -
years but...
...I finally

learned to

speak it in jus
Six lessons”

Jane, Chinese architect

OUT THERE

Click to hear me talking

before and after my

unique course download
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ExAMPLE 1.5.2. Let f(x) = x + cosz . Is f one-to-one? What is f~!(1)?

Solution. Since

() =1—sinz >0,

the function is increasing on its domain, hence one-to-one by Proposition 1.4.5. Thus it has an inverse

function and f~!(1) = 0 because

f(0) =04 cos0=1.

To find an algebraic expression for f~' from an algebraic expression defining a one-to-one function f,

remember that by definition, in this case:
y=fla) = [Ty =2
Thus, start from y = f(x), and solve for x!
ExaMPLE 1.5.3. Is f(z) = 3 — 2z one-to-one? If yes, find a formula for f=*.

Solution. Since f is decreasing on (—oo, 00), it is one-to-one by Proposition 1.4.5. Moreover

37
y=3—2r I:Ty:fﬂ(y),

so that f~!(z) = 33~.

ExaMPLE 1.5.4. Find the inverse function of

_ 4r —1
T2+ 3

f(=)

Solution. Note that f has domain (—oo, —3) U (—3,00). If we were asked to find the range of f, one way

to do that would be to find the domain of f~'. Let y = 2. Then

+3
1+3
2e43)y=4r-1 <= z2y—4)=—-(14+3y) < z= —2+ Z = f(y),
y—
so that f~!(z) = —1t22, whose domain is (—o0, 2) U (2, 00), which is also the range of f.

Download free eBooks at bookboon.com



A youtube Calculus Workbook (Part I1) Natural Logarithm and Exponential

Graph of inverse functions:

ProrosITION 1.5.5. If f is a one-to-one function, the graph of f = is obtained from the graph of f by

reflection about the line y = x:

A J

ExaMPLE 1.5.6. The function f(x) = 22 for z > 0 is one-to-one and its inverse functionis f~!(z) = /z:

: y=z

= o=
I
-
L
)

I
%

-

22
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1.6 Calculus of inverse functions

Watch the video at

https://www.youtube.com/watch?v=eN 4 naF-4U&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;ShIL&in
dex=7

ABSTRACT

This video examines how differentiability and continuity transfer from a one-to-one function

to its inverse function, and establishes a formula for the derivative of the inverse function.
PROPOSITION 1.6.1. If fis one-to-one and continuous on an interval I, then f~! is also continuous on f(I).

THEOREM 1.6.2. If fis one-to-one and differentiable at b = f~'(a), and f'(b) # 0, then f~1 is differentiable

at a and

In Leibniz notations, with

y=r"') = fly) ==
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this translates as

dy 1
==
dx o

ExAMPLE 1.6.3. Let f(x) = 2° — 23 + 2z. Is it one-to-one? If yes, find (f—l)' (2).

Solution. Note that

f'(z) =5zt — 32° + 2 = 5u® — 3u+ 2 for u = 22

and 5u? — 3u + 2 = 0 has no solution because its discriminant (') is —31 < 0, so that f’(z) > 0 because
f/(0) >0 and f’ does not change sign. Thus f is an increasing function, and is thus one-to-one

(Proposition 1.4.5). According to Theorem 1.6.2, we have

1

() @ = w7@y

Moreover f~1(2) =1 because f(1) =2.Thus f'(f~1(2)) = f/(1) =4 and

—1\/ _ }
)@=
ExampLE 1.6.4. Consider f(z) =z — 2.
1) Show that fis one-to-one;
Solution. Since f'(z) = ﬁ > 0 on (2,00), f is increasing, hence one-to-one, on its domain.
2) Use Theorem 1.6.2 to calculate (f~1)"(2);
Solution.
—1 / 1
2 —
U= C= 7wy
and

fl@)=2 <= Vr—2=2 < 1z =06,

so that f=1(2) = 6. Thus
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3) Find a formula for f=1(x);
Solution. Let y = /x — 2. Then y? = z — 2 with y > 0, that is,

r=1y>+2fory >0,
so that f~(z) =22 + 2 for z > 0.

4) Use 3. to recalculate (f~1)"(2);
Solution. Since f~'(x) =%+ 2 for >0, (f~')' (z) = 2z and thus (f~)' (2) = 4.

5) Sketch the graphs of fand of f~!.

Solution.

@;:3124—2 Y=

y=va—-2

Exercises

you are now prepared to work on the Practice Problems, and Homework set M1B in the manual of

exercises.
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1.7 Natural Exponential: definition and properties

Watch the video at

https://www.youtube.com/watch?v=zp2jv7H1qIA&list=PLm168eGEcBjnS6ec]flh7BTDaUB6jShIL&ind

ex=8

ABSTRACT

This video defines the natural exponential function as the inverse function of the natural

logarithm function and explores its basic properties.

Recall that the natural logarithm function has domain (0,00) and range (—oo,c0) and is increasing,

hence one-to-one, on its domain. Thus it admits an inverse function.

Definition 1.7.1. The natural exponential function, tentatively denoted exp, is the inverse function of the

natural logarithm function In. Thus it has domain (—oo, c0) and range (0, 00) and

y=expxr <= z=Iny, y > 0.

In the past four years we have drilled

89,000 km

That's more than twice around the world.

Who are we?

We are the world’s largest oilfield services company’.

Working globally—often in remote and challenging locations—
we invent, design, engineer, and apply technology to help our
customers find and produce oil and gas safely.

Who are we looking for?
Every year, we need thousands of graduates to begin
dynamic careers in the following domains:

‘ ‘ m Geoscience and Petrotechnical

m Commercial and Business

What will you be?

a1 careers.slb.com Schiumberger
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Since In(e”) = zlne = = by (1.1.4) and In(expz) = = because In and exp are inverse of each other, we
conclude that In(e*) = In(exp ) for all x, which ensures that

expx = e”

because In is one-to-one. We use the notation e* from now on for the natural exponential function. Of

course, we have

e = gforallz >0

In(e®) =« for all z.

The properties of logarithm are rephrased in term of its inverse function:

Properties of exponential:

QO o— 1 (1.7.1)
ATV = %Y (1.7.2)
= Z_: (1.7.3)
(e")" = €™ (1.7.4)
Moreover

@) = ¢
/e‘”dx = "+ C.

The graph y = e is obtained from y =Inz by reflection about y =z, so that y = e” is increasing

concave up (which we can also see from the fact that the first and second derivative are e” > 0), with

lim ¢* = +oo
Tr—r 00
lim e = 0:
r——00
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Domain: (—o0, +00) by = 87/ A
Range: (0,00) Tl & L
increasing 7 J/F

concave up

n
w
u
«

American online
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programs:

enroll by September 30th, 2014 and
save up to 16% on the tuition!
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Interactive Online education
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Note: LIGS University is not accredited by an
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by the US Secretary of Education.
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—
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1.8 Derivatives and integrals with exponentials

Watch the video at

https://www.youtube.com/watch?v=F-YEvvY6nPk&list=PLm168eGEcBjnS6ec]flh7BTDaUB6jShIL&in
dex=9

ABSTRACT

This video goes over examples of differentiation and integration of functions defined in terms

of exponential functions.

The examples below use the basic formulas

@) =
(eu)/ — Y u/
/ez de = €e"+C.
ExampLE 1.8.1. Differentiate:
1) ¥y= lirac;
Solution. Using the Quotient Rule:
dy e*(14+xz)—e* = we"
de ~  (1+2)2  (1+4+z)?2

2) y=e* cosu;

Solution. Using the Product Rule and the Chain Rule:

dy w2 uZ -
—— = 2ue" cosu —e" sinu.
du
3) y=¢€"lnzx;
Solution. Using the Product Rule:
d T
% =e"lnx + %.
4) y = cos(e™).
Solution. Using the Chain Rule:
dy

— = —sin(e™) - we™".

dx
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ExaMPLE 1.8.2. Evaluate:

1) fol ze” dus

Solution. Using substitution with u = 22, so that du = 2z dx , we have

1 1
1 1 -1
/ ze” dz = 7/ edu= [6“}(1) €
0 2 Jo 2

—.
2) [<rdrs

Solution. Using substitution with u = 1, so that du = — -5 dx, we have

1
/e; dx:—/e“du:—e“—i—C:—e%—i—C.
x

3) [e*sin(e”)dx.

Solution. Using substitution with u = e*, so that du = e* dz, we have

/em sin(e*) dx = /sinudu = —cosu+ C = —cos(e”) + C
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1.9 Exponential and logarithmic equations and inequalities

Watch the video at

https://www.youtube.com/watch?v=]9ki-Vz1-Xg&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;ShIL&ind

ex=10

ABSTRACT

This video goes over examples of equations and inequalities involving exponential and

logarithm.
ExaMPLE 1.9.1. Solve:

1) €243 _7-0;
Solution. By applying In on both sides of e2*73 = 7, we obtain
In7-3

20 +3=In7 < x = 7

2) In(5—2x) = —3;
Solution. By applying the natural exponential on both sides, we obtain

5—e3

5—2z =% «— = 5

3) ¢ =10;
Solution. By applying In on both sides, we have

e* =In10 <= z =In(In10).

4) n(2z+1)=2—1Inz;
Solution. The domain of this equation is (0, oo) . On this domain, we can rewrite the equation as

In(2x+1)+lnax =
In(z(2e+1)) = 2,

so that 222 + = = ¢2. This is a quadratic equation 22 + x — €? = 0, which we can solve with

the quadratic formula to the effect that

—1++/1+ 8e?
r= —
4 )
but only z = =145 jg in the domain of the equation, and is thus the only solution.
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5) 7e® —e?® =12,

Solution. We can rewrite the equation as

e —T7e*+12 = 0

()2 —T7e"4+12 = 0
u?—Tu+12 = 0foru=e®

(u—3)(u—4) = 0

so that we have e* =3 or e® =4, thatis, z =1n3 or z = In4.
ExaMPLE 1.9.2. Solve:

1) 2<Inz <9;

Solution. Since e” is an increasing function, it preserves the direction of inequalities, so that

2

e? < em? < ¢?

= ed<r<e’
and the solution set is the interval (e2,e?).

2) 273 > 4,

Solution. Since In is an increasing function, it preserves the direction of inequalities, so that

f 2 —-1n4
In(e*™3%) > Ind <= 2—-3z >4 < =

>,

so that the solution set is the interval (—oco, 2524).

Exercises

you are now prepared to work on the Practice Problems, and Homework set M1C in the manual of

exercises.
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2 M2: More transcendental
functions

2.1 General exponential functions

Watch the videos at

https://www.youtube.com/watch?v=0uluLyOUqYc&list=PLm168eGEcBijnS6ec]flh7BTDaUB6jShIL&in
dex=11

and at

https://www.youtube.com/watch?v=aHckAI23AD8&list=PLm168eGEcBinS6ec]flh7BTDaUB6jShIL&in
dex=12

ABSTRACT

These two videos define and study exponential functions of a general base a > 0, a # 1.

www.alcatel-lucent.com/careers

¥, N

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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DEFINITION 2.1.1. Let a > 0 with a # 1. The exponential function of base a is the function
f(.fL‘) — g% = emlna.
Note that f(z) = a” has domain (—o0,00) and range (0, 00).

For instance

2T — T In2
101’2 _ 612 In10
T _ zlnz
T = e s

and you should keep in mind that powers are really defined in terms of powers of e, and be comfortable

rewriting them as such.

ProposITION 2.1.2 (Laws of exponents). Let x, y in (oo, 00) and a,b > 0. Then

a*™ = 4% .a¥
ey

ay
(am)y _ amy
(ab)” a® - b*

PROPOSITION 2.1.3. Let a > 0 and a # 1. Then the exponential function of base a is differentiable on

(—00,00) and

(™) =a” -Ina.

In other words,

/amdlea——i-C.

na

ExaMPpLE 2.1.4. Differentiate:

1) g(a) =a"- 4%
Solution. Using the product rule

g (x) =423 - 4% + 2* - 4" . In4.

2) f(0) =10t
Solution. Using the Chain Rule

f/(0) =10""% . 1n10 - sec? 6.
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3) y=a;

Solution. Since

we use the Chain Rule, and Product Rule, to the effect that

dy

1 /
g = eiln‘”-<glnx>
1 111.13 1
= xTr=x __xQ +—m2 .

4) h(z) = (sinz)”.

Solution. Since

(Sin.ﬁL’)w _ exln(sinx),

we use the Chain Rule, and Product Rule, to the effect that

W(z) = e*m6n2) . (zin(sinz))
T CosT )

= (sinz)” (ln(sin x) + o

/

Leadiny
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ExAMPLE 2.1.5. Evaluate [ 7* + 227 dx .

Solution.

x 2 m+1
7rz+2x“dm:7r——|— x + C.
Inm T+1

Graph of exponential functions

Since

(a®) =a”-Ina

and Ina > 0 whenever a > 1, Ina < 0 whenever 0 < a < 1, we conclude that a* is increasing on its

domain if ¢ > 1 and decreasing on its domain if 0 < a < 1. Moreover
(a®)" = a® - (Ina)® > 0,
so that a* is concave up in both cases.

a > 1= a” increasing, concave up |0 < a < 1 = a* decreasing, concave up

LB
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2.2 General logarithm functions

Watch the videos at

https://www.youtube.com/watch?v=S4NTCdIrcJw&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&in
dex=13

and at

https://www.youtube.com/watch?v=2wtpQJ]_6AFA&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&in
dex=14

ABSTRACT

These two videos define and examine the properties of logarithm functions of base a (a > 0,

a#1).

We have seen that for a > 0, a # 1, the exponential function of base a is one-to-one with domain

(—o0, 00) and range (0, o). Thus, it admits an inverse function:

Definition 2.2.1. The logarithm function of base a, denoted log,,, is by definition the inverse function of

the exponential function of base a. Thus, it has domain (0, cc) and range (—oo, 00) and is defined by

y=log,z, >0 < a¥ =uz.

By definition,
a'%® = gforallz >0
log, (a®) =« for all z,
log,a = 1
log,1 = 0.
EXAMPLE 2.2.2.
log525 = 2 because 52 = 25
1
log,2 = > because 42 = 2
log, 3 = —1 because 271 = %
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Graph of logarithm functions:

a>1

y=log.x

ProposITION 2.2.3 (Change of base formula). If a > 0, a # 1, then

lo x_ln_:c
Ba " Ina’

> Apply now
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COROLLARY 2.2.4 (Laws of Logarithms). Let a > 0, a # 1. Let x,y > 0 and r be a real number. Then

log, (ry) = log, = +log,y
1Oga (g) = loga T — loga Y
log, (z") = rlog, .
ExXAMPLE 2.2.5.
320 ,
logg 320 — logg5 = logg =)= logg(64) = 2 because 8% = 64;
1010g10 4+log,o 7 _ 1010g10(4><7) — 928,

COROLLARY 2.2.6. If a > 0, a # 1, then

1 '= .
(Ogax) .Tlna

ExampLE 2.2.7. Differentiate f(x) = logy (ﬁ)

Solution. Since f(z) =logs x — logs(z — 1) (by Corollary 2.2.4), we conclude from Corollary 2.2.6 that

L1 (11
f<w)_ﬁ<5_x1>

ExAMPLE 2.2.8. Evaluate:

1) fﬁdﬂc
Solution. Let w = 2% + 1. Then du = 2*In2dx so that

2% 1 du 1 In(2* + 1)
/2w+1d”3 2 ) @ e FC ma ¢

2) f log;:n dz

Solution. Let u = log, . Then du = —L— dx so that
1 In2
/de = ln2/udu = 117(105;296)2 +C.
€T

Exercises

you are now prepared to work on the Practice Problems, and Homework set M2A in the manual of

exercises.
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23 Inverse trig functions: arcsine

Watch the video at

https://www.youtube.com/watch?v=ELKkBDmPA8VI&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&i
ndex=15

ABSTRACT

This video introduces the inverse sine function and its basic properties.

The sine function is not one-to-one, but its restriction to the interval [fg, g] is:

tt

05T

Y

75

Yy = sinx

DEFINITION 2.3.1. The inverse sine function, denoted arcsin, is the inverse function of the restriction of

the sine function to [—Z, Z], that is:

y = arcsinx <= siny =z and y € [—%,%]

The function arcsin has thus domain [—1,1] and range [-%, %].

Therefore
arcsin(sinz) = axforallze [, 7]
sin (arcsinz) = « for all z € [—1,1].
40
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ExAMPLE 2.3.2.

1
arcsin <§) = % because sin f = fand £ € [-3,%

V3 V3

sin [ arcsin — | = —

2 2

arcsm( n%) % because § € [—3,%];

. 27r
arcsin =
3

. .
arcsin (sm §) =3 because % is the angle in [—Z, 5| with the same sine as 2T :

M2: More transcendental functions
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ExAMPLE 2.3.3. To calculate
< . 1)
tan | arcsin —
3

note that

0 := arcsin —

s

is an angle in (0, ) with sin# = 1. This situation can be represented in the right triangle below:

Applying the Pythagorean Theorem, we have (2 + 1 =9, so that [ = /8 = 21/2. Thus

1 V2

tanf = —

202 4

REMARK 2.3.4. The alternative notation sin~" is often used for arcsin. Yet, this is in direct conflict with

the standard convention to place the exponent next to the function when taking powers of the value of

1

. . . . . 2 . . . P
a trig function, as in sin?z to mean (sinx)”. To be coherent with this convention, sin~* 2 should mean

1

. -1 _
(sinz) " = sinx

which has nothing to do with arcsin x! Thus we will not use this alternative notation.
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Graph of arcsine:

The graph y = arcsinz is the reflection about y = z of the restriction of y =sinz to z € [-%, Z]:
T
— 8= ==-f--C-==3--
2 l
y =larcsinz/ |
Y oe ;
. |
& i 0.8 o.sx 1 1
i 0.8
' T
""""""" S 5
In particular, arcsin is odd:
arcsin(—z) = —arcsinz for all z € [-1,1].
Proposition 2.3.5. The inverse sine function is differentiable on (—1,1) and
(arcsinz)’ 1
arcsmxr) = ——.
V1— 22
In other words,
dx
—— = arcsinz + C. 2.3.1
/ V1— 22 ( )
43
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24 Inverse trig functions: other inverse trig functions

Watch the video at

https://www.youtube.com/watch?v=0KoXfFktY6A&list=PLm168eGEcBinS6ec]flh7BTDaUB6jShIL&in
dex=16

ABSTRACT

This video defines and studies the inverse cosine function arccos and the inverse tangent

function arctan.

Need help with your
dissertation?

Get in-depth feedback & advice from experts in your
topic area. Find out what you can do to improve
the quality of your dissertation!

Get Help Now

Go to www.helpmyassignment.co.uk for more info E/Helpmyassignment
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Inverse cosine function: The cosine function is not one-to-one, but its restriction to the interval

[0, 7] is:

y=C08 X

DEFINITION 2.4.1. The inverse cosine function, denoted arccos, is the inverse function of the restriction

of the cosine function to [0, ], that is:

y = arccosx <= cosy =z and y € [0, 7].

The function arccos has thus domain [—1, 1] and range [0, 7] .

Therefore

arccos(cosz) = x for all z € [0,7]
cos (arccosz) = « for all z € [-1,1].

ExaAaMPLE 2.4.2. For instance

7r 7r
arccos (cos g) = 3 because ¢ € [0, 7]
6m dr
arccos (cos ?) = arccos (cos E) because cos & = cos AT and 4T € [0, 7] :
4
5 3 04
i
2 08 04 04 [oF.] 1
i Er
67
[ <08
5]
45

Download free eBooks at bookboon.com



A youtube Calculus Workbook (Part I1) M2: More transcendental functions

Graph of arccosine:

The graph is obtained by reflection of that of the restriction of the cosine function to [0, 7] about y = x:
""""" 1w y=x/

Yy=arccos.

PROPOSITION 2.4.3. The function arccos is differentiable on (—1,1) and

1
V1I—g22

(arccosz) = —

Thus, arcsin and -arccos are two antiderivatives of ﬁ on (—1,1) and thus differ by a constant. More

specifically:

. T
arccosx + arcsinx = 5

Inverse tangent function: The tangent function is not one-to-one, but its restriction to the interval

(=5:3) is:

y=tanx

o | =

ho | =)

-

46
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DEFINITION 2.4.4. The inverse tangent function, denoted arctan, is the inverse function of the restriction

of the tangent function to (—%, %), that is:

y = arctanz <= tany =x and y € (—%,%)

The function arctan has thus domain (—oo,c0) and range (-3, %).

Therefore

arctan(tanz) = axforallze (—3,7)

tan (arctanz) =z for all z.

(]
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ra I n p O W e r electricity needs. Already today, SKF's innovative know-

how is crucial to running a large proportion of the

world’s wind turbines.

Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
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47 Click on the ad to read more
Download free eBooks at bookboon.com



http://www.skf.com/knowledge

A youtube Calculus Workbook (Part I1)

Graph of arctangent:

M2: More transcendental functions

The graph is obtained by reflection of that of the restriction of the tangent function to (—%, %) about y =x:

3
, T
lim arctanax = —
s R 5 T — 400 2
V=22
___________________ P Y Y 1 Y
: y=arctan x
-4 -3 2 1 2 3 4
X
®
________ L I i e
y=-7 , Domain: (—oc, 00)
T
lim arctanr = — — i T
b 1o DT Range: EEEEY

Note in particular

lim arctanx
Tr—r—00

lim arctanz
Tr—r o0

2

T
5

PROPOSITION 2.4.5. The function arctan is differentiable on (—oc, c0) and

(arctanz) =

In other words

d
/?1;2 = arctanx + O

48
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2.5 Inverse trig functions: derivative and integrals

Watch the video at

https://www.youtube.com/watch?v=Llal5eOM{7c&list=PLm168eGEcBijnS6ecJflh7BTDaUB6jShIL&ind

ex=17

ABSTRACT

This video goes over examples of derivatives and integrals involving inverse trigonometric functions.

ExaMpLE 2.5.1. Differentiate:

1) y = +varctanz ;
Solution. Using the Chain Rule,

dy 1 1

dr  2+/arctanz 1422

2) f(x) =+1— z?arcsinw;

Solution. Using the Product Rule, and the Chain Rule

-2 1
= 7xarcsinx+ 1—22.

Flx) = 21— 22 1— 22

T arcsin x

V1I—22'

3) g(z) = zIn(arctanx);
Solution. Using the Product Rule, and the Chain Rule

T 1

'(z) = In(arct _r
g'(w) = In(arc am%)—i_arctanglc 1+ 22

4) h(x) = arccos(e®).
Solution. Using the Chain Rule

Using substitution and the formula (2.4.1), we establish

2 + a?

dx 1 T
/7 = arctan <E> + C. (2.5.1)
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ExaMPLE 2.5.2. Evaluate:

D) [ e das
Solution. Using (2.5.1),

4 4 T
/4_1_—$2dx 2arctan(2>+C—2arctan(2>—|—0.

2) [ g dt s
Solution.

1

4

/ dt = 4 [arctant]) = 4 - Ton
o 1+22

3) J \/ﬁtth ;
Solution. Since 4t? = (2t)2, we let u = 2t ; then du = 2dt and

1 1
=5 arcsinu + C' = 5 arcsin(2t) + C.

/m:;/m

Vouwro Touexs | Resanr Toocks | Macs Toveks | Vowo Buses | Vowo Cowsteucnion Esumsest | Wowo Pesm | Vowo Aeno | Wowo IT
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4) f() sin dl‘

T+cosZz
Solution. Let v = cosz. Then du = —sinz dx and
/% sinz /0 du
L A
o l+4cos?z 1 1+u?
/1 du farct ]1 T
- —— = [arctanu|, = —.
0 1+'le2 0 4

5) f arlcrlréz dz

Solution. Let v = arctanx . Then du = and

dz
142

arctan x u? (arctan )’
/7dx:/udu:—+C’:7+C.
14 a2 2 2

2z
6) | e de.

Solution. Since e** = (627”)2, we let u = €2, Then du = 2¢2* dx, and

e* 1 du 1 1
—dr = —/7 arcsinu + C' = = arcsin(e?*) + C.
/\/1—643” 2/ V1—u? 2 2 (e™)

Exercises

you are now prepared to work on the Practice Problems, and Homework set M2B in the manual of

exercises.
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2.6 Hyperbolic functions

Watch the video at

https://www.youtube.com/watch?v=DTnb2YoM8Q8&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&i
ndex=18

ABSTRACT

In this video, we introduce hyperbolic functions, explore some basic properties, differentiate

a number of functions defined in terms of hyperbolic functions.

DEFINITION 2.6.1. The hyperbolic sine function, denoted sinh, is defined on (—o0, c0) by

—x
. et —e
sinhx :=

Its range is also (—o0, 00).

The hyperbolic cosine function, denoted cosh, is defined on (—o0, o) by

et +e "
2

coshx :=

Its range is [1, c0).

Note that sinh is odd, that is,

sinh(—z) = —sinhz for all

and that cosh is even, that is,

cosh(—z) = coshz for all .

52
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This terminology of hyperbolic sine and cosine is justified among other things by the observation that

the trigonometric identity

cos?t +sint =1

means that a point of the plane of coordinates (cost,sint) lies on the unit circle 2% +y? = 1. The

corresponding identity

cosh?t —sinh?t = 1

means that a point of the plane of coordinates (cosht,sinht) lies on the hyperbola 22 — y* = 1.

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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Why hyperbolic sine and cosine?

cos’t +sint =1

cosh? t — sinh?¢ = 1

\ /

\
AN (cosh,sinht)
//

/

/ .

The similarities between trigonometric and hyperbolic functions include identities. For instance:

cos(x +y) = coszcosy —sinxsiny  vs.
sin(x 4+ y) =sinzcosy + cosxsiny  vs.

sin(2z) = 2sinx cosx  vs.

and

cos(2x) =cos? x — sin?  vs.

= 2cos’z—1

= 1-—2sin’z

cosh(z + y) = coshz cosh y + sinh 2 sinh y

sinh(z + y) = sinh 2 cosh y + cosh z sinh y

sinh(2z) = 2sinh z cosh

cosh(2z) =cosh? z + sinh? x

= 2cosh?z — 1

= 1+ 2sinh? 2.

We define other hyperbolic functions in terms of cosh and sinh in a similar fashion to what is done for

trigonometric functions, thus defining hyperbolic versions of tangent, cotangent, secant, and cosecant.

tanh z

cothz

sech x

cschx

sinh x

cosh x
cosh x

sinh z
1

cosh x
1

sinhz’

THEOREM 2.6.2. cosh and sinh are differentiable on the real line and

(coshz)’

(sinh )’

sinh x

cosh z.
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COROLLARY 2.6.3. tanh, coth, sech, and csch
(tanh x)'
(cothz)’

(sech x)'
(csch :r)/

ExaMPLE 2.6.4. Differentiate

1) f(z) =sinh®z

are differentiable on their domains and

sech?z
1—tanh®z
—csch?z

1 — coth?z

— sinh 2 sech?z

— cosh z csch?x.

Solution.
f'(x) = 2sinhx cosh .
2) f(t) = In(sinht)
Solution.
/. cosht
THOE i cotht.
3) y = sinh(coshx)
Solution.
;l_y = cosh (cosh z) - sinh z.
i

4) h(z) = tanh(4x)

Solution.

' (z) = 4sech® (4z) .

5) u(t) = coth (V1 + t?)

Solution.

u'(t)

—csch? (\/1 + t2) (\/1 + t2)
—csch? (\/ 1+ t2)
_tcsch2 (m)

21 +t2

V142
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2.7 Inverse hyperbolic functions

Watch the video at

https://www.youtube.com/watch?v=KO70S6dayk0&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&in
dex=19

ABSTRACT

In this video, we introduce the inverse hyperbolic sine and cosine functions, study their basic

properties, and use them to calculate integrals.

DEFINITION 2.7.1. The hyperbolic arcsine function or inverse hyperbolic sine function, denoted arcsinh
is defined by

y = arcsinhz <= sinhy ==«

for all x in (—oco, ).

The hyperbolic arccosine function or inverse hyperbolic cosine function, denoted arccosh is the inverse

function of the restriction of cosh to [0, o0). Thus, it has domain [1,c0) and range [0, c0), and

y = arccoshz, > 1 <= coshy ==z, y > 0.

This e-book Y o N
ismadewith SETASIGN

SetaPDF h Y 4

\7\‘ PDF components for PHP developers

www.setasign.com
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3 .
y=sin
2
, y=arcsinhx
3 -2 1 1 2 3
=t
y=x 2
=3
3
2
- - y=arccoshx
-2 1 1 2 3 4
y==2

THEOREM 2.7.2. For all x in (—o0, 00)

and for all z > 1

arcsinhz = In (x + vz + 1) ,

arccoshz = In (33 + vz — 1) .

COROLLARY 2.7.3. For all x in (—o0, 00)

and for all x > 1,

1
(arcsinhz) = ———,
z?2+1
1
(arccoshz) = ——.
22 —1
57
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In integral form, this rephrases as

d
/\/$27I—+1 = arcsinhz + C (2.7.1)
/\/iimil = arccoshz + C. (2.7.2)
22 _

ExAMPLE 2.7.4. Evaluate the following integrals:

1 dt
1) fO V168249
4t

Solution. Let v = T in

boodt ! dt
/0 V16t2 +9 /o 3 /<%)2+1
L3 8 du
3 4 0 Vuz+1
= i [arcsinh u]§

1 4
= Zarcsinh 3

2) [

Solution. Let u = % in

/ dx / dx
24 z\2
v 2¢/(5)" -1
g/ du
2) Vuz-1
= arccoshu + C

= arccoshg + C.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M2C in the manual of

exercises.
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3 M3: Rule of De I'Hospital

3.1 Rule of De L'Hospital: statement and proof

Watch the video at

https://www.youtube.com/watch?v=3]JFFOyO2HwE&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&i
ndex=20

ABSTRACT

This video states and proves the Rule of De I'Hospital.

The Rule of De 'Hospital is a tool to calculate limits that are indeterminate of the form J or .

www.sylvania.com

We do not reinvent
the wheel we reinvent
light.

Fascinating lighting offers an infinite spectrum of
possibilities: Innovative technologies and new
markets provide both opportunities and challenges.
An environment in which your expertise is in high
demand. Enjoy the supportive working atmosphere
within our global group and benefit from international
career paths. Implement sustainable ideas in close
cooperation with other specialists and contribute to
influencing our future. Come and join us in reinventing
light every day.

OSRAM
Light is OSRAM SYLVANIA

0
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THEOREM 3.1.1 (Rule of De I'Hospital) Let f and g be two functions differentiable on an open interval
centered at a, except possibly at a. If

lim f(z) = lim g(x) =0 or lim,_,, f(x) = £o0 and lim,_,, g(z) = too,

r—a r—a

then
f(@)

@ f@
Mg (@)

if lim,_,q Jq‘:g? exists, or is infinite.

N

Additionally, the statement remains valid if a is replace by a™, a=, —co or +o0.
REMARK 3.1.2. We will use the symbol £ to indicate that two limits are equal by the Rule of De I'Hospital.

ExAaMPLE 3.1.3.

1 1
lim —2 2 oz g
x—1 1 — 1 z—1 1
. 2x+sinx g ., 2+4cosz
im —— = llm — =
z—0 T z—0 1
1
V1 -1 Vg 1
lim vite-l =& lim 2¥2e _ -
z—0 €T z—0 1 2
. 2?—-1 F 2 g .. 2 1
lim = lim —= lim - = -
z—00 22 — 1 x—o0 4 z—o00 4 2
1 1
lim =% 2 2y
00 I z—o0 |

The proof of the Rule of De 'Hospital makes use of the following generalization of the Mean Value

Theorem:

THEOREM 3.1.4 (Cauchy Mean Value Theorem). Let f and g be two functions that are continuous on
[a,b] and differentiable on (a,b) with ¢'(z) #0 on (a,b), and g(b) # g(a). Then there exists (at least) a
cin (a,b) with

REMARK 3.1.5. The classical Mean Value Theorem corresponds to g(z) = z.
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3.2 Rule of de I'Hospital: examples (quotients)

Watch the video at

https://www.youtube.com/watch?v=bRbItAEO0kk&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&in
dex=21

ABSTRACT

This video goes over standard examples of use of the Rule of De I'Hospital to evaluate limits

of quotients.

ExAMPLE 3.2.1.

o224 x—-2 g .. 2z+1
lim = lim T =3
z—1 Inz z—1 &
xr
) 6375 _ " ) 36375
lim = lim— =3
t—0 t t—0 1
. z4+tanz g .. l4sec®z
hm = hm =
z—0 sinzx z—0  COST
.oet g r
lim — = lim — =00
x—00 I r—00 1
. x+sinz . . .
lim ———— = — =0 is not an indeterminate form,
z—0 T + cos ¥ 1

and thus the Rule of De 'Hospital does not apply. Applying (erroneously!) the rule in this case would

result in the incorrect statement that

T +sinx H I 1+ cosx _92

im im -
z—=0x +cosx z—01—sinx

At times, the Rule of De I'Hospital needs to be iterated to reach a conclusion:

ExAMPLE 3.2.2.

2
. H 2 H .. 2
lim — = lim — = lim — =0
r—o00 e’ r—o0 e¥ r—o00 e¥
. sinz—x § cosr—1 g, —sinzx g, —cosz 1
lim = lim = lim =1 = —=
x—0 :,133 x—0 :L‘2 x—0 6x x—0 6 6
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33 Rule of De L'Hospital: indeterminate products

Watch the video at

https://www.youtube.com/watch?v=C73cThFNg18&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6;jShIL&in
dex=22

ABSTRACT

This video goes over a number of examples where a limit that is indeterminate of the type

0- oo is evaluated using the Rule of De I'Hospital.

Products where one factor has limit 0 and the other has an infinite limit are indeterminate forms of the

type

0-oco.

While Theorem 3.1.1 formally only applies to indeterminate forms of the type § or %, a product of the

type 0- oo can easily be transformed into a quotient 3 or 2 because

. . 1
il_r)rzf(x)—o = ilir(llm—:too

. - 1
wlll)I}lf(I)—:l:OO — ig}l}lm—o

and

ExaMPLE 3.3.1.

1
Inz g =
Iim zlnz = lim - = lim ml = lim —z =
z—0t z—0t o z—0t — =5 z—0t
2
) . ¢ g 2 g .
lim z%e* = lim — = lim = lim — =0
T——00 z——oc0 =% z——o00 —e~ T z——oc0 ¢~ %
L . Inz g . 1
lim sinzlnz = lim = lim —
z—0+ z—0+t CSCX  z—0+ —COSx CSc? x
. sin’ z
= lim —
r—0t T COST
H . 2sinx cosx 0
= lim —————=—-=0.
z—0+t COST — rsinx 1
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34 Rule of De L'Hospital: indeterminate powers

Watch the video at

https://www.youtube.com/watch?v=hx_ylpT7M7E&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&in
dex=23

ABSTRACT

This video outlines, with examples, how to evaluate indeterminate limits of the form 0°, oc®

and 1°°.

Consider limits of the form

: g9(z)
lim (£(@)"*
lim f(z) = lim g(x) =0 = indeterminate form of the type 0°
Tr—a Tr—a
lim f(z) = oo and lim;, g(z) =0 = indeterminate form of the type oc”
r—a
lim f(z) =1 and lim;,, g(z) =00 = indeterminate form of the type 1°°,
r—a
360°
thinking.
.
Deloitte.
Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affiiated entites.
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but all 3 types of indeterminate forms stem from the fact that in

(f(x))g(“”) — e9(®) lﬂ(f(aj)),

the product g(z)In (f(z)) is an indeterminate form of the type 0 - co , which we have seen how to treat

with the Rule of De 'Hospital in the previous section.
ExAaMPLE 3.4.1. Evaluate

1) lim,_,o+ (tan(2x))";

Solution. Since

(tan(2z))" = e* n(tan(22))

we only need to find

1 (t (2 )) 2sec?(2z)
lim zln(tan(2z)) = lim = gy tanGo)
r—0t r—0t P r—0+ -
. 22
= lm - ——————
z—0t cos(2x) sin(2z)
2
= lim M because sin(4x) = 2 cos(2x) sin(2x)

e—0t  sin(4x)
H oy 8z _

lim ——— =
z—0+ 4 cos(4x)

Thus

lim (tan(2z))” = eMeot #In(tan(2z) — 0 _ 7
r—0t

8=

2) limg o0 (€% + )=

Solution. Since

1 1 x
(ez+x)m :ewln(e +z)’

we only need to find

T e’+1 T T
fm D) H e Ho, €
T—00 x T—00 1 z—o0 et 4 1 r—o00 et
Thus
. . 1 : In(e® +a)
lim <€JL +£C)L _ ehmmaOO = _ 61 —e
T—00
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3) limg oo (x + = )%
Solution. Since

we only need to find

1—-L
lim L = lim =
T—00 T z—oo 1
2
—1
= lim L _q.0=

Thus

r—00

1
Jim (x " 1) _ plimee Pnatd) _ 0
X

Exercises

you are now prepared to work on the Practice Problems, and Homework set M3 in the manual of exercises.
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4 M4: Integration review and
Integration by parts

4.1 Review of Integration: basics and completing the square

Watch the video at

https://www.youtube.com/watch?v=W88xMI9IMv28&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;jShIL&i
ndex=24

ABSTRACT
This video reviews basic integration formulas and explore examples where completing the
square can help integrating.

Basic formulas and substitution

It is a corollary of the Fundamental Theorem of Calculus that if f is continuous on [a,b] and F is an

antiderivative of fon [a,b] then

Thus, to calculate the definite integral of a continuous function over an interval, we only need to find

an antiderivative of this function, that is, its indefinite integral [ f(z) dz.
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Basic tools in this process are the following formulas:

/f(x)+g(x)dx = /f(at)dat—i—/g(a?)da:

/c~f(x)dx

c- /f(m) dx for any constant ¢

xn—i—l
/ac”dx = n+1—|—C, for any n # —1
d
- In|z|+C
x

/cosacd:r = sinz+C
/sinxdl’ = —cosx+C
/sechdx = tanz +C

/e“’dx = e+ C

/axdac = —1ia+0(a>0,a7é1)
dx
——— = arcsinz+C
/\/17z2
d
/H—xe = arctanz +C

Integration by substitution is based on reversing the Chain Rule for differentiation:

[ fo@n g @)as = [ pwau,
and, for definite integrals
b u=g(x)
[ ta@g @ = [ fa)du.
a g
Using simple substitutions, we establish, for a fixed non-zero constant k:

/sin(kx) de = —% cos(kz) + C

/cos(kx) de = %sin(kx) +C

/e’“ dr = %e’“ +C
dx 1 T
/ m = E arctan (E) + C
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ExaMPLE 4.1.1. Evaluate

_ 4x43
1) f V2x2+3x—
Solution. Let uw= 222+ 3z — 1. Then du = 4= + 3dx so that

4+ 3 /du
—_—dx = — =2/u+C=2222+3xz—-1+C.
V2x2 43z —1 Vau v

2) [
Solution. Note that

dx
7~ wE

and that (v —1)' = 52, so that, letting u = \/z — 1, we have 2du = %% and

d d
/m_”i/izz %:21n|u|+0—21n|\/§—1|+(§'

Completing the square

Completing the square can be useful in changing the form of an integral into one that can be handled

with basic techniques described above.

Ijoined MITAS because e e

I wanted real responsibility www.discovermitas.com

I'was a construction
SUPErvisor in

the North Sea
advising and

e Lelping foremen
% solve problems

MAERSK

68 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/mitas

Recall that to complete the square in az* + bz + ¢, you first factor out the leading coefficient and then
use the fact that

2?2 + 2ax = (z + a)* — a® (4.1.1)
ExAMPLE 4.1.2. Evaluate

DN v
Solution. Note that by completing the square in the quadratic function 8z — 2%, we have:

8z — 2= (22 —82) = —((x — 4)* —16) = 16 — (z — 4)°.

Thus

/ dr :/ dzr :1/ dzr .
V8z — 12 V16— (z —4)2 4 m

Letting u = £ — 1, we have du = § dz and

= arcsinu + C = arcsin (% — 1) + C.

4 2d
2) f2 :L’276zm+10

Solution. Note that by completing the square in the quadratic function 22 — 6z + 10, we have:
22 —62+10= (2 —3)? - 9410 = (z — 3)* + 1,
so that
/4 2de /4 2dx
o 22 —6x+10 Jy, 1+ (z—3)2°
Let u = « — 3 so that du = dz , and we have

4 1
2d d
/ L — :2/ T :Q[arctaunu]l_1 :2(1— (—E)> =.
, 1+ (z—3)2 Y 4 4
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4.2 Review of Integration: trig formulas and manipulating fractions

Watch the video at

https://www.youtube.com/watch?v=rGUSiPQ8 Aqw&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&i
ndex=25

ABSTRACT

This video illustrates on examples how trig formulas or algebra on fractions can change the

form of an integral into one that can be handled with basic techniques.

Trigonometric identities

There are many trigonometric identities that can be useful, but one of the most commonly used is the

double angle formula:

cos(2x) = 2cos?x —1 (4.2.1)

= 1-—2sin’z

= cos?z —sin’z

sin(2z) = 2sinzcosz.

ExAMPLE 4.2.1. Evaluate

D [} I+ cos(dz) do

Solution. Note that, using the double angle formula,
cos(4x) = 2cos?(2x) — 1,
so that
/0Z \/mdx:/f TR @) d = ﬂ/oz | cos(20)| da.

Moreover, 0 < z < T so that 0 < 2z < 7 and cos(2z) > 0 on [0, §]. Thus,

/OZ V1 + cos(dx) du = \/5/0Z cos2z dr = V2 [; Sin(%)]l _ g

0
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2) foﬂ V1 —cosx dx

Solution. Note that, using the double angle formula,

cosz = 1 — 2sin? (g) ,

so that
/ V1 —cosxdx = / 1/2sin2 (g) dr = \/5/ sin (E)‘ dx.
0 0 0
Since 0 < £ < Z if # in [0, 7], sin (%) > 0 on this interval and

/W\/mdx—\/_/ sm dx—\/_{ 2cos(g)} =2V2.

Transforming rational functions

The first observation is that if in a quotient of two polynomials the degree of the numerator is not less
than that of the denominator, then the fraction can be simplified by long division, which is often useful

to integrate. If you need to brush up on long division you can start at 1.50 into this video.
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ExAMPLE 4.2.2. Evaluate

DN =

Solution. By long division, we obtain:

Tz —3
3z +2) 322 —Tx
— 322 -2z
-9z
9x + 6
6
so that
3x2—7m_x_3+ 6
3z +2 3z +2
Thus,

3x2 — Tz dx
= Tdr= —3d .
/ 3052 T /:1: 3 x+6/3x+2
Let u = 3z + 2, so that du = 3dx, and

2 _
/udx = x—3dx+2/d—u
3x + 2 u
= —3zx+2In|3z+2|+C.

2) [ de.
Solution. Long division in this case can be performed easily with the following trick:

r+1)—1 1
/ < dmz/Mdm:/lf dr=x—Inlz+1]+C.
r+1 r+1 z+1

Sometimes, splitting a fraction in pieces is enough to obtain terms that can be integrated.
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3) Evaluate [ 2% dx.

Solution. Note that
3z + 2 / x / dx
——dr =3 | ——=dr+2 | —.
/ V1— a2 V1— a2 V1-—a?

Let u =1 — 22, so that du = —2z dz and

3$+2dx——§/d—u+2/ dx
V2™ T 2wttt it

= —-3vu+2arcsinz +C

= —-3vV1—22+2arcsinz + C.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M4A in the manual of

exercises.
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4.3 Integration by parts: indefinite integrals

Watch the videos at

https://www.youtube.com/watch?v=XwCJrJkhJP0&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;jShIL&ind
ex=26

and

https://www.youtube.com/watch?v=_H4R20Svujl&list=PLm168eGEcBinS6ecJflh7BTDaUB6jShIL

ABSTRACT

These videos establish the integration by parts formula for indefinite integrals and goes over

a number of examples.
Turning around the Product Rule for derivatives yields the integration by parts formula
[ t@g @ de = f@gle) - [ 1'@g(a)da
which is often more compactly written, with v = f(z) and dv = ¢/(z) dx:

/udv:uvf/fudu. (4.3.1)

REMARK 4.3.1. When using integration by parts, you have to pick what part is interpreted as u and what
part is interpreted as dv. The rule of thumb is that you chose so that [vdu is simpler than the original
integral. In other words, the derivative of u should not be more complicated than u and the integral of
dv should not be more complicated than dv. This is, of course, not an absolute rule but rather a rough

guideline.
ExAMPLE 4.3.2. Evaluate

1) [zsinzdz
Solution. We pick’ u = z and dv = sinz dz so that du = dz and v = — cosz . Thus, by (4.3.1),

/xsinxdx: fmcostr/cos:cdx:fmcosx+sin:c+0.
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2) [ze"dx
Solution. We pick v =z and dv = e~ *dx so that du = dz and v = —e~*. Thus, by (4.3.1),

/xe‘x de = —xe™® —I—/e_x de =—e"%(z+1)+C.

3) [coszIn(sinz)dx

Solution. Let v = In(sin 2) and dv = cosz dx , so that du = % and v = sin x . Thus, by (4.3.1),

/cosxln(sina:) dx = sinzlIn(sinx) —/Sinx- kb

sSinx

dx

= sinzln(sinz) — /cosxdx =sinz (In(sinz) — 1) + C.

4) [Inzdx
Solution. Let w = Inz and dv = dz, so that du = d—; and v = z . Thus, by (4.3.1),

/lnxdx:xlnx—/aw@lenx—/dxzx(lnx—l)—i—a

T
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5) [arcsinxdz

Solution. Let w = arcsinz and dv = dz, so that du = \/% and v = z . Thus, by (4.3.1),
/a csinx d arcsi / x d
IcCSinxr ar — rarcsinx — — dX.
V1—a2
By substitution with ¢ = 1 — 22, so that d¢t = —2z dx, we have

1 dt
/arcsinx dr = z arcsin x+§ / % = zarcsin z+Vt+C = zarcsinz++v/1 — 224C.

6) [arctanxz dz

Solution. Let uw = arctanx and dv = dz, so that du = % and v = x . Thus, by (4.3.1),
T

/arctanxdx = garctanx — / —dx.

1422

By substitution with ¢ = 1 + 22, so that d¢t = 2z dz, we have

1 [d 1
/arctanxdx:xarctanxf 5/_11 = rarctanz — Eln(1+x2)+C’.
u

7) [t3etdt

Solution. Sometimes, we need to iterate the process of integration by parts. Let v = ¢3 and
dv = e'dt. Then du = 3t*dt and v = €' and

/t%t dt = t3e! — 3/1&2& dt. (4.3.2)
To calculate [ t2e’dt, we proceed by parts with « = ¢* and dv = e’ dt so that du = 2¢tdt and
v=ec! and
/tht dt = t%et — 2 /te1t dt. (4.3.3)

To calculate [ te’dt, we proceed by parts with u =¢ and dv = e'dt, so that du =dt and

v =e!. Thus

/tetdt:tet—/etdt:et(t—1)+C.

We now substitute in (4.3.3), and in turn, back in (4.3.2), to the effect that

/tget dt = t’e' =3 (%" —2e'(t—1)) +C

= €' (t*-3t°+6t—6) +C.
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44 Integration by parts: definite integrals

Watch the video at

https://www.youtube.com/watch?v=giqgPcUV8p48&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&in
dex=28

ABSTRACT

This video states the integration by parts formula for definite integrals and goes over a few

examples.
The counterpart of (4.3.1) for definite integrals is
b b
/ udv = [uv}z 7/ v du. (44.1)
ExAMPLE 4.4.1. Evaluate:

1) fol (22 +1)e " dx
Solution. Let u = 2? + 1 and dv = e~ dx . Then du = 2z dx and v = —e ™%, so that, by (4.4.1),

1 1
/ (2 + 1) e "do = [—(2® + 1)6‘“](1) + 2/ re *dx. (4.4.2)
0 0

We calculate fol ze~* dx by partswith u = 2 and dv = e"*dx ,sothat du = dx andv = —e™ %,
and, by (4.4.1),

1 1
/ ze Tdxr = [—xe*”]é + / e Pdr=[—e "(x+ 1)](1) .
0 0
Substituting back in (4.4.2), we obtain:

/ (x2 + 1) e Tdr = [—e_x (332 + 2z + 3)](1) =—6e'+3
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2) [ Viltdt

Solution. Let w =1Int and dv = v/tdt. Then du:% andvzgt%,sothat
4 r 4 4
2 2 1
/\/Elntdt = —tglnt} ——/ 3.2 dt
1 _3 1 3 1 t
_ 1 A
= [P -2 Ba
|3 1 3
= 2w 4 ’
- [3 9 |,
16 32 4 16 28
= “lnd4—""4-="In4— ",
g Mty g Ty iy

3) fol 5% dx

Solution. Let w = z and dv = 5®dz . Then du = dz and v = % and

1 T 1 1
/ z5%dr = [x5 ] - i 5% dx
0 1n5 0 1n5 0

[xfﬂ_ 5 }1_5<L_ 1 >+ 1
In5 (In5)%], In5 (In5)?2 (In5)2
) 4

5 (n5)*
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4.5 Integration by parts: one more example

Watch the video at

https://www.youtube.com/watch?v=8WOPFO-MD5I&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&
index=29

ABSTRACT

This video goes over one example of integrals where two successive integrations by parts lead

to an equation whose unknown is the desired integral.
ExAMPLE 4.5.1. Evaluate [e”sinzdx.

Solution. Let u = sinz and dv = e” dz. Then du = cosz dx and v = ¢”, so that by integration

by parts,
/e”” sinx dz = sinxe® — /e$ cosz dx.

Integrating by parts in the new integral with « = cosz and dv = e* dz, we have du = —sinz dz and

v = e® so that

/e'qc sinzdr = sinze® — (eﬂc Cosa:—&—/e'qc sinxdw)

= ¢e%(sinx —cosz) + /ez sin x dz.

Solving for the desired integral I := [ e sinz dx, we obtain
1 .
I= §e$ (sinax — cosx) + C.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M4B in the manual of

exercises.

Before turning to Chapter 4, you can also take Mock Test 1.
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5 MS5: Trigonometric integrals and
trigonometric substitutions

5.1 Powers of sine and cosine

Watch the video at

https://www.youtube.com/watch?v=Lt90 TC4F4U&list=PLm168eGEcBinS6ec]flh7BTDaUB6iShIL&in
dex=30

ABSTRACT

This video goes over the general technique to evaluate integrals of the form
/cosm x sin” x dx
distinguishing different cases.
Case 1: at least one of the powers is odd
ExAMPLE 5.1.1. To evaluate [ cos®zdz, note that
/cos3xdx = /cos2 T cosxdxr = / (1 — sin® x) cosx dzx,

so that the substitution u = sinz gives du = cosz dz and

3 3
/cos3xd$=/1—u2du=u—%—i—C:sinx—blr;x_FC,

This approach can be used for the general case

/cosm z sin” x dx, (5.1.1)
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as long as at least one exponent is odd, say m = 2k + 1. Then

/ cos™x sin"xdxr = / cos?* ¢ sin™ x cosx dx
2 E . n
= (cos®z)" sin” z (cos z dx)

/ (1 —sin® x)k sin” z (cos z dz)

/ (1- uz)k u" du for u = sinz, (5.1.2)

and the resulting integral is that of a polynomial in u. Note however that to calculate the integral, we
first need to multiply things through in the integral. Thus, if both m and # are odd in (5.1.1), it is better

to split the smallest power in order to minimize k in (5.1.2).

ExAMPLE 5.1.2. Evaluate [ cos®x sin® z dx .

Solution. Using the rule of thumb above, we “split” the power of sin:
/ cos® x sindzdxr = / cos® x sin? z sinz dz
= /(3055 T (1 — cos? x) sin z dx

= —/u5(1—u2)du where u = cosz

= u’ — v’ du
US UG COS8 x COS6 X
= _—— C = - C.
8 6 + 8 6 +
Case 2: both powers are even
In this case, we write powers as powers of
9 1+ cos(2x)
s = (5.1.3)
1-— 2
sinfz = 725( 2) ,

(which follows from the double angle formula (4.2.1)) to reduce the powers, and this process may need

to be iterated.
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ExaMPLE 5.1.3. Evaluate fsin4 xdx .

Solution. In view of (5.1.3), we have

/sin4xda: = /(Sin2 x)2 dx

Il
—
—_—— —

1 — 2cos(2x) + cos?(2z) dx

1+ cos(4x) i

1 —2cos(2z) + 5

1
— 2cos(2z) + 3 cos(4x) dx

N W

1 . 1 .
z—7 sin(2x) + 32 sin(4x) + C.

1
4
1
4
1
4
3
8
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EXAMPLE 5.1.4. Evaluate [ cos*z sin®zdx .
Solution. In view of (5.1.3), we have
(cos2 x)2 sin’ z dz

1+ C;S(Qx)>2 (1 - C(2JS(23:)) da

/0034 rsinlzdr =

(14 2cos(2z) + cos®(2z)) (1 — cos(2z)) da

1+ cos(2z) — cos?(2x) — cos®(2x) dx

N s1n22x) 3 / 1 —|—C(2JS(4$) de — /COSQ(Qx) cos(21) dﬂC)

—

24- sin(22m) — sin(84x) - / (1 —sin®(2z)) cos(2z) dx) .

I
|~ |+~ |+ oolna\ \

/—\/?

In the last integral, let « = sin(2z) so that du = 2 cos(2x) dz and

1 in(2 in(4 1
cos* z sin® x dx (2 + sin(2z) — sin(4z) i (1 —u?
8\ 2 2 8 2

~—
U
N

N———

r  sin(2z) sin(4z)  sin(2z)  sin®(2x)
16 16 64 2 + 6 +c
r  Tsin(2z) sin(4w)  sin®(22)
= — - — C.
16 16 64 + 6 +
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5.2 Products of sine and cosine

Watch the video at

https://www.youtube.com/watch?v=KNwcjS2 AsVw&list=PLm168eGEcBjnS6ecJflh7BTDaUB6;jShIL&i
ndex=31

ABSTRACT

This video goes over evaluating integrals of one of the following types:

/sin(mm) cos(nx) dz
/sin(mx) sin(nx) dz
/cos(mm) cos(nx) dz

This type of problem becomes easy if we transform products into half-sums with the help of the following

trigonometric formulas

sina cosff = % (sin(a — B) + sin(a + B))

sinasinf = % (cos(aw — B) — cos(a + B))

cosa cosff = % (cos(a — B) + cos(a + ) .

ExaMPLE 5.2.1. Evaluate
1) [sin(3z) coszdx.
Solution.
/Sin(3x) coszdr = %/Sin(2x) + sin(4z) dx

__ 1 (2 )_} (4z) + C
= 1 c08(22) — ¢ cos(dz :

2) [sin(5z) sin(3z)dz .

Solution.

/sin(5x) sin(3z)dz = %/COS(Q.I) — cos(8z) dx

1 . 1 .
= 1 sin(2z) — T sin(8z) + C.
84
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3) [cos(2z) cos(7z)dx.
Solution.
/cos(Qw) cos(Tx)dr = %/005(536)4-005(91;) dx

1 1 .
= 1 sin(5x) + R sin(9z) + C.
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53 (co)secant, (co)tangent and their powers

Watch the video at

https://www.youtube.com/watch?v=YThB05DtWJk&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&i
ndex=32

ABSTRACT

This video goes over some examples of integrals of powers of sec and tan.

The following two formulas are verified:

/secxdx = Inl|secx + tanz| + C (5.3.1)
/cscxdm = —lIn|cscx +cotz|+ C,
= Infcscx —cotz| +C (5.3.2)

and used in the following examples.

ExAMPLE 5.3.1. Evaluate [sec®zdz.

Solution. Note that
/sec3 rdr = /secx sec® x dx

can be integrated by parts, with u = secz and dv = sec?® x dz, so that du = sinx sec? r dz and v = tan z.

Thus

/sec3xdac = secw tanx—/tanx sinz sec? z dx
_ .2 3
= secx tanx—/sm x sec” xdx
_ 2 3
= secw tanx—/(l—cos x) sec” x dz
= secw tanx—/sec3xdx+/secxdx,

so that

2/sec3xdx:secx tanx—i—/secxdw
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and, in view of (5.3.1),

1
/sec?’xdx =3 (secz tanz + In|secx + tanx|) + C.

ExAMPLE 5.3.2. Evaluate [ tanzdx .

Solution. Note that

/tan4xdx = /tan2x~tan2xdaj

/tan2 T (sec2 T — 1) dxr

= /tan2 x sec® xdx — /tan2 zdx.

Using u = tanz so that du = sec? zdz in the first integral, and the identity tan?z = sec?x — 1 in the

/tan4:rda7 = /uZduf/seCZ:cd:ch/d:r

t 3
= ar;)x—tanx—i—x—i—c.

second, we have

Exercises

you are now prepared to work on the Practice Problems, and Homework set M5A in the manual of

exercises.
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5.4 Trig substitutions

Watch the videos at

https://www.youtube.com/watch?v=0ZAA6hlr6 Hc&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&in
dex=33

and

https://www.youtube.com/watch?v=GTvbWO6iYeE&list=PLm168e GEcBjnS6ecJflh7BTDaUB6iShIL&i
ndex=34

and

https://www.youtube.com/watch?v=8yR5vCc2Y WM&list=PLm 168e GEcBjnS6ec]Jflh7BTDaUB6;ShIL&
index=35

ABSTRACT

These videos present generalities on trigonometric substitution, then go over a number of

examples.
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89,000 km

That's more than twice around the world.

Who are we?

We are the world’s largest oilfield services company’.

Working globally—often in remote and challenging locations—
we invent, design, engineer, and apply technology to help our
customers find and produce oil and gas safely.

Who are we looking for?
Every year, we need thousands of graduates to begin
dynamic careers in the following domains:

‘ ‘ m Geoscience and Petrotechnical

m Commercial and Business

What will you be?

a1 careers.slb.com Schiumberger
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Trigonometric substitutions allow to transform expressions of the form

az—xz; a2+332 or 22 —a?

into a single square, which often allows to simplify an integral. The basic idea is to parametrize x as

r = g(0),

where g is one-to-one, so that # = g~!(z) defines a regular substitution. The choice of g that will permit

us to rewrite the desired expressions as one single square make use of trigonometric identities:

Expression Substitution Identity triangle

T = asind
20 2
a2 _ 22 _giggg 1 —sin“ 8 = cos“ 8 ﬁ T

a
Va2 —x?
2
5 x5
a

P

r=atanf
2 2 T T 2 — 2 x
vac+x T g 1+ tan® @ = sec” @
2 2
T = asech
Y x
< @ —if-2>1
22 — g2 0= <21 a~  |sec?@—1=tan?0
Tco<nitE <1 a
2 a

The triangle is used to get back to an expression in terms of x instead of 6.

ExAMPLE 5.4.1. Evaluate [ mz\}iﬁ.

Solution. Note that there is no obvious substitution, so we may try trig substitution to get rid of the radical.
We use the second row in the table above: let z = 2tanf for —% < 6 < %, so that dz = 2 sec20df and

2sec? 6

/ dx 7/ 0
222 + 4 4tan?Ov4tanZ0 +4

Using the fact that

4tan’@ + 4 = 4(tan? 0 + 1) = 4sec? b,
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we obtain

/ dx B / sec? 0 20
2V 14 4 tan? 6] sec 0|

1 0
- Z/%d& because sec >0 on (—%,Z)

1 cos
= - | ——db
4 / sin? 6

To express this as a function of x, note that tan§ = 7, which we represent in the following triangle:

ﬁb‘
¥ X
2

Thus,

and
2+ 4

/ dz L LC
2V +4 4z '

REMARK 5.4.2. Note that trigonometric substitutions often lead to rather complicated calculations and

should be considered a “last resort”. Whenever possible use an alternative argument.
ExaMPLE 5.4.3. While trig substitution could be use to evaluate
[ =
—F ax
x?+4

it is much more efficient to use a regular substitution with u = 22 + 4, so du = 2z dz and

du

x
L gp== =Vu+C=+z2+4+C.
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EXAMPLE 5.4.4. Similarly, we could use trig substitution to evaluate

3
/ V9 —x2dx
0

but it is more efficient to note that y = v/9 — 22 correspond to the upper-half of the circle 2% + y> =9

centered at the origin and of radius 3:

American online
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enroll by September 30th, 2014 and
save up to 16% on the tuition!

pay in 10 installments / 2 years
Interactive Online education
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find out more!

vvyvVvyyVvyy

Note: LIGS University is not accredited by an
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by the US Secretary of Education.
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Thus
3 1 9 9Im
/ VI —a?de=-m(3)" = —
0 4
represents the area of one fourth of the disc.
Yet in some cases, trig substitution is our only option.
EXAMPLE 5.4.5. Evaluate [ Y9222 gz,

Solution. We proceed by trig substitution, letting x =3sinf where —% <z < %. Then
dr = 3cosfdf and

V9 — 22 V9 —9sin" 0 9sin 0
T 9sin? 6
1 [ 1/9(1 —sin?6)
= f/fcosﬁdﬁ
Veos2 0
_ / cos 0.do
sin®
= /COS adﬂ bhecause cosf > 0 on [—1 E]
N sin® 6 e - 272
1 —sin®0 1
= /.*’7;“(19:/.2 —1d6
sin“ 0 sin“ 0

= —cotd—-0+C.

To rewrite this function in terms of x, note that sinf = £ for 6 € [-%, 2] so that § = arcsin (%), and

we see on the triangle below that cot § = Y22

3
X
V9 — z2
Thus
JO — 2 N )
97236 dx = —g — arcsin (E) + C.
T T 3

ExAMPLE 5.4.6. Establish a formula for the area of the ellipse
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Solution. Solving for y leads to y = +2+/a2 — 22, so that the upper-half ellipse in the picture

below

23 b
A= Va2 —x2dr

Jo @

has equation y = £v/a? — 22 and the area of the ellipse is 4 times the area

22/ va? —z22dz.
0

We can either use the idea of Example 5.4.4, and see that [ va> — 22 dz is the area of a quarter of a

disk of radius a and conclude that

Ta
A=-.2
a 4’
so that the area of the ellipse is
S =4A = wab,

or we can treat the case of the disk as a particular case of the ellipse (for a = b, the radius) without
assuming this case known. In that latter case, we need to calculate ;' v/a> — 22 dz , and we proceed by
trigonometric substitution with z = asin® for —%5 <6 < Z.Then dz = acosfdf , =0 for # = 0 and

x =a for 6 = T, so that

jus
2

/\/aQ—xde = /2\/a2(1—sin29)acosﬁd9
0 0

= a2/2 Vcos? 6 cos 6 df

= a2/ cos? 0 do
0

21 (2
2/ +C0S 2 d9 using  (5.1.3)
0

I
S

a? [ sin 26’} a’m
<o+

1

93
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which leads to

2
S—4A=1". 9 _ b
a 4

ExXAMPLE 5.4.7. Evaluate [ W%'

Solution. Note first that

dx _/ dx _1/ dx
224/1622 — 9 A2 /5”2_1% 4 22 /xQ_(%)Q

Let now = = 3 secf for 0 < 6 < I (that is, for z > 2). Then dz = 2 28 40 = 2 s5in ¢ sec? § df , so that

/ dix _ 1 / sin @ sec? a0
221622 — 9 4 2 sec20 (/2 (sec2 — 1)
3 16 sin 6

= — — | —————df
16 9 % tan? 6

=] w

1 4 in 6
= g.g/:;r:ledﬁ because tanf > 0 on [0, §)

/cos0d6’ = gsin0+C.

O W~

sssssssssssssvssssssssssssssssssssssssssssesssssnsssssssssssssssssssssssfilcgte]-Lucent @
www.alcatel-lucent.com/careers

"'

o

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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Moreover, sec = 4 so that, in view of the triangle below,
4z
V1622 — 9
3
sin @ = ¥162°=9 and
dx _ 4 \/16w279+07\/16x279+c
221622 -9 9 4z N 9z '

EXAMPLE 5.4.8. Evaluate | (Izdﬁ)z

Solution. We use the trig substitution z = 2tan for —% < 6 < %, so that dz = 2sec? 0 df and

da sec? @
/—r—g=2/——r—ﬁw
(224 4) (4tan® 6 + 4)
2 sec? 6 2 2
- E/Wde because tan® 0 + 1 = sec” 0
= é/cos2 0do
1 [ 1+ cos(20) .
= 3 / — df using (5.1.3)
0 sin(20)
T + 35 +C
1
= (0 4 sinf cos ) + C because sin(26)=2sin 6 cos 6.

Moreover, tanf = £ and —% < 6 < % so that 6 = arctan (%) and, in view of the triangle below,
V24 ‘
T
2
we have sinf = ﬁ and cosf = ﬁ, so that

/_ﬁ__iam%gwaﬁ_+c
(22 +4)* 16 2 244 ’

REMARK 5.4.9. In some cases, the formulas (2.7.1) and (2.7.2) might be useful to avoid a lengthy

trigonometric substitution.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M5B in the manual of

exercises.
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6 M®6: Partial Fractions

6.1 Partial fractions: generalities; long division

Watch the video at

https://www.youtube.com/watch?v=zPSl1bb6tkw&list=PLm168e GEcBjnS6ec]Jflh7BTDaUB6jShIL&ind
ex=36

ABSTRACT

This video discusses the general strategy to integrate rational functions, and reviews long

division of polynomial, which is the first step to be performed.

It is easy to integrate

3 2
/ + de=3In|z—1|+2n|z+ 3|+ C,
z—1 x+3

but not so clear at first how to integrate

/ ox + 7
———dx
x?4+2x -3
unless you realize that

3 2 x+3)+2(x—-1) Sz +7

x—1+x+3: (x—-1)(z+3)  22+2r-3

Thus, to integrate rational functions, i.e., quotients of polynomials, we have to be able to go the other

way, that is, break down our fraction (like zz‘rf;ig) into a sum of simpler ones (like i 1%3), or

partial fractions.
To this end, we will:

1) if the degree of the numerator is not less than that of the denominator, simplify by long

division:

where f(x) is the quotient and r(z) the remainder in the division, so that »(z) has degree

less than that of ¢(x).’
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2) factor ¢(z). The factors may include:
a) non-repeated linear factors of the type (az + b)
b) repeated linear factors of the type (ax + b)"
c) irreducible quadratic factors of the type az? + bx + ¢ (irreducible because b? — 4ac < 0)

d) repeated irreducible quadratic factors of the type (az? + bz + ¢)™.
The next steps depend on which of these four cases occurs. This will be explored in the next videos.

ExAMPLE 6.1.1. To evaluate

3
/m +xdac
r—1
we first note by long division
22 +x+2
x—l) x3 +x
23 4 g2
2 +x
-2 4z
2x
—2x+ 2
2
that
3
2
T +$:x2+x+2+ 7
r—1 x—1
so that

2+ x3 x?
= — + — + 22— 21 -1 .
/x—ldw 3+2+$ nle—1|+C
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6.2 only non-repeated linear factors

Watch the videos at

https://www.youtube.com/watch?v=]FmCXnO2YSs&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&i
ndex=37

and

https://www.youtube.com/watch?v=ayCykwsXfkE&list=PLm168eGEcBinS6ec]flh7BTDaUB6iShIL&in
dex=38

ABSTRACT

These videos discuss the general methods to find the decomposition into partial fraction over
a rational functions when the denominator has only non-repeated linear factors, and goes

over three examples.

Recall that modulo long division, we can assume that our rational function is in lowest terms, that is,

% where the degree of r is less that the degree of g. If ¢(z) is of the form

q(z) = (a1x 4+ b1) - (a2z +b2) ... (anz + by),

/

Leadiny
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where none of the factors is repeated, then the form of the decomposition into partial fractions is

r@ A A A (6.2.1)
q(r)  axy+b  ax+by T apr+by -

and thus, we only need to find the coefficients A;, A, ... A, to integrate % We discuss how in the

examples:

ExAMPLE 6.2.1. Evaluate

24922 -1
/Hixdx,

e

Solution. The fraction is already in lowest terms, so there is no need for long division. Moreover

2 4+2r—1 _ 2?2 +2x—1

-z  zz-1D@+1)
so that, in view of (6.2.1),
2?+2x-1 A B C
—— == . 2.2
a3 —x x + r—1 x+1 (6.22)

To find these coeflicients:
method 1: handcover method:

To find A, multiply both sides by x and set z = 0:

2 4+2r—1 Bz Cx

_ z=0 _
G-De+n Atroitizn o teA
To find B, multiply both sides by z — 1 and set z = 1:
2?42 -1 Az —1) Clx—1) z=1 ,
z(z+1) x B (x+1) —1=5

To find C, multiply both sides by = + 1 and set z = —1:

22 +2r—1 _A(x+1)+B(x+1)

r=—1
= = —1=C.
z(z —1) x x—1 +c ¢

Thus

2422 -1 1 1 1
/Hixdx:/f—l— - de=l|z|+Injz—1—-Injlz+ 1|+ C.
3 —x r -1 a+1

Download free eBooks at bookboon.com



A youtube Calculus Workbook (Part I1) Mé6: Partial Fractions

method 2: system method:
To find the coeflicients, we rewrite the right-hand side in (6.2.2) as one fraction, and identify
the numerators:

22 +2zx -1 A B C A(x —1)(z + 1)+ Ba(z + 1) + Cx(xz — 1)

x(:r—l)(x—!—l)zz—i_x—l—i_x—kl: z(x —1)(x+1)

so that
2 4+2r -1 = Az —1)(z+1)+ Bzx(z+ 1)+ Cax(z — 1)
2*(A+ B+ C)+x(B - C)+ (—A).

Using the fact that two polynomials are equal if and only if their coefficients of same degree are equal
we obtain the system

A+B+C=1 A=1
B-C=2 <= { B=
—A:—l :_1.

REMARK 6.2.2. While the handcover method is more efficient, it only applies to the case of non-repeated

linear factors, unlike the system method, which is more universal.
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ExAMPLE 6.2.3. Evaluate

/1x3—4x—10
— . dr.
o T°—x—6

Solution. The fraction is not in lowest term, so we first perform long division:

r +1

3:2—33—6) x3 —4x — 10
— 2% + 2% + 6z

z2 4+ 2z — 10

—22 +2 +6

3r —4

so that

Yot —dr -1 ! —4
/1727960“:/ T
0 T2—2x—6 0 22—x—6

The decomposition into partial fraction of

=4 _ is of the form

3r—4 3x—4 A B

2_72-6 (z+2)(z—3) 7m+2+m—3'

X

The handcover method yields A =2 and B =1 so that

L3 — 42— 10 1 2 1
/idm:
0

14 =
vt +z+2+x—3

dzr

22— —6

S~

2 1
%+x+2ln\m+2\+ln|x—3|
0

+1In

I
N W r—

N w

ExAMPLE 6.2.4. Evaluate
2¢+ 3
/ 22 +3x—4 du

Solution. Note that while we could use partial fractions, a substitution is more efficient whenever possible.

In this case, for v = 22 + 3z — 4, we have du = 2z + 3dz so that

2z +3 _ [du _ 9
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ExAMPLE 6.2.5. Evaluate

/ 4xr+ 3
222 — 5z — 3

Mé: Partial Fractions

Solution. Since 22% — 5z — 3 = (22 + 1) (z — 3), the form of the decomposition into partial fractions is

4x + 3 A

B

et )@=3) 2w+l 73

and the handcover method yields A = —2 and B = 2. Thus

Az +3 1 [ 2dz
= TY gy = = [ ==
/23:2—53:—3 v 7/295+1Jr

E dz
7 z—3

1 15
= —?1n|2x+1|—|—7ln|x—3|—|—C.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M6A in the manual of

exercises.
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6.3 with repeated linear factors

Watch the video at

https://www.youtube.com/watch?v=RuCuXpWCshw&list=PLm168eGEcBijnS6ecJflh7BTDaUB6jShIL&
index=39

ABSTRACT

This video gives the form of the decomposition into partial fractions when the denominator
contains repeated linear factors, and explains on examples how to find the corresponding
coefficients, and how to integrate the resulting terms.

If the denominator ¢(z) of a rational function Lx; in lowest terms contains a repeated linear factor

q(z
2

(axz + b)™ the corresponding terms in the decomposition into partial fractions of

Ay . Az P An
ax+b  (ax+0)?2 7 (ax+b)"

ExAMPLE 6.3.1. The decomposition into partial fractions of =55 has the form

A n B n c
r—2 (z—2)2 (x-2)%

where A, B and C are constants to be determined, while the decomposition into partial fractions of

IO G-n—9)7 has the form

A n B n C n D n E
z+1 z-1 -2 (x-2)2 (z-2)3

Note that each term of the form ﬁ for n > 1 is easily integrated with the power rule:

A A [ du
/Wdl' = g u7 fOI U—CL.’,U-'—b
Aul—n A
_ C =
al—n + a(l —n)(ax +b)7—1

ExAMPLE 6.3.2. Evaluate

/ﬁdm.

Solution. The fraction is already in lowest terms, so there is no need for long division. Moreover

2 A n B N C
(x+13 z+1 (z+12  (z+1)3 (6.3.1)
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To find A, B and C, we will present two methods: in both, we start by rewriting the right hand side in

(6.3.1) as one fraction, and identify the numerators:

2 Alx+12+Blx+1)+C
(x+1)3 (x+1)3 ’
so that
2> = Az +1)*+ Bz + 1)+ C. (6.3.2)

In the system method we rewrite the right hand side of (6.3.2) in standard form and identify the coefficients

of same degree to form a system of equations of unknowns A, B and C:

A=1 A=1
22 = A2 + (B+2A)z+(A+B+C)={B+24=0 < {B=-2
A+B+C=0 C=1

Thus,

/ z? dr — / L2
@+1? " T J e+l @12 @+

2 1
- c.
2+l 2@t1e "

= Injlz+1|-

Alternatively, we can use the same idea as the handcover method, combined with differentiation, to find

A, B and C from (6.3.2): Plugging in « = —1 yields 1 = C'. If we differentiate (6.3.2), we obtain

20 =2A(x+1)+ B,

so that plugging in = = —1 yields —2 = B If we differentiate again, we get 2 = 24, that is, A = 1.

ExXAMPLE 6.3.3. Evaluate

/x4—2x2+4x+1
dzx
xd—x?2—z+1
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Solution. By long division

rz+1

x3—x2—x—|—1) 2t — 222 4+4r+1
—xt4+ 2 422 -2

23 —x?+3x+1

—z® 422 4-1

4z
we see that
ot — 227 + 42+ 1 P14 dx
=X T 5 -
23— 22 —gx+1 3 —x2 —x+1
Moreover,
A B Ax . A I B + C
P -atl (@ 1P+l o-1 @-12 (@+1) (6:33)

To find C, we can use handcover (multiply by = + 1 and set z = —1) to find C' = —1. On the other hand,

rewriting the right hand side of (6.3.3) as one fraction and identifying the numerators yields

dr=A(x —1)(x+1)+ Bz + 1) + C(z — 1)?,

in which 2 =1 yields 4 = 2B, so that B = 2. Differentiating gives

4d=Az—-1+2+1)+B+2C(z—-1)

in which z =1 yields 4 =24 + B, so that A = 1. Thus

2t =222 4 4x + 1 1 2 1
d = 1 _ d
/ 23— 22 a1 v /x—i— +a:—1+(a:—1)2 x+1 v

72 2
—4z+hjz—-1—- —— —Injz+ 1]+ C.
2 z—1
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6.4 with irreducible quadratic factors

Watch the video at

https://www.youtube.com/watch?v=3rszFISL2AI&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6;jShIL&ind

ex=41

ABSTRACT

This videos presents the form of the decomposition into partial fractions for a rational function
whose denominator contains a (non-repeated) irreducible quadratic factor, goes over the

method to integrate the corresponding term, and presents examples.

If the denominator ¢(z) of a rational function % in lowest terms contains an irreducible quadratic term

az? + bx + ¢ with b? — 4ac < 0, then the decomposition into partial fractions of % contains the term

Ar + B
ar? +bx+c’

where A and B are constants to be determined.

Need help with your
dissertation?
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ExAMPLE 6.4.1. For instance, the decomposition into partial fractions of _5*%%; has the form

2r+ 3 2r+3 A B  Cz+D

o+ 922 22(2249) 2 2 249’
where A, B, C and D are constants to be determined. On the other hand

5x +4
224+x+1

is already a partial fraction and cannot be decomposed any further, since 2% + x + 1 is irreducible.

ExAMPLE 6.4.2. Evaluate

/2x2—x—|—4d
3+ 4z T

Solution. The form of the decomposition into partial fractions is

202 —x+4 20?—x+4 A Bx+C
w3+4r  x(x244) oz  a244

To find A, B and C, we use the system method:

202 —x +4 = A(2®+4)+ Bx? +Cx
(A+ B)2? + Cx + 44

so that
A+B=2 A=1
C=— — {B=1
4A =4 C=-1
Thus
222 —x+4 1 z—1
/ 3 + 4z dv = /E+x2+4dx

1n|x|+/idx—/d7$
2244 2 4+ 4’
and using the substitution u = 22 + 4 (du = 2z dx ) in the first integral and (2.5.1) in the second, we obtain

222 — 4 1 1
/%dmzln|x|+éln(x2+4)— Earctan (g) +C.
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Ax+B

General method to integrate a partial fraction 577>~

b% — 4dac < 0).

1) Complete the square in az? + bx + c:

ax® + bz +c

“ x—i—i 2_(b2—4ac)
2a 4a? '
Because b2 — 4ac < 0, this is of the form

a (u2 + az)

whereu::er%anda::@.

2) Thus, the substitution v := = + %, yields an integral of the form

Cu+ D

——du
u2 + a2

3) Split the integral:

Cu+D
/u2—|— 2du—C’/ du—l—D/ 2 rar

4) Calculate the first integral using the substitution v = u? + o2 so that

1 1
/Ldu:— d—U:—ln(u2+a2)

u? + a2 2 v 2

5) Calculate the second integral using (2.5.1)

6) Rewrite the result in terms of x.
ExAMPLE 6.4.3. Evaluate
/ 422 — 3x 42
— dx.
422 — 4z + 3

Solution. Long division (or, equivalently, the observation that

4% — 3z + 2 = (4% — 4z + 3) + (z — 1)) gives

422 — 3z + 2 rz—1
S Tt = 1+ —
/4x274x+3 * / T a3 ™

Download free eBooks at bookboon.com
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Because the discriminant A =16 — 48 of the denominator is negative, 4z% — 4z + 3 is irreducible.

Completing the square, we obtain

3 1\ 1 3 1\ 1
42 —4m+3—4(m —m+4>—4<(m—§> _Z+Z)_4<<x_§) +§>

42% — 2 -1
/7362 3z + dzz/l-ﬁ-—x dz,
422 — 4w + 3 4((;3_%)24_%)

Thus

and, letting u = = — 1 so that z — 1 = u — 1, we obtain
422 — 3+ 2 1 fu—1
= T dr = Z —2d
/4x2—4x+3 v a:—|—4/ i “

+
+1/ U d 1/ du
4/ w2+1 8/) u+1

= g (v g ) - g VEuctan (VEL) 0

= :v—l—;ln( +i>—\g§arctan<\/§<m—;>>+c.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M6B in the manual of

exercises.
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6.5 with repeated irreducible quadratic factors

Watch the videos at

https://www.youtube.com/watch?v=LndYRZDCIsY &list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&i
ndex=42

and

https://www.youtube.com/watch?v=RtSY We230pM&list=PLm168e GEcBjnS6ec]Jflh7BTDaUB6jShIL&i
ndex=43

ABSTRACT

These videos discuss the form of the decomposition into partial fraction for a rational function
whose denominator contains a repeated irreducible quadratic factor, and how to integrate the
corresponding terms in the decomposition. This is illustrated on examples.

If the denominator ¢(z) of a rational function %) in lowest terms contains a repeated irreducible

q(z)
quadratic term (az? + bx + ¢)" with b? — 4ac < 0, then the decomposition into partial fractions of %

contains the terms

Aix+ By Asx + Bo n A,x + B,
ar? +bxr+c  (ax2+bzx+c)2 T (az? +bx+ o)’
where Ay,..., A, and By, ..., B, are constants to be determined.

ExampLE 6.5.1. For instance, the form of the decomposition of

4r +5
(z+1)(z—2)2(22+4) (22 + 2+ 1)2

is

4z 45 A B C Dx+FE Fzx+G Hx+1

(z+1)(z—2)%(22+4) (22 +2+1)2 x+1+x—2+(x—2)2+ z2+4 +x2+:c+1+(x2+:c+1)2'

General method to integrate % for b2 —4ac<0and n > 1

Az+B

This is in part based on the method to integrate 5%~

on page 108.

1) Complete the square in az? + bz + ¢ so that

1 Ar + B
e 2 —\m
T ((a+2) + i)
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2) The substitution u := x + £ yields an integral of the form

/ Cu+D du
(u? +a?)"

3) Split the integral:

Cu+D
D/
/(u2 C’/ n du + / u2+a2)

4) The first integral can be calculated with the substitution v = u? 4 o?:

U dv pl—n
/ (W2 + a2) 2 v T 2(1—n)

5) The second integral can be calculated using trigonometric substitution as in Example 5.4.8:

we use u = atanf for —Z < 6 < I so that du = asec? #df and

/ du B a/ sec2
(u? + a2)" (a2(tan?6 + 1))"
« sec? )
T an / sec2n @ d9

= L/COSQ(”_DGdé),

042"_ 1

and this can be evaluated as explained in Case 2 of Section 5.1.

6) Rewrite your answer in terms of x.

EXAMPLE 6.5.2. Evaluate

/ 1—x+422%2—28
dx.
z(x? +1)2

Solution. The numerator has degree less than the denominator, so the form of the decomposition into

partial fractions is

l—xz+222—a2® A Bx+C  Dz+FE
z(z? +1)2 = a7 z2+1 (22 +41)2
 A@@®+1)?+ Bz + O)x(a® + 1) + (Dz + E)x
B z(x? +1)2 ’

so that, identifying numerators and reordering the terms on the right hand side, we have

—23 4222 —x+1=2*(A+ B) +23(C) +2*(2A+ B+ D) + 2(C + E) + A.
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Thus, identifying the coefficients of corresponding degree:

A+B=0 A=
C=-1 =—1
2A+B+D=2 = =-1
C+E=-1 D=
A=1 E=0

and we have

/1—x+23:2—3:3dx B /l_m+1+ x i
x(x? +1)2 - x x2+1  (22+1)2

T dx T
o ln|x|—/x2+1da:—/x2+1+/($2+1)2dx

1 d
—/—uforu:x2+1sothatdu:2xdx
2 ) u?

1 [du
= ln|x|—§ — —arctanx +
u
1 1
= ln|x|—§1n|u|—arctanx—ﬂ+0
1

1
= Inlz|— 3 In(z? + 1) — arctanz — EET) +C.

Vouwro Touexs | Resanr Toocks | Macs Toveks | Vowo Buses | Vowo Cowsteucnion Esumsest | Wowo Pesm | Vowo Aeno | Wowo IT
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ExAMPLE 6.5.3. Evaluate
/7x t1 5 dx.
(2 +2z+1)

Solution. This is already a partial fraction of the type W for v? — 4ac < 0 as discussed above.

Thus, we first need to complete the square:

2ioy1=(ota 2fl+1— . 2+§
e 2) "1t T 2) Tw

and then substitute u = x + %, so that z = u — % and

1 -i+1
/Lwiz — /%du
@ et D) @ +3)

_ /#d@wl/dfu
w+3)" 2] (w+3)°

We evaluate the first integral by substitution, using v = u® + 2 so that dv = 2udu and

/Ldu— dvv 1 1 _ 1
(u2—|—%)2 T2/ v 2u 2(u2+%)_ 222 +x+1)

To evaluate the second integral, we use trigonometric substitution with u = ¥3 tan# and —% <6 < Z .

Then du = @ sec26df and

2
/ sec” 0 L df
(% (tan29 + 1))
2
j/ sec 92d9
9 J (sec20)

cos? 6 do

w\& %

|
E
—

\f/ 1—1—00820

(9 +3 bm(w)) +C

(9+Sln00059) +C by (4.2.1)

NERIE
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On the other hand, as tanf = 27%, we can represent the situation on the following triangle

2
1
\/4 (m+§) +3=\4zx? +4zx+4
I
vVau? + 3
[7)
V3

2u=2r+1

on which we read that

2v3u 32z +1)
(VIZ+3)? P tdrtd

sinf cosf =

Given that 6 = arctan ( 2_“) = arctan ( 2“”—\/%1) , we conclude that

V3
du = V3 (0 +sinfcosh) + C
@rdf =9

V3

44/3 2z + 1 V3(2z + 1)
= — t
9 <arcan< )+4x2—|—4x—|—4 ¢

and thus

/xiﬂdx _ /Ldﬁl/ﬂ
(@2 +a+1)° W +3)" 2 (u2+2)°

1 23 2¢ + 1
= — t
S @4t 9 (arcan< /3 )+

Exercises

V3(2z 4+ 1) )
42 +4x + 4

you are now prepared to work on the Practice Problems, and Homework set M6C in the manual of

exercises.
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7  M7: Improper Integrals

7.1 Improper integrals of type |

Watch the videos at

https://www.youtube.com/watch?v=DkWSsckVrpg&list=PLm168e GEcBijnS6ec]flh7BTDaUB6jShIL&in
dex=44

and

https://www.youtube.com/watch?v=twK6qeDVEww&list=PLm168eGEcBijnS6ecJflh7BTDaUB6jShIL&i
ndex=45

ABSTRACT

These two videos introduce and define improper integrals of type I, that is,

/ Oo fa) doi | oy Z f(z) da

and go over a number of explicit calculations.

EXPERIENCE THE POV

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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DEFINITION 7.1.1 (Improper integrals of type I)

1) If fat f(z)dz exists for every t > a, then
/ f(z)dx := lim | f(x)dz

is called convergent if the limit is finite, and divergent if the limit does not exist.

2) If ftb f(z)dx exists for every ¢ < b, then

/_boC flz)dz := t_l}ir_noo /tbf(x) dx

is called convergent if the limit is finite, and divergent if the limit does not exist.

3) Ifboth [?_ f(z)dx and [° f(x)dxz are convergent then

/_O:of(x)dx:: /_;f(x)dx-i—/aoof(x)dx

is convergent, and divergent otherwise.
PROPOSITION 7.1.2. Let p be a real number. Then
[
1 2P
is convergent if and only if p > 1.

ExaMPLE 7.1.3. Are the following integrals convergent or divergent. If convergent, find the value:

D 0 dxr
/700 2z -5
Solution.
/O dx . O dx
= lim
oo 2 —5 t——oo J, 2x—5
1[5
= lim 7/ d—uforu:Qac—B
t——oco 2 op—5 U

. 1 —5
tllznoo B [ [ul]y 5

1
= lim §(ln5—ln\2t—5\):—oo,

t——o0

so that the integral is divergent.
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2)

Solution.
e T ¢ T
———dr = 1 —d
/0 (@2 +22 " tfi?o/o (@2 +2)2
1 [t
= lim - duforu=x2+2
t—oo 2 2 u2
242
= lim {—]
t— o0 2u 9
. 1 1 1
= 1 =
tmoo 4 2(t2+2) 4
3)
-1
/ e~ 2t
Solution.
-1 —1
/ e 2dt = lim e~
— 00 Tr——00 T
1 1
= lim |:—6_2t:|
T——00 2 .
1 €2

so that the integral is divergent.

4) * dx
/_0O 1422
Solution.
* dx . tode
5 = lim 5
0o 1+=z tooo [ 1+
—_ H t
= tlgg@ [arctan x],
= lim arctant = il
t—o0 2
and
0 dx . O dx . 0 . m
—— = lim 3 = lim [arctant], = lim —arctant= _.
o 1+ to—oco [, 2?2 +1 t——o00 t——o00 2
Thus

NN
_|_
I
|
3

/°° dzx _/0 dx +/°° dv
ol )14 a2 o l+a2
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5)
/ cos® 0 df
0
Solution.
oo t
/ cos?0ds = lim [ DL
0 t—o0 Jq 2
e 1. bt 1
= tlgrolo [5 + 1 sm(20)} o tll>IIolo 3 + 1 sin(2t) = oo,
so that the integral is divergent.
Exercises

you are now prepared to work on the Practice Problems, and Homework set M7A in the manual of

exercises.
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7.2 Improper integrals of type Il

Watch the videos at

https://www.youtube.com/watch?v=ISndl7-0AN0&list=PLm168e GEcBjnS6ec]Jflh7BTDaUB6jShIL&ind
ex=46

and

https://www.youtube.com/watch?v=hXTcKdCMx0c&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&i
ndex=47

ABSTRACT

These videos introduce and define improper integrals of type II, that is, integrals of functions

on a closed interval, that have discontinuities. They go over several examples of calculations.
DEFINITION 7.2.1 (Improper integrals of type II)
1) If fis continuous on [a,b) and discontinuous at b then

¢
/ flz)dz = tl_i}rll)ai flz)dz

a

is convergent if the limit is finite, and divergent if the limit does not exist.

2) If fis continuous on (a,b] and discontinuous at a then

/ fla)da = Tim, / /(@) da

is convergent if the limit is finite, and divergent if the limit does not exist.

3) If fis continuous on [a, b] except at ¢ € (a,b) then

/:f(x)dx = /:f(x)dx—i—/cbf(x)dx

is convergent if and only if both improper integrals are convergent.
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ExAMPLE 7.2.2. Are the following improper integrals convergent or divergent? If convergent, find its value.

1)
/3 dx
0 1‘\/5
Solution. The only discontinuity on [0, 3] is 0. Thus
3 3 3
dx dz 3
o=y Ry —3d
/0 T\/T 10+ N e + vorar
i 217y 22
= lm |-——| = lm — — =
t—0+ \/E t t—0+t \/i 3 >
and the integral is divergent.
2)

/9 dzx
1 \3/37—9

Solution. The only discontinuity on [1, 9] is 9. Thus

9 t t
dx dz 1
= 1 = 1i —9)73d
/1 g am | e fm [ (-9 de

3 t 3 2
li —(x—9)3| = lim = (t—9)® —6=—6.
S [N >]1 dn g 0=9)

i

3)
/4 dz
0 T24+2x—6
Solution. Since z2 + z — 6 = (z — 2)(x + 3), the only discontinuity on [0, 4] is 2. Moreover

/2 dx i /t dx i /f A B,
————— = lim ———— = lim x
0 2H+x—6 1=2-Jy (—2)(z+3) t-2-Jg x—2 x+3

and the handcover method easily yields A = ¢ and B = —31. Thus

2 da 1t 1
- —— = hm - — d.T
0 T2+ —06 t—=2-5 Jop x—2 x+3
1 ¢
lim — [ln]z— 2| -1 3|t = —
HH;{E)[HW | —Inlz + 3], e
because lim;_,, In |t — 2| = —co . Hence f02 2 and thus f04 2 are divergent.
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4) .
/ Ine dx
0o VT
Solution. The only discontinuity on [0, 1] is 0. Thus

1 1
1 1
e = lim [ ==

—= du.
0 VT t_>o+t\/g?x

We proceed by parts with « = Ina and dv = 2~ dz so that du = < and v = 2\/z. Then

1 1
Inz . 1 dz
/0 ﬁdl’ = tg%lJr ([2\/511’11’L —2/ ﬁ)

t
= lim [Qﬁlnx—él\/ﬂz
t—0+
= lim —4—Vt(2Int —4).

t—0+

Moreover,

Int 1
lim Vtlnt = lim nTg lim t

t—0+ t—0+

L= lim —2t2 =0.
7i t—0+ _it_§ t—0+

Thus

g
dr = lim —4 —Vt(2Int — 4) = —4.
/0 Vv v t—1>%1+ \[( . )
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7.3 Comparison for improper integrals

Watch the videos at

https://www.youtube.com/watch?v=-DHgr52BHIc&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&in
dex=48

and

https://www.youtube.com/watch?v=vWNqvIBOF8Y &list=PLm168e GEcBjnS6ec]Jflh7BTDaUB6jShIL&i
ndex=49

ABSTRACT

In these videos, the method of comparison for improper integrals is presented, general

statements given, and several examples illustrate the method.
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THEOREM 7.3.1 (Comparison for improper integrals (type 1)) If f and g are continuous on [a,c0) with
f(x)>g(z)>0foral z>a
then

1) If [ f(x)dx is convergent, so is [~ g(z)dx .
2) If [ g(x)da is divergent, sois [ f(x)dx.

THEOREM 7.3.2 (Comparison for improper integrals (type II)) If f and g are continuous on [a,b) and

discontinuous at b with
fl@)>g(z)>0foralla<z <b
then

1) Iff;7 f(z)dz is convergent, so is ff g(z)dx.
2) Iffabg(x) dx is divergent, so is f; f(z)dz.

REMARK 7.3.3. We leave it to you to write out the obvious analogues of Theorem 7.3.1 for integrals of the

type | foo f(x)dz and of Theorem 7.3.2 for integrals of the type f: f(z) dz , where f is discontinuous at a.
ExAMPLE 7.3.4. Is fooo e dx convergent?
Solution. For z > 1, we have 2? > z and thus
T 2
et >e™ >0.

Moreover

ooe_”” = lim [—e_””]t = lim - — — = -

1 t—00 1 +Sxe et e
is convergent. By comparison (Theorem 7.3.1), so is [ e~ dx . since

o0 2 1 2 o0 2
/ e " dm:/ e " d:v—l—/ e " dx
0 0 1

and fol e~*" dz is finite, we conclude that [ =" dz is convergent.
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ExaMPLE 7.3.5. Decide whether the following integrals are convergent or divergent.

1) -
/ + | cos x| da
1 x

Solution. Since

1+ |cosz| S 1 >0
T T r

on [1,00),and [~ % is divergent by Proposition 7.1.2, we conclude from Theorem 7.3.1 that

x

o szl g s also divergent.

2)

o0 2 —x
/ +§ dx
1 X

Solution. Note that for x > 1, e~ < e~ ! < 1 so that

—x
2+e <3

o<
- x? 2

Moreover, [ 2 dz =3[ 9% is convergent (by Proposition 7.1.2). Thus, by comparison

[° <" da is also convergent.

3)

o0
X
/ T 0
1 V1+ 26
Solution. Since 1 + 28 > 2% we conclude that /1 + 25 > V26 = 23 so that

x x

= >
z2 23 T /14 b

dx T

. . . oo
for every = > 1. Since [ % is convergent, so is [, —7= da.

4)

1 _ —=x
e
dx
|z
Solution. The only discontinuity on [0, 1] is 0. On the other hand, for 0 <z <1, we have

el<e <=1
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so that

Moreover,
/lda’ I /lda’ lim [2v2]) = lim 2 -2V =2
— = 1l1m — = 1l1m X = 11m — =
0 VI =0t ), Jxr =0t t 40t
1 —x
is convergent, so that, by Theorem 7.3.2, fo eﬁ dz is also convergent.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M7B in the manual of

exercises.

Before turning to Chapter 8, you should also take Mock Test 2.

360°
thinking.

Deloitte.
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8 MBS8: Parametric Curves

8.1 Introduction to parametric curves

Watch the videos at

https://www.youtube.com/watch?v=5qIxW9ZvyIw&list=PLm168e GEcBjnS6ec]flh7BTDaUB6jShIL&in
dex=50

and

https://www.youtube.com/watch?v=4yaxDE-NOI0&list=PLm168eGEcBinS6ec]flh7BTDaUB6jShIL&in
dex=51

ABSTRACT

These two videos introduce the notion of a parametric curve and of parametric equations for
such a curve. They show on examples that there are many ways to parametrize a curve. An
example of parametric curve is sketched, and a parametrization is found for a curve described

by mechanical motion.

A parametric curve in the plane is the image of parametric equations

{xf(t) et

y=g(t)

where ¢ is the parameter, ranging in an interval I. A given (parametric) curve in the plane may have a
number of parametrizations, that s, sets of parametric equations that represent the curve. One might think
of a parametric curve as the trajectory of a moving object (in the plane), and of parametric equations as
describing the position at a given time, hence encoding how the curve is traced out (in what direction,

at what speed, etc).

For instance, the unit circle 2% + y? = 1 can be parametrized by

T = cost
{ te[0,2m)(the circle is then described once counterclockwise)

y =sint
x = cos(2t) . . . . . . -
) t€[0,m)(the circle is then described once counterclockwise, but twice as fast)
y = sin(2t)
= 2t
v C.OS( ) t€[0,27)(the circle is then described twice counterclockwise)
y = sin(2t)

T =sint
{ . t€[0,27)(the circle is then described once, clockwise)
Yy = cos
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To sketch a parametric curve (from parametric equations), we study the variations of x and y as functions

of the parameter ¢, and trace out the corresponding curve in the xy-plane.

ExaMPLE 8.1.1. Sketch the curve given by

= t
v t € [0,2n).
y = sin(2t)

Solution. We draw z(t) and y(¢) and then follow for various values of the parameter ¢ the corresponding

pair of coordinates (z,y). On the picture below, we have represented in particular the point on the curve

corresponding to ¢t = %.

- x(t) = cost
m 3T :
SN T 9 :
[) I | 2 3 4 e $o (_\/2 1)
a i 2
y(1) = sin(2t) P g 1
AANGARE L i \3r| ;
i 4 w4 2w
o E1 2 [ 57‘? A i ]
1 ' o :

— —— — p— ——
Ve \ ,q, \ ¥ . I - J}a G
/ \ \ \ \ I Y Py
{ A1 ) | V[~ | 4 | T |
l ® | b ] | . .‘l I‘ . i L I 1 e |
‘I Ill-\-l 4',..' 4 “'\. "J \\\. .'jl \\'. g g’ ﬂrfll
— S e : s - N, S
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We establish that, calling r the radius of the circle, and 6 the angle between the radius joining the center
of the circle with the point of contact of the circle with the straight line, and the radius joining the center

to the point whose trajectory we study, as below,

the equations

=7 (0—sind
x=r(f—sinb) 0 € (—o0,00)
y=1r(1—cosh)
form parametric equations describing the cycloid.
SIMPLY CLEVER SKODA
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8.2 Tangent lines to parametric curves

Watch the videos at

https://www.youtube.com/watch?v=Gv3hS7REvtg&list=PLm168eGEcBjnS6ecJflh7BTDaUB6;ShIL&in
dex=52

and

https://www.youtube.com/watch?v=_bET7G94aW0&list=PLm168eGEcBjnS6ec]flh7BTDaUB6jShIL&i
ndex=53

ABSTRACT

In these videos, we study how to obtain the slope of the tangent line to a parametric curve at
a point of given parameter, and how to find the points of a curve where the tangents have a

given slope, are horizontal, or vertical. This is used to sketch a parametric curve.

ProrosITION 8.2.1. If f and g are differentiable functions and

= f(t
e=ft) g
y=g(t)
are parametric equations of a curve, the slope of the tangent line to the curve at (f(a),g(a)) for a € I is
given by
d
dy  _itp=a _ ¥/(0)
T dz - )
dji=a % lt=a z'(a)

provided that x'(a) # 0.

Note that if 2/(a) = 0 and y'(a) # 0 then the curve has a vertical tangent at the point of parameter a,

while the tangent is horizontal if 2/(a) # 0 and y/(a) = 0.

ExaMPLE 8.2.2. Find an equation of the tangent line to the curve
r=1t>+1
y=1t>—t

at the point of parameter ¢ = 0.
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Solution. The point of parameter 0 is (z(0),y(0)) = (0,0). The slope of the tangent line is

y'(0)  2t+1 1
2(0)  2t—1pe -1

so that the tangent line is y = —x .

ExaMPLE 8.2.3. Find an equation of the tangent line to the curve

r=eVt
y=t—In(t?)

at the point of parameter ¢ = 1.

Solution. The point of parameter 1 is (z(1),y(1)) = (e, 1). The slope of the tangent line is

Thus, an equation of the tangent line is
2
—l=-"(z—e).
y . (@—e)

ExAMPLE 8.2.4. Find the points on the curve

x=t(t?—3)

y=3(t"-3)
where the tangent line is horizontal or vertical. Sketch the curve.

Solution. Since

"ty 32-3 (t—-1)(t+1)

dy y'(t) 6t 2t
dx =z

we see that the curve has an horizontal tangent when ¢ = 0, that s, at (z(0), y(0)) = (0, —9), and a vertical
tangent when ¢ = —1 and when ¢ = 1, that is, at

(z(1),y(1)) = (=2, -6) and (z(-1),y(-1)) = (2, -6).
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To sketch the curve, we can start with this information, combined with the variations of z(¢) and y(t):

25

) =3t*-1)=3t-1(E+1)

y'(t) = 6t
5 2.5 0 25 % 5 I _l () ]
S+ | - | - +
“2.51 2 ot
1 . 1 : y'(t)] - + +
(—2,-06) (2,-6 00

g
(0,-9)

(e

Following the variations of z(¢) and y(¢), a rough sketch indicates a self-intersection:

<25

(-2, -6)

We can calculate explicitly the coordinates of this self-intersection point: two values ¢; and ¢, of the

parameter correspond to the same point if

t1(t7 —3) = t2(t3 — 3)
3(t3 —3) = 3(t3 — 3)

and this parameters correspond to the point (0, 0). Hence the slopes of the tangent lines at (0, 0)

correspond to

y'(V3)

/(\/3) =/3 and

8]

y'(=Vv3)
z'(—/3)

— V3,
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so that we obtain the following sketch:

(_2: _6) (2! _6}

i
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8.3 Symmetry; concavity

Watch the video at

https://www.youtube.com/watch?v=s88vR9a3t0E&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&ind
ex=54

ABSTRACT

This video illustrates on the example of the astroid how to use symmetry to reduce the study of

the curve to a smaller interval of the parameter, and how to study the concavity of the curve.

Symmetry

A parametric curve can admit one or more axis of symmetry, as well as center of symmetry. There are
different ways this can be reflected by the parametric equations. In the example treated here the curve

has parametric equations

2(0) = 4cos® 0
y(6) = 4sin® 0 (8.3.1)

and the interval for 6 is not specified, but we want to study the curve on an interval large enough for us

to be able to draw out the whole curve.

The first observation is that both x and y are 27 -periodic, so that we can restrict the study to interval

of length 2r, for instance [, 7.

The second observation is that

so that when a point of coordinates (z,y) is on the curve, so is the point of coordinates (z, —y). In other
words, the x-axis is an axis of symmetry for the curve and the transformation of the parameter 6 — —0
corresponds to this reflection about y = 0. Thus, we can study the curve on [0, 7] and obtain the second

half of the curve by symmetry with respect to the x-axis.

Third, we observe that

{x (7 —0) = —2(0)
y(m—0) =y(0)
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so that (—z,y) is on the curve whenever (z,y) is. In other words, the y-axis is also an axis of symmetry
for the curve, and 6 — 7 — 6 corresponds to the reflection about = = 0. Thus we can study the curve

on [0, %] and obtain the other half of the part of the curve corresponding to [0, 7] by symmetry with

respect to the y-axis.

Concavity

Just like for graphs of functions, the concavity of the curve depends on the sign of § & 5-% along the curve.

Specifically, the curve is concave up when 2% > 0 and concave down when 4 @ % <0.Tofind § & 9% in terms

).

of the parameter, say ¢, note that
dy _d (dy\ _ d (y(1)\ ChainRule d (y'()\ dt _ 1 d [y
de?  drx \dx) dx \2/(t) N dt \2'(t)) dx  2/(t) dt \a'

Sketching the graph

t)

Returning to the example (8.3.1), we have seen that we only need to study the variations of x and y over

[0, Z] and then use symmetries with respect to both the x-axis and y-axis to complete the curve:

'(0) = —12cos*#sinf <0on [0,%]

T
y'(0) 12sin® @ cos > 0 on [0, Z].

i
~

UROPEAN
# BUS INESS
SCHOOL

FINANCIAL TIMES

R #gobeyond

s
3
e
e
-
P
-————
__
am
g

MASTER IN MANAGEMENT

.

B
~ - Beeause achieving your dreams is your greatest challenge. IE Business School's Master in Management taught in English,

Spanish or bilingually, trains young high performance professionals at the beginning of their career through an innovative
and stimulating program that will help them reach their full potential.

Choose your area of specialization.
Customize your master through the different options offered.
Global Immersion Weeks in locations such as London, Silicon Valley or Shanghai.

Because you change, we change with you.

Download free eBooks at bookboon.com


http://s.bookboon.com/IE

We obtain the following variations, and tangents at the end points:

T
g |0 9 dy Yy sin” 6 cos §
< o _ 0 dzx 2 cos2fsind
, = —tand
£ da
\U — d_J — 0 — hOl‘iZOHt&l
T 16—
,Uf 0 + 0 i |6=0
di
' 4 — Yy = —o0 = vertical
Y dz o=z

To complete the sketch, we need to know if the curve is concave up or concave down on this interval. Since

By 1 (v
dx? /() db \ 2'(0)
B -1 i 12sin? 6 cos @
12 cos2 0sinf df \ —12 cos? 0 sin 0
1 d
a 120052951n9@(tan0)
sec? 6 ”
" 12cos26siné > Uon (O’§>'

The sketch on [0,Z] gives the part on the left, and completing the curve by symmetry we obtain the

complete curve on the right:

2.5

Exercises

you are now prepared to work on the Practice Problems, and Homework set M8A in the manual of

exercises.
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8.4 plane areas

Watch the video at

https://www.youtube.com/watch?v=7nnjO9PAnm8&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&i
ndex=55

ABSTRACT

This video extrapolates from the case of the graph of a continuous positive function to obtain
a formula for the area between a parametric curve and the x-axis. This is illustrated on the

case of the astroid.

For the graph y = f(z) of a non-negative continuous function f,

the area under the graph over [a, ] is

/abf(x)dx:/abydm.

If we re-parametrize y = f(z) in terms of a parameter ¢ € [a, 3], where z(a) = a, 2(8) =b and the

curve is traversed exactly once as t increases from « to 5, we can then rewrite the integral as

/abydac = /j y(t) 2’ (t) dt.

136
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This approach can be applied to other parametric curves:

_ 3
v=4 COS3 99 studied in Section 8.3.

ExaMPLE 8.4.1. Find the area enclosed by the astroid { »
y =4sin

Solution. As seen in Section 8.3, a sketch of the curve is as shown on the right hand side below

2.5

=2.57
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The left hand side corresponds to the part of the curve corresponding to 6 € [0,5], where § =0
corresponds to the point (4, 0) and 6 = % corresponds to (4, 0). Thus, the area under the curve on the

left hand side can be represented as

™

0 )
/y(o)x’(o)do = —/ 4sin®  (—12cos® Osin ) do
5 0

™

48 / ’ sin* @ cos? 6 d6,
0

and we use the methods discussed in Section 5.1 to evaluate this integral:

0 z _ 2
7 0

48 [
= 3 1 — cos 20 — cos® 20 + cos> 20 dO
0

3 1 40 3
= 6/2 1 —cos20 — _FC% df + 6/2 cos?(26) cos(26) df
0 0

~ {g — Zsin(20) - %sin(éw)} te /O * (1 — 5in2(26)) cos(26) do

2 0
s 6 0 2 .
= G-Z—Fg 1 —u* du for u = sin(20) and du = 2 cos(20) do
0
_ o
= 5

Thus, by symmetry, the area enclosed by the astroid is 4 times this area, that is 67 .
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8.5 arc length

REMARK 8.5.1. As background, you can review the case of the graph of a function here.
Watch the videos at

https://www.youtube.com/watch?v=vnLUGQ5¢gdF0&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6iShIL&i
ndex=56

and

https://www.youtube.com/watch?v=_2v7b9UHmCc&list=PLm168eGEcBijnS6ecJflh7BTDaUB6;ShIL&i
ndex=57

ABSTRACT

A formula for the length of a piece of parametric curve is established and applied to a pair of

examples.

THEOREM 8.5.2 (Arc Length) Let C be a curve of parametric equations {x =f ((t)) for t € [a,b], where f,
y=g(t
I, g and g’ are continuous on [a, b] and C is traversed exactly once as t increases from a to b. Then, the

length of C is given by

[ Voo wora= [ \/ (&) + (&)

=t
Since the graph of a function y = f(z) can be seen as a parametric curve { , we obtain:

y = f(t)

COROLLARY 8.5.3. Iffand f' are continuous on [a, b] then the length of y = f(x) for a < x < b is given by

/ab\/l—i- (f'(x))? da.

ExaMPLE 8.5.4. Find the length of the curve
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Solution. z(t) and y(¢) are continuous with continuous derivatives, and the curve is traversed once as t

in increases from 0 to 4 because x(¢) and y(¢) are one-to-one on [0, 4]. Thus the length of the curve is

4
L = / JEOE T G ORdt
0

4
= /\/(3t2)2+(2t)2dt
0
4 4
= /\/9t4+4t2dt:/ V92 + 4 dt.
0

0

We proceed then by substitution with u = 9t* + 4, so that du = 18t dt and

1 e 1 271 37148 1 3
L = — = — = |: _:| = — (14 2 — ) .
Vudu 3 %2 A o 82 — 8§

ExaMPLE 8.5.5. Find the length of the astroid

x=4cos 0
y =4sin®0

Solution. As we have seen from Section 8.3, the length of this astroid is four times the length of the part
of the astroid corresponding to 6 € [0,5]. Moreover, z(f) and y(¢) are continuous with continuous

derivatives, and one-to-one, on [0, %] . Thus, the length is

h
I

4 / VO T ) do
0

= 4/2 \/(—120082981110)2 + (128111200089)2
0

= 48 /5 \/C082 6 sin’ 0 (6082 6 + sin? 0) do
0

s

2
= 48/ cos 0sin 0 df because cos? 0 +sin? 0 = 1
0

= 24/2 sin(20) df because sin(260) = 2 cosfsin §
0

= —12[cos(20)]¢ = 24.
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8.6 Surface area of surface of revolutions

Watch the video at

https://www.youtube.com/watch?v=LxjD6kUJAIM &list=PLm168eGEcBijnS6ec]flh7BTDaUB6jShIL&in
dex=58

ABSTRACT

Formulas for the area of a surface of revolution generated by rotating a parametric curve about

an horizontal or vertical axis are established, and illustrated on examples.

r=f

(t)
THEOREM 8.6.1 (Area of a surface of revolution) Let C be a curve of parametric equations {y — g(1) for
t € [a,b], wheref, [, g and g are continuous on [a,b] and C is traversed exactly once as t increases from

a to b. Then the surface area of the surface generated by rotating C about the x-axis is given by

A=2w/aby(t)\/<fl—f>2 4 (%)20115

and the surface area of the surface generated by rotating C about the y-axis is

aooe [ (4) 4 ()
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ExAMPLE 8.6.2. Find the surface area generated by rotating the curve

about the y-axis.

r=e —t
B ,t €10,1]
y:462

Solution. By Theorem 8.6.1,

or [so (%) (2
27r/01(et—t)\/(et—1)2+ (26%)2dt
Qﬂ/()l(et—t)mdt
Zﬂ/()l(et—t)\/mdt
27r/01(et—t)(et+1)dt

1
271'/ 2 et —tet —tdt
0

and we proceed by parts for the remaining integral, with u = ¢t and dv = e’ dt ,sothat du = dt and v = €.

A

Exercises

e? —1 3 1
27r( 5 —|—e—2—[tet—et]0)

7T(62+26—6).

you are now prepared to work on the Practice Problems, and Homework set M8B in the manual of

exercises.
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9 MO9: Polar Curves

9.1 Polar coordinates

Watch the video at

https://www.youtube.com/watch?v=8 AnWt-pXsqc&list=PLm168eGEcBijnS6ec]flh7BTDaUB6jShIL&in
dex=59

ABSTRACT

In this video, we introduce the polar system of coordinates and how it is related to the Cartesian

system.
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To define a system of polar coordinates in the plane, we need to fix a point O, called pole, and a half-ray
with O as origin called polar axis, and a unit of length. A point in the plane is then given by its distance
to the pole r and the angle 0 between the (positive) polar axis and the half-ray joining the pole to the

point. The point is then given by the polar coordinates (r,6) as shown below:

(r,0)

pole >
polar axis

Of course, in this system the pole has an infinite number of pairs of polar coordinates, because (0, )
represents the pole, regardless of the value of 6. On the other hand, all other points of the plane are
represented by unique polar coordinates only if we restrict ourselves to » > 0 and 6 € [0, 27). We will

not always make this assumption, in which case each point has many pairs of polar coordinates:

(r,@ —2m) = (r, 2w+ 8) =(r,8)

X
>

polar axis

.
>

polar axis
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ExAMPLE 9.1.1. Plot the points of polar coordinates (1,%), (—2,7%), (3,2).

Solution.
T s
(17 5) \5 T
8 1
pole 4 >
unit of length polar axis unit of length polar axis

(3,2)

2rad

pole : >
unit of length polar axis

Polar system and Cartesian system

By convention, when a Cartesian system of coordinates is available, the associated polar system has the
origin of the Cartesian system as pole, the positive x-axis as polar axis, and the same unit of length as

the Cartesian system.

L
>

polar axis,

Download free eBooks at bookboon.com



A youtube Calculus Workbook (Part I1) M9: Polar Curves

With these conventions, we have
T = rcosb
y=rsinf

7,2 _ .’172 + y2

(9.1.1)

(9.1.2)
tand = Q_
T

ExAMPLE 9.1.2. Find the Cartesian coordinates of the points of polar coordinates (2v/2, 2) and (-1, 3).

Solution. If the polar coordinates are (2\/5, 31) then

T =rcosf :2\/5(305%7T = -2
y=rsinf = Qﬁsin?jf =2

and the point has Cartesian coordinates (-2, 2).

If the polar coordinates are (—1,%) then

w

2
y=rsinf =—sinZ — V3

{x:rcosez—cos% =1
3 2

and the point has Cartesian coordinates (‘ 3 —§> .
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9.2 Polar regions and polar curves

Watch the videos at

https://www.youtube.com/watch?v=0IK3LIokUV g&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&in
dex=60

and

https://www.youtube.com/watch?v=HZx9e9DyqFI&list=PLm168eGEcBjnS6ecJflh7BTDaUB6;ShIL&in
dex=61

ABSTRACT

These two videos give (sometimes rough) sketches of simple polar curves and polar regions

of the plane.

ExaMPLE 9.2.1. Find an equation in Cartesian coordinates of the curves given by the following equations

in polar coordinates:

1) r=2.

2

Solution. As r? = 2% + y?, this is the circle of radius 2 centered at the origin, of Cartesian

equation

x2+y2:4.

147
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2) 6=727,

Solution. This is the set of points of the plane on the line making an angle of 2= with the positive

x-axis, thatis, y = —z . Indeed, the pole is on the curve, and for x # 0, we have tan 6§ = 4, thatis,
t v
=tan —r = —X.
Y 4
il
¥
2
2 1 o] 1 :
41
3) r =3sinf.

Solution. Since sin § = ¥, we can rewrite this curve as r? = 3y, that is, in Cartesian coordinates

P4+ =3y = 22+3>-3y=0

He(om3) -
<:>x—|—y—§ = -

3

is the circle centered at (0, 3

) of radius 3.
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4) r = cosf.
Solution. Since cosf = £, we can rewrite this curve as 2 = x, that is, in Cartesian coordinates

Pyt =2 = 2*-2+y*=0

= L 2+2 L
T — = ==
2) TV T

is the circle centered at (3,0) of radius 1.
usT

¥

04T
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ExaMmPpLE 9.2.2. Sketch the following regions given in polar coordinates:

1) 2<r <4.
Solution. The curves r = 2 and r = 4 are the circles centered at the origin of respective radii

2 and 4. The region 2 < r < 4 is the annulus between them:

2) 0<6<T.
Solution. § = 0 is the x-axis and 6 = 7 is the line through the origin of slope tan 7 = v/3. The

region 0 < # < % is the sector between these two lines:

150
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3) 0<9< T, r|>2.
Solution. To the sector above, we add the condition that |r| > 2, thatis, r > 2 or r < —2.In

other words, we add the condition that points are outside of the disk centered at the origin

of radius 2:

151
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4) 0<r<3sinf.
Solution. We have seen in question (2) that » = 3sin6 is the circle centered at (0, 3) of radius

3. Inview of the picture below, we see that the region 0 < r < 3sin6 is the corresponding disk:

r > 3siné
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ExaMPLE 9.2.3. Sketch the polar curve r = sin(26).

Solution. To sketch the curve, we first draw r = sin(26) in the Cartesian coordinates 6 and r in
order to visualize the variations of r in terms of 6. Then we follow these variations in the polar
coordinates (r,6): to this end, for each half ray through the origin defined by a value of 6, we
plot the point at (signed) distance r(#) on this half-ray. Parts of the resulting curve traced out

that way are sketched below for 6 gradually increasing from 0 to 7:

153
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Completing the curve for 6 € [0, 2], we obtain:

To be fair, to obtain such a sketch, we need to find a few tangent lines, which is what we will discuss

after the exercises.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M9A in the manual of

exercises.
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9.3 tangent lines to polar curves

Watch the videos at

https://www.youtube.com/watch?v=-Zh4SSUgRCs&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;jShIL&in
dex=62

and

https://www.youtube.com/watch?v=XCj9HearLzM&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&in
dex=63

ABSTRACT
In these two videos, a formula is established for the slope of the tangent line to a polar curve
at a given point of the curve, tangent lines at the pole are examined, and several examples of

polar curves are sketched.

Polar curves » = f(6) can be seen, via (9.1.1), as parametric curves of the parameter 6:

{xzrcos@zf(&)cos@ 0<6<om

y=rsinf = f(f)sind

Thus Proposition 8.2.1 regarding the slope of the tangent line to a parametric curve applies here to the

effect that the slope of the tangent line to the point of » = f(6) corresponding to 6 = 6, is

dy Yy (6o) _ f'(00)sinby + f(6o) cos by
drio=6, 2'(6p)  f'(0o)cosby — f(fp)sinby’

(9.3.1)

Note also that when the curve goes through the pole for § = 6y, that is, when f(6y) = 0, then

dy

= = tan6
dz 16=6, 0

is the slope of the line 6 = 6, which is the corresponding tangent line!

ExampLE 9.3.1. Find the slope of the tangent lines to the polar curve r = sin(260) (see Example
9.2.3) for =7 and 6 = 7.

Solution. Since '(0) = 2 cos(26), (9.3.1) gives

us : us : us us s
dy :2005251n4+51n2(:os4: Cos 7 _
™ ™ S T i T CO :
drjp==  2cos 5 cos — sin g sin sin 7
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On the other hand, for 4 =

line # = % (or  =0).

7, r =0, so that the corresponding tangent line at the pole is the vertical

ExAMPLE 9.3.2 (Cardioid) Sketch the polar curve » =1 — cosf .

Solution. First we look at the variations of r as a function of 6. Since /(#) = sin, we have:

T 3
g 10 5 T P 27
' (9)|0 + 0 — 0
2
r(0)
0

Moreover, r = 0 for # = 0 and 6 = 27, so that the tangent at the pole is horizontal. The tangent line at

0 has slope

dy  r'sinf+rcosf sin? 0 — cos? 0 + cos 0

b

dr  r'cosf —rsinf  2sinfcosf —sinf

so that the slope for § = 7 is —1, the slope at 7 is infinite and the tangent is therefore vertical, and the

slope for 6 = 2T is 1. Taking all this into account, we obtain the following sketch:
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ExamPpLE 9.3.3 (cardioid with a loop) Sketch the polar curve r = \/75 +sinf .

Solution. First, we look at the variations of r as a function of 6. Note that r’'(f) = cosf , and

r =0 for sinf = — \f, that is, for 6 = %” or = % Thus, we obtain the following variations:

27

i
o

3 2 3
— 0 +

73
r(0) |3 +{\q\‘§/ ’
2

Moreover,
dy  r'sinf+rcosd
dz ~  1'cosf —rsind
cos 0sin 6 + (‘/75 + sin9> cos
cosZ 0 — (‘/75 -+ sin 9) sin 6
so that
% - @ and —dy =0
dz |9=0 9 de|9=2 = dx|0=3r )

Note also that # = 4% and 6 = 3T are tangent lines at the pole. Taking all this into account, we obtain

the following sketch:
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24 arc length for polar curves

Watch the video at

https://www.youtube.com/watch?v=phr8Ulc N9k&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&in
dex=64

ABSTRACT

The formula for the length of a piece of parametric curve is particularized to a polar curve

r = f(), and length of example of polar curves are calculated.
Theorem 8.5.2 is applied to the case of a curve r» = f(6), interpreted as a parametric curve

,0<0 <27

x = f(0)cosb
y = f(0)sinf
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to the effect that:

PROPOSITION 9.4.1. If r = f(0) has a continuous first derivative for a < 6 < b and if the curve r = f()

is traced exactly once as 0 runs from a to b, then the length of the curve is given by

ExAMPLE 9.4.2. Find the length of the polar curve r = 5cos for 0 <6 < ?jf.
Solution. The assumptions of Proposition 9.4.1 are satisfied, so that the length is given by

1
/ \/2500529—1—255111 9d9—5/ dd =5 — %

ExaMPLE 9.4.3. Find the length of the polar curve r = 6% for 0 <6 < 27.
Solution. The assumptions of Proposition 9.4.1 are satisfied, so that the length is given by

27
L = / V24 (r')?do
0
27
VOt (20)2d9

0

27
VO (02 + 1) db

0

27
/ 0 6% + 4do

0
1 4n?+4
3 Vudu for u=6%+4
4

2
1 R 4ne+4 1 a
- |:§u2]4 = = ((ar* +4)* —3).

ExAMPLE 9.4.4. Find the length of the polar curve r =1+ cos for 0 <6 <.
Solution. The assumptions of Proposition 9.4.1 are satisfied, so that the length is given by

L = /\/r2+(r’)2d9

0
/\/1+20050+c0529+sin29d9
0

= /Tr v/2(1 4 cos ) db

\/_/ \/1—1-20052 —1do
0

(V2)? /

4 {sin Q} =4,
2]y

cos <Z>‘ df and cos § > 0 on [0, ]
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9.5 area enclosed by a sector of a polar curve

Watch the video at

https://www.youtube.com/watch?v=hBBjAfsyxw8&list=PLm168eGEcBinS6ec]flh7BTDaUB6iShIL&ind

ex=65

ABSTRACT
A formula is established for the area enclosed by an angular sector and a polar curve r = f(6),

and several examples illustrate the use of the formula.

ProPOSITION 9.5.1. The area of the plane region bounded by two half-rays 6 = a and 6 =b, and by a
polar curve r = f(0) is given by

ExAMPLE 9.5.2. What is the area represented below

Solution. This is the area of the plane region bounded by the half rays # =0 and 6 = =, and

the polar curve r = 6. In view of Proposition 9.5.1,

I 131" =
A== 0*do=-|—| =—.
o ra=sl5]
ExAMPLE 9.5.3. What is the area represented below

r=443sin0

160
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Solution. This is the area of the plane region bounded by the half rays = —7 and 6 = 7, and

the polar curve r = 4 + 3sin6 . In view of Proposition 9.5.1,

A = %/ (4+ 3sin0)? do

(Ve wIA

1
_ 5/ 16 + 24 5in 0 + 9 sin2 0 do

B

— [89—12cos9]§%+§/2 sin2 0 df

T2

9 (32
= 87r+1/ 1 — cos20df

jus
2

9 1 o4
= 87T+Z|:9—§Sln29:| il

3
Exercises

you are now prepared to work on the Practice Problems, and Homework set M9B in the manual of

exercises.

Before turning to Chapter 10, you should also take Mock Test 3.
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10 M10: Sequences and Series

10.1  Sequences

Watch the video at

https://www.youtube.com/watch?v=tF9gna3hxDM&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&in
dex=66

ABSTRACT

In this video, various ways of defining a sequence are examined.

Formally, a sequence of real numbers is a real valued function defined on the set N of natural numbers:

s : N — R. Thus a sequence is determined by the ordered list of its values

which we denote {s(n)} ~,, where the index n is an integer ranging from 1 to oo, that is, ranging over

N To avoid to have too many parenthesis, we write

for the n™ value in the ordered list, and accordingly, the sequence is denoted
{sntnzs
A sequence can be defined in various ways:
By an explicit formula giving the n™ term. For instance
n+11> (21 4
n242f 1321

When a sequence is given under this form, it is easy to calculate any term in the sequence, by

simply plugging in the corresponding value of n. For example, the 1000"¢ term in the above

1000

sequence 18 105+32°
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By the first few terms, thus implying a specific pattern. For instance, if a sequence is given
by its first 5 terms {1,3,5,7,9,...}, it is implicitly understood that we are considering the
sequence of odd integers, which could also be given explicitly as {2n — 1}, ,.

The ordered list may start at a number different from 1. For instance

{vr=a} = {vr =}

n=3

3:{0,\/?,4,...}

n>

is a well-defined sequence.

By a non-numeric definition of the n term. For instance, {p,}2 ,, where p,, is the world
population # years from today
By induction, that is, by giving the first term or first few terms, and a rule to calculate the

next term from the preceding one(s). For instance, a sequence {a,}?2; can by defined

inductively by
a] = 1
i1 = ﬁ for all n.
Then
ay = 1
1 1
as> = Q = = —
2 141 Tta; 2
1 1 2
a3 = a = = = —
oo l+a; 1+1 3
1 1 3
a = Qa = = = —
LT l+as 1+2 5

When a sequence is defined this way, it is computationally much more costly to calculate a

given term, as you first need to calculate all the preceding terms.

A sequence can be defined by induction by giving more than one initial term, and a relation
of induction that depends on more than one preceding terms. For instance, the Fibonacci

sequence {f,}72, is defined by

fi=fo=1
frnt2 = foy1+ fn for all n.

Thus, to obtain one term, you add the two preceding ones. Thus the sequence’s first few terms are

{1,1,141,2+41,34+2,5+3,...} ={1,1,2,3,5,8,.. }.
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10.2  limit of sequences

Watch the video at

https://www.youtube.com/watch?v=pKrsN1{Zd8k&list=PLm168eGEcBjnS6ec]flh7BTDaUB6iShIL&in
dex=67

ABSTRACT

In this video, we define the limit of a sequence and examine limit laws and theorems for

sequences.

The limit at oo of a real-valued function introduced in Calculus I is particularized to a sequence:

DEFINITION 10.2.1. The limit of a sequence {a,}3>, is L, in symbols

lim a, =L,
n—oo
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if the values a_can be made as close to L as we want by taking n sufficiently large, that is, if for every

e > 0, there is N € N such that
n>N=|a, — L| <e.
If a sequence has a finite limit, we say that it is convergent. Otherwise, we say that it is divergent.
As a direct result of the definition, we have:
ProrosITION 10.2.2. If f : R — R and f(n) = a, for all n then

lim f(z) =L = lim a, = L.

T—r00 n—oo

ExampLE 10.2.3.

3 + 5n? . 3+ 5z2 5
m ————=1lm —— = —.
nsoo 24 n+3n2 o024 x+322 3
In(n? In(x? 21 2
lim n(r = lim n(z’) = lim nea lim £ =0.
n—o00 n T—00 T r—00 I z—00 1
lim 2 + cos(nm)
n—oo

does not exists because 2 + cos(nm) = 2+ (—1)" alternates between 1 and 3.

THEOREM 10.2.4. Let {a,}22, and {b,}>, be two convergent sequences and let ¢ be a constant.

1) lim, oo c=c;
2) limy o0 (an & by) = limy o0 an & limy, o0 by 5

4) If limy, o0 by, # 0 then

. Qp limy, 00 an
11m =

PropPoOsSITION 10.2.5. If f : R — R is continuous and lim,,_, a, = L then

n—oo
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THEOREM 10.2.6 (Squeeze Theorem for sequences) If for some n,

an < b, < ¢, for all n > ng

and
lim a, = lim ¢, = L
n— o0 n— o0
then
lim b, = L.
n—oo

COROLLARY 10.2.7. If lim,, 0o |an,| = 0 then lim,_,o a,, = 0.

ExaMpLE 10.2.8.

nlgr;@(—l) sin = 0

because
1 1
’(1)” sin —’ = sin —
n n
and lim,,_,oc sin = =sin0 = 0.
ExAaMPLE 10.2.9. What is
2
cos™ n
; ?
71,h—>Héo an ’
Solution. Since 0 < cos?n < 1, we have
< cos2n < 1
0< o S on

Moreover, lim,,_,oc 5= = 0, so that, by Theorem 10.2.6, lim,,_ COSZ” =0.
2 Y 2
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ExampLE 10.2.10. What is

n

lim — 7
n—oo MN!

Solution. Recall that by definition

nl:=n-(n—-1)-(n—-2)...3-2-1,

while 27" =2.2...2 with n factors. Thus

M10: Sequences and Series

2"_222 ...... 2~2_2222 2 2<22
n!l  1-2.3...(n—1)-n 1-2 3 4 n—-1 n~" n
because each one of the fractions 2, 2,... -2, is less than 1, and thus, so is their product. Thus
n
o< X 2
—nl T n
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10.3

abstract properties of sequences

Watch the video at

https://www.youtube.com/watch?v=eXP-jUDX3KU&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&i

ndex=68

ABSTRACT

This video introduces the notions of (eventually) non-decreasing and (eventually) non-
increasing sequence, of monotonic sequence, of lower and upper bounds for a sequence, as well
as greatest lower bound and least upper bound. It is shown that an eventually non-decreasing
sequences that is bounded above is convergent and that an eventually non-increasing sequence

that is bounded below is convergent.

DEerINITION 10.3.1. A sequence {a,}>2, is

increasing it a,11 > a, for all n;

eventually increasing if there is ng with a,,41 > a,, for all n > ng;

(eventually) non-decreasing if a,,+1 > a,, for all n (for all n > ng, for some ng)
(eventually) decreasing it a,+1 < a,, for all n (for all n > ng, for some ny)
(eventually) non-increasing if a,, 41 < a,, for all n (for all n > ng, for some n)
(eventually) monotonic if it is either (eventually) non-decreasing or (eventually) non-

increasing.

ExaMPLE 10.3.2. {n}22, is increasing, thus non-decreasing, thus monotonic.

-

is decreasing, thus non-increasing, thus monotonic.

The constant sequence {1}22, is both non-decreasing and non-increasing.

The sequence {(—1)"} ", is not monotonic.

DEerINITION 10.3.3. A sequence {a,}>2, is

bounded above if there is a number M (called an upper bound) such that a,, < M for all n;
bounded below if there is a number B (called a lower bound) such that a,, > B for all n;

bounded if it is bounded above and below.

ExampLE 10.3.4. The sequence {n}2°, is monotonic but not bounded (above).

n=1
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The sequence {cos (%)} " is bounded but not monotonic.

ProprosITION 10.3.5. If a sequence is bounded above it has a least upper bound. If it is bounded below it

has a greatest lower bound.

The least upper bound sup{a,, }5°; of the sequence {a, }> , satisfies
for every € > 0, there exists n.with a,, > sup{a,}32; —e. (10.3.1)
Similarly, the greatest lower bound inf{a, }5>, of the sequence {a,}>, satisfies
for every € > 0, there exists n.with a,, < inf{a,}52; + €. (10.3.2)

THEOREM 10.3.6. If a sequence is eventually non-decreasing and bounded above, it is convergent. If a

sequence is eventually non-increasing and bounded below, it is convergent.

Note also:

PrOPOSITION 10.3.7. A convergent sequence is bounded.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M10A in the manual of

exercises.
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10.4  limit of sequences defined inductively

Watch the videos at

https://www.youtube.com/watch?v=2tXDcknwgFc&list=PLm168e GEcBjnS6ec]Jflh7BTDaUB6;ShIL&in
dex=69

and

https://www.youtube.com/watch?v=DhOTjYSqm2I&list=PLm168eGEcBijnS6ecJflh7BTDaUB6jShIL&i
ndex=70

ABSTRACT

In this video, we examine through an example how to justify that a sequence defined inductively

is convergent, using proofs by induction, and how to find the limit.

We are now looking at examples of sequences defined inductively by

ai
{an+1 = f(a,) foralln (10.4.1)

(]
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Note that if {a, }°, is convergent and f is continuous, then, in view of Proposition 10.2.5,

L= lim a, = lim ap41 = lim f(ay) = f(L).
n—roo n— oo n—roo

Thus:
ProprosITION 10.4.1 If {a,}52, is defined by (10.4.1) where f is continuous, then the only possible limits
for {a,}52, are the fixed points of f, that is, values L such that

F(L) = L.

Therefore, to find the limit (if any) of a sequence defined recursively as in (10.4.1), we first need to

establish convergence, usually via Proposition 10.3.5, and then find the limit among the fixed points of f.

In order to apply Proposition 10.3.5, we will sometimes have to show that a sequence defined by (10.4.1)

is increasing (decreasing), and bounded above (below), and a convenient way to do that is by induction:

To prove that a property P(n) is true for all natural numbers #, it is enough to show that P(1) is true

and that for all n,

P(n) = P(n+1). (10.4.2)

Indeed, if P(1) is true, then by (10.4.2) with n = 1, P(2) is true, so that by (10.4.2) with n = 2, P(3) is

true, and so on. We conclude by induction that P(n) is true for all natural number #.

ExAMPLE 10.4.2. Is the sequence defined recursively by

a1::1
Uny1 =3 — =+ foralln (10.4.3)

An,

convergent? If yes, find its limit.

Solution. We will first show that the sequence is increasing, then that it is bounded, so that we

will conclude by Proposition 10.3.5 that the sequence is convergent.

To show that it is increasing, we proceed by induction to show a,+1 > a,, for all n. This is true for
n=1 for a; =1<ay=3—1=2. Assume that this is true for a given n. We want to show that it is

then necessarily also true for n + 1, that is, that a,,y2 > a,+1. To this end, note that

1 1 1 1
U1 > Gy = — > — 3- >3- —.
(79} An 41 An+41 (79}
=  Qpi2 > Gpyl using (10.4.3) for n and n + 1.
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We conclude by induction that {a,}52 is increasing.

Note that 0 < 1 < a,, for all n for {a,}22, is increasing and a; = 1. We show, by induction as well, that

an <3 foralln. Itistrueif n =1, as a; = 1 < 3. Assume now that a,, < 3. Then

1 1 1 1
= aps1 <3 using (10.4.3).

Therefore {a,};>, is increasing and bounded above, hence convergent. Let L :=lim, o a,. By

Proposition 10.4.1,

1
L=3—Z — I[?’-3L+1=0
3+5
<— L= .
2
Since a, > 1 for all n, L > 1 so that
L:3+2\/3.

ExAaMPLE 10.4.3. Is the sequence {a, }>, defined by

a1 = \/§
Gnt+1 =2+ a, foralln

convergent? If yes, find its limit.

Solution. We show by induction that {a,}32, is increasing, that is, we show that a,,+1 > a,

for all n. This is true for n = 1 for

G =V2I<VITa=\2+V2 =0

Assume now that this is true for some n, that is, a,,+1 > a, . Then

Ani1 > G == 2+ Apy1 > 2+ A = Anpo = /2 + ani1 > V2 + ap = any1,

so that the property is true for n + 1. We conclude that, by induction, a,+1 > a,, for all n, that is,

{an}52, is increasing.

Download free eBooks at bookboon.com



A youtube Calculus Workbook (Part I1) M10: Sequences and Series

We show by induction that {a,}?2, is bounded above by 2, that is, that a,, < 2 for all n. This is true for
n =1 for a; = /2 < 2. Assume that a,, < 2. Then

an <2=240a,<4=V2+4a,<V4=2 < a,1, <2,

and we conclude by induction that a,, < 2 for all n.

In view of Proposition 10.3.5, {a,}72; is convergent. Let L := lim,,_,~ a,, . By Proposition 10.4.1,

L=V24+L=1I1*=2+L < [?-L—-2=0 < (L-2)(L+1)=0,

sothat L =2 or L = —1. But a,, > v/2 for all n, so that L = 2.

ant to do?

Vouwro Touexs | Resanr Toocks | Macs Toveks | Vowo Buses | Vowo Cowsteucnion Esumsest | Wowo Pesm | Vowo Aeno | Wowo IT
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10.5  fixed points and limits of sequences defined inductively

Watch the videos at

https://www.youtube.com/watch?v=MusY]JvXR07A&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&i
ndex=71

and

https://www.youtube.com/watch?v=15¢70iBiDg0&list=PLm168eGEcBjnS6ecJflh7BTDaUB6;jShIL&ind
ex=72

ABSTRACT

In these videos, we examine the different possibilities for the convergence of a sequence defined
by (10.4.1) where f has fixed points, depending on the function and the initial condition. It is
also shown that a sequence converges to L if and only if the subsequences of odd index and

of even index both converge to L. This is illustrated on an example.

When a sequence is defined by (10.4.1), we can track the terms of the sequence geometrically on the
graph of f, using also the line y = x. Note that the fixed points of f, that is, the potential limits of the
sequence, are obtained as intersection points of the graph y = f(x) with y = x . Whether the sequence

converges or not often depends on the initial term a, .

y = f(x) y = f(z)

i
I

lim a,
5 {1 n— o &

g 1)

10 H / H ‘(-l'l 10 15 10 (}‘ \ 3 5 - 10 15
: . / :
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As we can see on the right hand side of the picture above, the sequence may converge “spiraling” around
the limit, that is, without being (eventually) monotonic, which prevents a direct application of Proposition
10.3.5. However, we see that the terms of the sequence are successively above and below the limit. Hence
the subsequences indexed by odd and by even numbers are monotonic, so that Proposition 10.3.5 can

be applied to these subsequences. Moreover, we establish:

ProposITION 10.5.1. Let {a,}°, be a sequence and L a real number. Then

lim a, =L < lim ag, = lim ag,41 = L.
n—oo n—oo n—oo

ExaMPLE 10.5.2. Is the sequence {a,}5°; defined by

ayp = 1

Ant1 = H% for all n
convergent? If yes, find its limit.

Solution. Examining the first few terms:

1 1 1 2 1 3 1 5 1 8

a1 = ;a :—:—;a = :—;a = :—’a = :—;a = = — ..

! T+l 2 Tl T3 T2 T T 1 8 T 1513

we see that az < a4 < ag... and that a; > a3 > a5 ..., and thus we set out to show, by induction, that

{a2n}22 is non-decreasing and that {a2,+1}32  is non-increasing.

Thus, we want to show that ay(, 1) = a2n42 > aa, for all n. It is true for n = 1 because a4 > as.

Assume that it is true for n. To show that it is then necessarily true for n + 1, note that

14+ agnt2 > 14 aon
1 1

>
1+as, = 1+azuq2

A2p41 2 A2n43
1 1

>
1+agnys = 1+ aonyr
A2n+4 = a2(n+2) 2 A2n4+2 = a2(n+1)

Q2ny2 2 A2n

Ll

and we conclude by induction that {as,}72; is non-decreasing, and a similar argument would show
that {a2n11}52, is non-increasing. Note that we have showed that f(z) = {3 is decreasing, and thus

fof isincreasing.
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We then show (by induction) that {as,}5°; is bounded above by 1 and that {as,+1}52, is bounded

below by 1. It is true for n =1 for a; = 3 < 1 and as = 2 > 1. Assume that it is true for n, that is,

N =

N[

azn <1 and agpqy >

Since azpt2 = f o f(az2,) and azyy3 = f o f(az,+1), we conclude from the fact that f o f isincreasingthat

agny2 < fo f(1) =

[GCRN V)

<landag,43> fof(3)=22>1,

so that the property is true for n + 1 and we conclude by induction.
Therefore, {a2,}72; is non-decreasing and bounded above, hence convergent by Proposition 10.3.5, and

{a2n+1}32; is non-increasing and bounded below, hence convergent. In view of Proposition 10.4.1 and

the fact that

asnt1) = f o flaz2n) and asy1y41 = f o flazny1)

their respective limits are among the fixed points of

1 14+
(o] xTr) = = .
fof() I+ 2+x
Since
1 -1+ 5
Qix:x@1+m:m2+2x<:>m2+$—1:0<:>x:T\/_,
T

we conclude that

-1+5
2 )

lim ag, = lim agp4+1 =
n—oo n—oo

for =1=v5 ~ () cannot be a limit since a,, > 0 for all n. By Proposition 10.5.1, we conclude that

2
. —1+5
lim a, = ——.

n—oo 2

Exercises

you are now prepared to work on the Practice Problems, and Homework set M10B in the manual of

exercises.
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10.6 Series

REMARK 10.6.1. If you need to brush up on the sigma sign notation for sums, you can review that here.

Watch the video at

https://www.youtube.com/watch?v=cd8gf1iFfKA&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;ShIL&ind

ex=73

ABSTRACT

In this video, partial sums, convergent series and divergent series are defined.

We begin with the example of the sum

S
sttg ot

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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to see whether we can make sense of an infinite sum. The geometric interpretation

seems to indicate that we should be able to make sense of this infinite sum, and that it should add up

to one. To this end, we consider the sequence {s,}>>; of partial sums:

We note that

T L R S L T I
and conjecture that the formula
1
sn=1-o2 (10.6.1)

may be true for all n. This is easily shown by induction for if (10.6.1) is true for some 7, then

111 Lot vy
Sne1 = ot oot et Tl ga o T Mg (T ) = o

Therefore

lim s, =1and 3, L :=lim Sp = 1.
S Sn anl B) n—oo Sn

More generally:

DEFINITION 10.6.2. Given a sequence {a,, }°2; (called sequence of terms of the series Y | a,, ), we define

its sequence {s,}2, of partial sums

n
Sp 1= E a; =a1 +ag+ ...+ ay,

i=1

178
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and define the series of general term a,,
oo
Z an = lim s,,
n—oo
n=1
which we call convergent if the limit exists, and divergent otherwise.

In the sequel, we are going to be concerned with the question of deciding whether a given series is

convergent or divergent, even though we will seldom be able to calculate the exact sum.
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10.7  Series: a criterion for divergence

Watch the video at

https://www.youtube.com/watch?v=T9bikTjs78 A&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&ind
ex=74

ABSTRACT

In this video, we establish a criterion for divergence of a series, often referred to as the n term

Test, stating that if the sequence of terms does not converge to 0, then the series is divergent.
THEOREM 10.7.1. If 3°>° | a,, is convergent then lim,,_, o a, = 0.
Equivalently:
THEOREM 10.7.2 (n™ term Test). If lim,, oo a,, # 0 then Y~ a, is divergent.

ExaMPLE 10.7.3. Are the following series convergent or divergent:

1) Zn 1 3n+1

Solution. lim,, o 5255 = 5 # 0, so that, by the n* term Test, the series ),

| 5oy is divergent.
2) >0, arctann
Solution. lim,,_,. arctann = 5 # 0 so that, by the n™ term Test, the series ), arctann is

divergent.

n+1 2
3) Zn 1 'Ez(n+)2
Solution. limy, 7(:5:;)2) 1#0 so that, by the n” term Test, the series ».,; n"(:[g) is

divergent.
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The converse of Theorem 10.7.2 is false! That is, there are sequences {a,,}°; with lim,_, a,, = 0 but

>0 an is divergent. For instance, we show that for

S

Ayp —

the sequence {s,,}2>, of partial sums verifies

n+1 d
Sp > / d In(n + 1)
1 x

so that
lim s, = 00
n— oo
and thus
1
Z — is divergent.
n
n=1
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10.8 Geometric Series

Watch the videos at

https://www.youtube.com/watch?v=LczuwtRj75c&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&ind
ex=75

and

https://www.youtube.com/watch?v=kIEw0tdQQ10&list=PLm168eGEcBijnS6ecJflh7BTDaUB6jShIL&in
dex=76

ABSTRACT

In these videos, we define geometric sequences and geometric series, examine when they

converge, and obtain a formula for the sum of a convergent geometric series.

DEFINITION 10.8.1. A geometric sequence of common ratio r is a sequence whose terms are of the form

1

2 n—
ai, a2 = a1r, az = ar = a1r ,...,0y = Qp—17T = a1T I

A geometric sequence is determined by its first term a and its common ratio r and can then be written

in standard form as
n—1\1°°
{a-r }n:1 .

ExampLE 10.8.2. The sequence with first terms

1) 5, 10, 20, 40, 80, 160, ... is geometric with common ratio 2 and first term 5, that is, the
sequence can be written

n—11® ) n - nY oo
{52 1}n_1:{§-2} :{5'2}n:0’

n=1

where the last two forms are easily seen to be equal to the standard form. It is sometimes

convenient to change index this way to obtain powers under a certain form.

2) 4,-2,1, -1 1 .. is geometric of common ratio —3 and first term 4, that is, the sequence

can be written
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PROPOSITION 10.8.3. The geometric sequence {a-r"~1}52, is

n=1

1) convergent to 0 if |r| < 1;

2) divergent if |r| > 1;

3) constant (and thus convergent) if r = 1;
4) divergent if r = —1.

DEFINITION 10.8.4. A geometric series is a series whose sequence of terms is geometric. Thus it can be

written in standard form as

oo
g ar™ 1,

n=1

In view of Proposition 10.8.3 and Theorem 10.7.2, a geometric series of common ratio r with |r| > 1 is

divergent. Moreover,

THEOREM 10.8.5. A geometric series of common ratio r is convergent if and only if

Ir| <1

and then

oo
Z n—1 a first term
ar = = —.
1 1—r 1 — common ratio
n=

ExaMPLE 10.8.6. Are the following series geometric? If yes, decide if they are convergent, and find their

sum whenever possible.

D Yol 55
Solution.

n

o e o e\n—1
nz::l 3n—1 ;e (5)

is the geometric series of first term e and common ratio . Since 0 < § <1, the series is

convergent and

i e e 3e
n:13”*1717 3-—¢

wlo

2) s —1+3-1+...

Solution. This series is geometric with first term § and common ratio -2. Since | — 2| > 1, the

co 1

series .~ | & (—2)" ! is divergent.
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3) 1+0.4+0.16+0.064 + ...
Solution. This series is geometric with first term 1 and common ratio 0.4. Since |0.4| < 1, the

series is convergent and

> 1
0.4)" 1 = =_ =2,
(0.4) 1-04 6 3

n=1

7’L+1 37171

4) XL )T

Solution.

is the geometric series with first term 1 and common ratio —2. Since | — 2| < 1, the series is

convergent and

Syl a 1
n=1 4n 1= (7%) 7
5) ZZO:I 3—2n8n—1
Solution.
R AR = G2 A
n_zg.gn—l_nzzlg (5)

i372n8n71 _ i (
n=1 n=1

is the geometric series of first term § and common ratio 3. Since |3| < 1, the series is convergent

and
1
9

oo
23—271871—1 _

8
n=1 1- 9

ExaMPpLE 10.8.7 (Decimal expansion of rational numbers and geometric series) You may know that
decimal numbers with expansions that are either finite or periodic are the rationals, that is, numbers

that can be written as the quotient of two integers. For a finite expansion, it is easy to see. For instance

=1

3456
3.456 = ——.
1000

What about periodic expansions? For instance, can we write
0.73 := 0.737373 ...

as a fraction of two integers? The pattern that repeats corresponds to ;= for the first two digits after 0,

73__ for the next two, and so on. Thus

73
10000 for the next tWO, 1000000
73 73 73 >, 73 1 \n-1
+ +(100)3+”‘_nz=:1ﬁ'(ﬁ)

0.73:=0.737373... = 100 (10012
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is the geometric series of first term ;= and common ratio ;. Thus

o=y (L T
R 100 \100 T 1--L 99
n=1 100

ExampLE 10.8.8. The series

is the geometric series of first term 1 and common ratio x. Thus, it is convergentifand onlyif -1 <z <1,

and for these values of x, we have

> 1
;x 1z

Similarly,

o0

T

E " = for -1 <z <1.
1—2z

n=1

This way, we obtain representations (on (-1, 1)) of functions of x as sums of a series.

360°
thinking.

Deloitte.

Discover thC truth at WWW.dClOitte,CalcareerS © Deloitte & Touche LLP and affiliated entities.
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10.9  Telescoping sums

Watch the video at

https://www.youtube.com/watch?v=e6ecDWAq49¢&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&in
dex=77

ABSTRACT
In this video, we obtain the exact sum for some series with telescoping sums. A result on the

constant multiple and sum of convergent series is stated and applied on examples.

In general, it is difficult to find the exact sum of a convergent series. We just saw that geometric series are
an exception. Another case where we can obtain exact sums is that of a series with so called telescoping

sums, for which most terms in the partial sums cancel out.

ExAaMPLE 10.9.1. Is the series

oo

1
2t in

n=1

convergent? If yes, find its sum.

Solution. Note that —,'— can be decomposed into partial fractions as

n2+n

1 1 1 1

n2+n:n(n—|—1) n n+l

Thus, the partial sum

rewrites as

1 1+1 1+1 1+ n 1 1+1 1
Sy = — -+ - == e — 4+ = =
2 2 3 3 4 -1 n n n+1l
- 1
N n+1
so that
=1
li =1= .
e ;nQ—i—n
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ExaMPLE 10.9.2. Is the series

=1
ZnQ—l

n=2

convergent? If yes, find its sum.

Solution. Note that

1 1 Ry
n2—1 (n—-1)mn+1) 2\n—-1 n+1)’

so that the partial sums are

1 1 1
T 241 i
1 1 1 1 1 1 1 1
SE U B e B TR B R
1 1 1 1 1 1
'+n—3_n—1+n—2_ﬁ+n—1_n+1>

and
=1
e =3 =2 e
o

ExAaMPLE 10.9.3. Is the series

convergent? If yes, find its sum.

Solution. Note that

ln< “ >:lnn—ln(n+1)

n+1

so that the partial sum is

Spo= Y Ini—In(i+1)
=1

Inl—-In24+m2-mn3+...4In(rn—1)—Inn+Inn—In(n+1)
= —In(n+1)
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and
lim s, = —oo.

n— oo

Thus Y_n—1 I ( T ) is divergent
THEOREM 10.9.4. Let ¢ be a real number. If >, a,, and Y~ b, are two convergent series, then so are
~,c-a, and Y7 (an + by) and we have

the series
E cC-Qp = C- E (07%
n=1 n=1

o)
> (an +bn) Zan+zbn
n=1 n=1

ExaMPLE 10.9.5. Is the series
(3 L
n2+4+n 3n

n=1

convergent? If yes, find its sum

Solution. By Example 10.9.1,
=1

Zn2+n:1

n=1

-1
co 1 (1)" — 1
3 is a geometric series of first term 3 and common ratio 3 so that

W=

N)\»—A

1 _
and Y1 37 = Dne1 3
oo

OO‘ —_
—_
Wi

n=1

In view of Theorem 10.9.4, we conclude
(o) (o) o0
3 1 1 1
( +_/>_Szn2+n 223__ 2 2

n=1

Exercises
you are now prepared to work on the Practice Problems, and Homework set M10C in the manual of

exercises.
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11 M11: Integral Test and
Comparison Test

1.1 Integral Test

Watch the video at

https://www.youtube.com/watch?v=E4z00UzG4QY &list=PLm168eGEcBjnS6ec]flh7BTDaUB6jShIL&i
ndex=78

ABSTRACT

In this video, we present the Integral Test and illustrate this result on examples.
In this section, we consider the problem of convergence of a series of the form
oo
> )
n=1

where fis a continuous non-negative decreasing function on [1,00).

SIMPLY CLEVER SKODA

We will turn your CV into
an opportunity of a lifetime
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Kot kens. 57 7 /
5 G 7 =

i
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Do you like cars? Would you like to be a part of a successful brand?
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Send us your CV. You will be surprised where it can take you.
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In this case, we can represent the terms f(1), f(2),..., f(n),... of the series as areas of rectangles, in

order to compare the partial sum with integrals of f, as shown below:

y=f(x) sn < f(1) + ]1 : f(z)dx

Since the sequence {s, }5°, of partial sums satisfies
n+1 n
/ fl@)de < s, < f(1) +/ f () de, (11.1.1)
1 1
we conclude
THEOREM 11.1.1 (Integral Test) Let f be a continuous, non-negative, decreasing function on [1,00). Then
Z f(n) converges <> [~ f(x)dx converges.
n=1
In view of (11.1.1),if 37| f(n) converges, then

| @< Y s < s+ [ s (11.12)
1 n=1 1

190
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ExampLE 11.1.2. Is 32,7, -5 convergent?

Solution. The series is of the form Y oo, f(n) for f(z) = ze==". This function is continuous

and positive on [1,00). Moreover, it is decreasing on this interval, for

flx)=e" — 2267 = ¢ (1-22%) <0 for z > %

Thus, the Integral Test applies to the effect that >°,°; = converges if and only if [ ze dz does.

Moreover
[} t
Te dr = lim re dx
1 t—o0 1
_ 42
. 1 k u 2
= lim —— e’ du for u = —x
t—o0 1
o1 1 . 1 1 1
= lim - [ p=lim — — — = —,
t—o0 t—oo 2¢ 2el 2e

so that > oo, eniz is convergent. Moreover, (11.1.2) yields

1 > n 1 1 3
— < — <Dy ==
26_Z 2_e+

Ijoined MITAS because e e

I wanted real responsibility www.discovermitas.com

I was a construction
SUPErvisor in

the North Sea
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e Lelping foremen
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11.2  p-series

Watch the video at
https://www.youtube.com/watch?v=VFuCgE8rwmg&list=PLm168eGEcBijnS6ecJflh7BTDaUB6jShIL&i

ndex=79
ABSTRACT
In this video, we establish that a p-series > | -1 converges if and only if p > 1. Additional

examples of applications of the Integral Test are included.

e}

>
npb

n=1

A series of the form

where p and k are fixed numbers, is called a p-series.

THEOREM 11.2.1 (p-series Test). Let p and k be fixed.
— k
Z — converges <= p > 1.

n=1

ExaMPLE 11.2.2. Are the following series convergent?

1. Ziio:l 3/%
1

1 o
:Zn_

W

Solution. The series

3 -

n2
n=1 VT n=1
is a divergent p-series because p = 2 < 1
5 <1
0 1
2. Yo V3
Solution. The series
[e ) [e )
1 1
> =2
n=1 VT n=1 n=

is a convergent p-series because p =3 > 1
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Here are additional examples illustrating the Integral Test (Theorem 11.1.1):

ExaMPLE 11.2.3. Are the following series convergent?

o 1
Lo > niineia

Solution. This series is of the form Y, ; f(n) where f(z) = 25 Is continuous non-negative

and decreasing on [1,00). By the Integral Test, the series is convergent if and only if

*  dz . 1 z]"
- = lim | = arctan —
1 X +4 t—oo | 2 2 1

o0 1

ne1 777 is convergent for

is convergent. Thus, 3

! 21" 1/nm 1
lim |- arctan—| = - | - —arctan— | .
t—oo | 2 2 1 2\2 2

o n
2. Ynet i

Solution. This series is of the form )~ | f(n) where f(z) = - is continuous non-negative,

and decreasing on [2,00) because

2% +4 — 22 4 — 22
f(z) = (22 + 4)2 :($2+4)2<Of0rm>2.

By the Integral Test, the series is convergent if and only if

<z
—d
/2 2214

is convergent. Moreover

[e%e] t
[ = [
o x2+4 t—oo o % +4
1 [ty
= lim — —uforu:x2+4
t—o00 2 ] u

= lim [In u]§2+4 = lim In(#* +4) — In8 = 0.
t—oo t—oo

Thus, the integral is divergent, and, by the Integral Test, 2,1 125 is divergent.
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11.3  Estimating the sum

Watch the video at

https://www.youtube.com/watch?v=iIEHWRI1Hc3]M&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&
index=80

ABSTRACT

In this video, we examine ways to control the error made in estimating the sum of a series that

converges by the Integral Test by approximating it by a partial sum.

If the series > a, = > -, f(n) converges by the Integral Test (Theorem 11.1.1) then in particular

a, > 0 for all n so that the sequence {s,}5°, of partial sums is non-decreasing and thus, the error

~
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made in the approximation
oo
sy an
n=1

is decreasing with # and has limit 0. R is called n™ remainder of the series.

The considerations we used to justify Theorem 11.1.1, can be used to control R :

195
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Thus,

THEOREM 11.3.1 If a series

Z Ap = Z f(n)
n=1 n=1

converges by the Integral Test, then the n" remainder R satisfies
/ f(x)deRng/ f(z) dx
n+1 n

and therefore, adding the n" partial sum s :
g p "

3n+/::1 flx)dx < ian < sy, +/:Of(93)d$~

(11.3.1)

ExAMPLE 11.3.2.Is 37, n% convergent? If yes, estimate the sum, exact to three decimal places.

o0

Solution. This is a p-series for p =5 > 1, and therefore

n=1 nb

is convergent. To estimate

oo, 15 with three exact decimal places, we need the error to be less than 10~* so as to not

n=1

affect the third decimal. Recall that p-series converge by the Integral Test. Thus, we can use

the estimate
oo
1
Sn Z B’
n=1

where the error R satisfies, according to Theorem 11.3.1,
< dv 11" 1
Rn < /7; 25 theo | 42t T ant

n

Thus, R,, < 10~* whenever

Thus the partial sum

1 1

1
sg =14+ -+ =+ ...+ = =1.036880406256885

25 35 85

approximates >~ | -1 with at least 3 exact decimal places.
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Note that using (11.3.1), we can obtain a fourth exact decimal for

+/°°d:r< 1< +/°°dx
s — — <s —
8 9 T ns =78 g P

1 1 1
< — < _—
SS+4><94_Z715_88+4><84

1

1.036918510204454 < E — < 1.036941441413135.
n

n=1

Exercises

you are now prepared to work on the Practice Problems, and Homework set M11A in the manual of

exercises.
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114  Direct Comparison Test

Watch the video at

https://www.youtube.com/watch?v=vg2q8zR4ng8&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&ind

ex=81

ABSTRACT

In this video, we present the Comparison Test for series and apply it to conclude on the

convergence of various examples of series.

If

0<a, <by

and
n n
Sp = Zai and t,, = Z bn,
i=1 i=1

then s, <t, for all n, and both sequences of partial sums {s,,}>2, and {¢,}72, are non-decreasing.
Thus, if {t,,}5°, is convergent, then {s,}>2, is non-decreasing and bounded above, hence convergent.
On the other hand, if {s,,}5°, is divergent, then lim,,_,~ s, = 0o and as ¢,, > s,,, lim,, 00 £, = 00 . In

other words:
THEOREM 11.4.1 (Comparison Test) If

0<a, <b,foralln

then

o0 oo
Z b, convergent —> Z a, convergent

n=1 n=1

oo oo
Z an divergent — Z b, divergent.

n=1 n=1
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ExAMPLE 11.4.2. Are the following series convergent or divergent?

1
1. 220:1 2n+3
Solution. Since 2" + 3 > 2™, we conclude that

1 1
< — for all n.
713 = o or all n

Since Y07 | 5= =Yo7, (3) ™ is geometric of common ratio 1, -7 | - is convergent. Applying

the Comparison Test, we conclude that > is convergent.

n=1 2n+3

es} 2
2. Zn:l n3+4

Solution. Since n® + 4 > n3, we have

2 2
i < — for all n.
Moreover, Y7 | 2 isa p—series with p =3 > 1 and is therefore convergent. By Comparison

Test, the series > ° is also convergent.

n=1 n3+4

o0

1
3. Zn:l n24+n+1

Solution. Since n2 +n + 1 > n?, we have

1 1
_ < — for all n.
n?+n+1
Moreover, > | 25 is a convergent p-series for p = 2 > 1. By Comparison Test, >~ , m

is also convergent.

ZD Dy

Solution. Since n — /n < n, we have

l < for all n.
n

1
n—+/n

Moreover > | 1 isa divergent p-series for p = 1 < 1. By Comparison Test, we conclude that

1 . .
Y one1 7o is also divergent.
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5 ZOO -1
© =l (e ) (n42)
Solution. Note that

1 1
—— S —3
nn+1)(n+2)  n?

[V

for all n.

n(n+1)(n+2) > n® = /nn+ 1)(n+2) >n

oo

1 . . .
Moreover, En:l 3 1S a COl’lVCI'geIlt p-serles for p = 3 >1. BY Comparlson Test,
n2 2

o 1.
2 on—1 /mntD)(nt2) is also convergent.

o 5
6. Zn:l 3n42
Solution. Since 3" 4+ 2 > 37,

5 5
312 gg—nforalln7

and Y00 2 =375 (%)" is a convergent geometric series, for its common ratio is § and

1 ; o 5
|5/ <1.By Comparison Test, >, _, %5 is also convergent.

REMARK 11.4.3. We expect the series Y., ; 57— to behave like the series ., ; 5 which is geometric
of common ration £, and thus convergent. However, direct comparison with >~ 5= does not apply for
1 1

2n_lz—nforaulln,

which is not the direction of inequality we need. To address this problem, we introduce a variant of the

Comparison Test in the next section.
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11.5  Limit Comparison Test

Watch the video at

https://www.youtube.com/watch?v=URCmqHziYol&list=PLm168eGEcBjnS6ecJflh7BTDaUB6iShIL&i

ndex=82

ABSTRACT

In this video, we state and prove the Limit Comparison Test for series and examine examples

of applications.

THEOREM 11.5.1 (Limit Comparison Test) Let {an } 521 and {bn}721 be sequences of non-negative numbers.
If

.a
lim = = ¢ where 0 < ¢ < o0,
n—oo by,

then the series Y~ | an and Y, by either both converge or both diverge.

L, =
[:: = _,JI ‘\
1-..<| .1 i.-‘ o S\j
’ = caendh
neco e

At
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ExaMPLE 11.5.2. Are the following series convergent or divergent?

0 1
1. Dopet 371
Solution. Let a,, = 3z and b,, = 5~. Then
. a . 2" A _ 1
lim — = lim — = lim 7~ = lim — =1>0.
n—oo by, n—oo 21 — 1 n—)ooQ”(l—Z—n) n—>ool—2—n
is a convergent geometric series, for its common ratio is
7 1s convergent.

e (3)"
1

(

n=1
co 1
n=1 27—

Moreover, > 7 b, =Y
1 < 1. By the Limit Comparison Test, >

2n%43
2. Z:,O:I 17/15j_—n?
i — 2n’43n —n2 _ 1
Solution. Let a,, = N and by, =T Then
1 5
nz (2n% + 3n nz(2+32
limb—": lim ( 51)2111115( n)l
n—oo n—oo 2 n—oo 2 5 2
. (5+ %) NYEE
+ 3
n_=2>0

lim
5
< 1. By the Limit Comparison Test,

is a divergent p-series for p = 1

o 1
I

n=1
n

o0
Moreover, Zn:l bn =3
2n°43n . .
/=% is also divergent.

oo
Zn:l A /5+n5

o0 14n4n?
3. Zn:l 1+n2+nb

_ 14+n+n? _n?_ 1

= iy and b, = % = ;. Then
6 ( 1 1
n(1+ 1+ L)
n n J—

0 ) =1>0.

Solution. Let a,,
n*(1+n+n?) .

= lim 1

noeonS (14 55 + 55

li an
m — =
1+ n?+nb

isa convergent p-series for p = 4 > 1. By the Limit Comparison

1

o0 o0
net bn =202 1
is also convergent.

Moreover, >
e o] 1-|-n-"-n2
Test, Zn:l 14+n2+4nb

4. 370 sin (711)
L Then

Solution. Let a_ = sin Land b, =

3

. 1 .
s =
TRy S C )
= x—0 I
n
is a divergent p-series for p = 1 < 1. By the Limit Comparison

lim — =
n— oo n n— 00

%0 1
n=1n

Moreover Y 0° b, =Y
Test, >, sin (1) is also divergent.
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oo 1
5- Zn:]_ 1+ 1
nTn

Solution. Note that

1 1 Inn
n1+77 :n.nn :ne n
and
Inn o lnzgyg 1
lim — = lim — = lim £ =0,
n—oo n T—00 T z—o0 1
so that
. 1
lim n7 =’ =1
n—oo
. _ 1
Thus, letting » = 7T and b, = L, we have
. a . n .
lim — = lim = lim —=-=1>0.
n—oo by, n—oo pl+y n—00 N 1

. . . s . o0 1.
Moreover, > 7, % is a divergent p-series for p = 1 < 1. By the Limit Comparison Test, D=1 LIS

divergent as well.
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11.6  Estimating sums revisited

Watch the video at

https://www.youtube.com/watch?v=sXs9bjUcxbg&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;ShIL&ind
ex=83

ABSTRACT

In this video, we examine how to control the error made when approximating the sum of a

series by a partial sum, when we used the Comparison Test to conclude on convergence.
If we established the convergence of a series >~ | a,, using the Comparison Test, then we had
0 < a, <b, for all n, (11.6.1)

and > | b, convergent. Note that if

Rn: io: a; andTnz i b’ia

i=n+1 i=n+1

then

because of (11.6.1). In many cases, Y .., b, is a p-series or a geometric series, and we can estimate
T, thus R.
ExaMPLE 11.6.1. Find 7 such that the n* partial sum of

1

;n4+5

has at least four exact decimal places.

Solution. Since

1 1

0<
“nt45 " nd

1

and ) 7| - is a convergent p-series (p = 4 > 1), we conclude by the Comparison Test that y~* | L=

is convergent. Moreover

> 1 =1 ® dx
Ri= > msti= Y <[5
i=n+1 i=n+1
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and
/°° dr _ 11"
= 11m —_— = —.
n 33 3n3

vy
€T t—o0 n

Thus, R, < # and we can ensure that R,, < 10~ by requiring 3# < 10~® which amounts to

10°
> ¢ ~ 32.2.
"=\73
Thus
33 e
1 1
S33_Zi4+5 N;n4+5

i=1

with an error of at most 10~°, and thus at least 4 exact decimal places.

ExaMPLE 11.6.2. Find # such that the n™ partial sum of

2

;3”+5

has at least three exact decimal places.

Solution. Since

2 2
< —
3" +5 3"

0<

[ee) 1\n

and 377, % =370, 2 (3
. 2
conclude by the Comparison Test that > | 5%«

) is a geometric series of common ratio %, hence convergent, we
is convergent. Moreover

n — 9 L = n — _1: 1 = an
i:n+13 +5 i:n+13 l—3 3"

Thus, we can ensure that R,, < 10~* by requiring

1
3 <107* <= log;(10*) < n.

Since log;(10%) ~ 8.3, we conclude that

° 2 <2
59:;3%5%2371%

n=1

with an error of at most 10-* and thus at lest 3 exact decimal places.
Exercises

you are now prepared to work on the Practice Problems, and Homework set M11B in the manual of

exercises.
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12 M12: Alternating Series Test

12.1  Alternating Series Test

Watch the video at

https://www.youtube.com/watch?v=INXn6LOoQNk&list=PLm168eGEcBijnS6ec]flh7BTDaUB6jShIL&
index=84

ABSTRACT

In this video, alternating series are defined and examples examined. The Alternating Series

Test is stated and established, and applied to a number of examples.

DEFINITION 12.1.1. A series is alternating if its terms are alternatively positive and negative.

ExaMPLE 12.1.2.

oo
n 1 2 3
_1)” -, 2_°2
;( SariT ats T
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and

1-—

is not, for the sign of the terms do not alternate for every n.

Note that an alternating series Y | a,, can be written under the form

Z(fl)" by, or Z(fl)”*lbn where b, = |a,| > 0.

n=1 n=1

THEOREM 12.1.3 (Alternating Series Test) An alternating series >, (—1)"""by or > ome (=1)"bn, where

bn > 0 for all n, {b,},-, is eventually non-increasing, and

lim b, =0

n—oo

is convergent.

ExAMPLE 12.1.4. Are the following series convergent?

1L Xl (=)t

S|=

Solution. Since {1} | is decreasing with limit 0 and the series is alternating, the Alternating

Series Test applies to the effect that 3> | (—1)""'1 is convergent.

DO

o0
1
Solution. Since {\/_ﬁ}nzl is decreasing with limit 0 (because /z is increasing with
lim,_, v/ = 00 ) and the series is alternating, the Alternating Series Test applies to the effect

that Zflo:l(—l)"ﬁ is convergent.

) n—1 1
. Zn:l(_]‘) m

o0

1
Solution. Since {ln(n-‘rl—)} is decreasing with limit 0 (because In x is increasing with

n=1

lim, o Inz = o0 ) and the series is alternating, the Alternating Series Test applies to the

effect that '220:1 (-1t is convergent.

1
In(n+1)
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4. 302 (1) cos (T)
Solution. Since

lim cos (I) =cos0 =1,
n

n—oo
lim (—1)" cos <E> #0
n—o00 n
and the n™ term Test applies to the effect that >~ ° | (—1)" cos (X) is divergent.
5. Xl (-)" 5

Solution. Since

2¢ \'  2(42? + 1) — 1622 2 — 82
- — for z > 1
<4x2+1> (422 +1)2 (422 +1)2 <Oforz =1,

2n o . . .
we conclude that | nz+1 _, is non-increasing. Moreover,

n

2n

e O

Thus, the Alternating Series Test applies to the effect that Zfﬂ(—l)nﬁ is convergent.

6. ZZO:1 (_1)n 4211

Solution. Since

2n 1
li — -2
11270
2n
lim (—1)"
A D T 70

and the n" term Test applies to the effect that >~ | (—1)" ;225 is divergent.
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12.2  Absolute and conditional convergence

Watch the video at

https://www.youtube.com/watch?v=nT6AZ50CJio&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&in
dex=85

ABSTRACT

In this video, the notions of absolute convergence and of conditional convergence are introduced.
It is shown that an absolutely convergent series is also convergent. Examples are examined to

determined if a series is absolutely convergent, conditionally convergent, or divergent.

DEFINITION 12.2.1. A series Y, —; an is absolutely convergentif 3.°° | |a,| is convergent,and conditionally

convergent if it is convergent but not absolutely convergent.

ExaMPLE 12.2.2. The series

oo

1
(-1)"—
n=1 n
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is absolutely convergent for

n=1

S|

> (-
n=1

is a convergent p-series (p = 2 > 1). On the other hand
is conditionally convergent because Y~ | (—1)" L is convergent by the Alternating Series Test as { }2,0:1

is decreasing with limit 0, but }>° | (—1)"1 is not absolutely convergent for
— 1

o
n=1

is a divergent p-series (p =1 < 1).

THEOREM 12.2.3. An absolutely convergent series is convergent.
ExAMPLE 12.2.4. Are the following series absolutely convergent, conditionally convergent or divergent?

[es} sinn
1. Zn:l n3
Solution. Since
sinn 1
0= 3 | = 3
n n

is absolutely convergent.

o sinn
n=1 n3

and ) 7, - is a convergent p-series (p = 3 > 1), we conclude by the Comparison Test that

| is convergent, that is, 3

Z:é:l sieran
oo -t
2. Y S
Solution. Since
(G Vil B
1)n—1 .
o/ is absolutely

o0 1 —
and 2on—1 7 isaconvergent p-series (p = 3 > 1), we conclude that Dot : "

convergent.
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)nl

3 an n

Solution. Since
‘ =

NG
fo%e) _1\yn—1
= 1 <1), the series 2_,—1 (I)T is not absolutely
is decreasing with limit 0. By the Alternating Series

is a divergent p-series (p

and 2n1 %
convergent. On the other hand { ey |
_1yn—1
Test, Yooy }/); is convergent, hence conditionally convergent
_yn
4. Z:,OZI (n+?5
=Dt
= —4=and
lim =1>0,
so that, by the Limit Comparison Test, Y- ", = is divergent because }_", 1 is a divergent
o (ni), is not absolutely convergent. On the other hand
) is convergent,

p-series (p=1<1). Thus 377
, is decreasing with limit 0. By the Alternating Series Test, } "

n+5
hence condltlonally convergent

[} —1)"n
5. Yol o

Solution. Since
x H .. 1 .
= lim —— = lim z+ 1= oo,
Tr—00 ——— Tr—r00
x+1

—1)"n

- ]
=Y In(xz + 1)
n=1 ln(nJrl) is

li

nl—>H;o In(n + 1)
—1)"n

the sequence {l(n(n)—i-l_)} does not converge to 0. By the n* term Test, >, -

divergent.
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12.3  Estimating sums with the Alternating Series Test

Watch the video at

https://www.youtube.com/watch?v=eC5 B plwzl&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6iShIL&in
dex=86

ABSTRACT

In this video, we examine upper bounds for the error made in approximating the sum of a

series that converges by the Alternating Series Test by a partial sum.
ProprosITION 12.3.1. Ifan alternating series Y -, (—1)""'b,, converges by the Alternating Series Test (that
is, by, > 0, {b,},—, iseventually non-increasingandlim,, . b, = 0)thentheerror R,, = 3 7= (=1)""'b;

made in approximating > o, (—=1)""'b,, by the n™ partial sum s, =, (—1)""'b; satisfies

|Rn‘ S bn+1~

In other words, the first neglected term is an upper bound for the error.

American online

is currently enrolling in the
Interactive Online
programs:

enroll by September 30th, 2014 and
save up to 16% on the tuition!

pay in 10 installments / 2 years
Interactive Online education

vvyvVvyyVvyy

visit to
find out morel

Note: LIGS University is not accredited by an

nationally recognized accrediting agency listed

by the US Secretary of Education.
ore info here.

—

212 Click on the ad to read more

Download free eBooks at bookboon.com


https://www.youtube.com/watch?v=eC5_B_pIwzI&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&index=86
https://www.youtube.com/watch?v=eC5_B_pIwzI&list=PLm168eGEcBjnS6ecJflh7BTDaUB6jShIL&index=86
http://s.bookboon.com/LIGS

ExampLE 12.3.2. Find

with 4 exact decimal places.

oo

Solution. The sequence {—(2n1—1)!} is decreasing with limit 0, so that Proposition 12.3.1

n=1

applies to the effect that the error R,, made in the approximation

t &
5"22(21'—1)! NZ(Qn—l)!

satisfies

1 1
1Bl < Cn+1) -1 2o+l

Examining the values of (2n + 1)! as n grows we have 3! = 6, 5! =120, 7! = 5040, and
9! = 362160 > 10°. Thus

11 1 = (=)t
= ]_ —_ — —_— e ] _—
o 6 7120 5040 ; (2n — 1)
with an error less than 1075, hence at least 4 exact decimal places.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M12 in the manual of

exercises.
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13.1 Ratio Test (Statement and proof)

Watch the video at

https://www.youtube.com/watch?v=BOcp-elEnGk&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&in
dex=87

ABSTRACT

In this video, we state and prove the Ratio Test.

THEOREM 13.1.1 (Ratio Test)

1. If

Ap+1
an,

lim =L<1

n— oo

then °° | a, is absolutely convergent, hence convergent.

2. If

. An+41 .
lim |/ =L > 1 or lim,_ye0 il = oo
n—00 | Ay n
then >°° | a, is divergent.
3. If
. An+41
lim |21 =1
n— oo a’ﬂ
the test is inconclusive.
ExAMPLE 13.1.2. The Ratio Test is indeed inconclusive if lim,, . | “2**| = 1, as we can see from the fact

=1ifa,=1andif a, = %, but 307 L is divergent and >, | - is convergent.

=1 doesn't give any indication regarding the convergence of the series.

An+1

An

An41
an

that lim,_, o

Thus lim,_
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13.2  Ratio Test: examples

Watch the videos at

https://www.youtube.com/watch?v=7533eDmpD0U&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&i
ndex=88

and

https://www.youtube.com/watch?v=YtfOBD0o4mO0E&list=PLm168eGEcBijnS6ec]flh7BTDaUB6jShIL&i
ndex=89

and

https://www.youtube.com/watch?v=6cm0InpWM2I&list=PLm168eGEcBijnS6ec]flh7BTDaUB6jShIL&i

ndex=90

ABSTRACT

In these videos, the convergence of series is tested on a number of examples using the Ratio Test.
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ExaMPLE 13.2.1. Are the following series convergent or divergent?

o —1)"n?
1L, S

Solution. In this case

Ap+1
an

n

4D 3t 1 1)’
T3l 33

=1 < 1. By the Ratio Test, the series > 7, Dl g absolutely

so that lim,_, 37

An+1
a

n

conver; gent, hence convergent.

oo 2745
2. Dol T

Solution. In this case

An+41
Qnp

_ontlys o 3n 1 2" (2+57)

3n+1 2n_~_57§ m

An+41
Qn

so that lim,,

= 2 < 1. By the Ratio Test, >°° | 2-+5 is convergent.

3n

3. S
Solution. Since

10"t nl n! 1o+t 10

T (n+1)! 10" (1) 10" 41’

An+1
ap

we conclude that lim,, =0 < 1. By the Ratio Test, ., 17‘1—),71 is convergent.

an41
Qn

4.y

Solution. Since

U1 (2n + 2)! nlnl  ( nl \? (2n+2)!
an, n+D!n+1)! 20 \(n+1) 2n!
2n+1)(2n+2)
(n+1)2 7
we conclude that
lim |22 4> 1
n—oo A,

and, by the Ratio Test, °° | &™)l js divergent.

n=1 nln!
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ExAMPLE 13.2.2. Are the following series convergent or divergent?

1 E:OO n!
. n=1 nn

Solution. Since

| (4D wm o ndl (o N ()
an, (n+ 17t nl (n4 1)nt! n+1
and
. n . Inz—-—In(z+1) g . %—ﬁ ) x?
lim nln = lim — = lim T = lim —
n—00 n+1 T— 00 < oo —=y z—oo x4+ 1
2 .2
= m T T gy T~
T—>00 x+1 z—oo x4+ 1
we conclude that limn—o | “2| =€e™! <1, By the Ratio Test, Soo° & is convergent.
2. 3 nlem™
Solution. Since
any1|  (n+D! e n+4l
a, | nl entl = ¢ 7

An+1
Qan

we have limn o0 = 00, By the Ratio Test, _~ , nle™" is divergent.

3. >.7, an where

Solution. By definition of {an}5>;

_5n+1
T 4n+3

Ap+1
an

An+1
Qan

so that llmy—

=3>1 By the Ratio Test, > ° | a, is divergent.
ExAMPLE 13.2.3. Show in two different ways that -~ ne™" is convergent.

Solution. Method 1: Integral Test. The series is of the form >~ f(n) where f(z) =ze™" is

non-negative, continuous, and decreasing on [1,00) for
f@)y=e"1—-2)<0forz>1.

By the Integral Test, > ", ne™" is convergent if and only if [ ze™* dx is. moreover,

e’} t
/ re Ydr = lim ze *dx
1

t—o0 1
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and we calculate flt ze *dx by parts with w =2 and dv=e""dx so that du=dz and

v = —e~ %, that is,
t t
—x —z]t —x —x t 2 t+ 1
/1!E€ dx:[—xe ]l—i—/le dx:[—e (m—f—l)]l:g_ i
Moreover,
t+1 1
lim = 2 i = =0,
t—oo e t—oo e
Thus,

t—oo e et e

* 2 t+1 2
/ ze *dr= lim - — Tl -,
1

so that >~ ne™" is convergent.

Method 2: Ratio Test. Since

ant1| n+1 e 1 n+1
an | n entl ¢ n '
we conclude that
. An+1
lim |2 == < 1,
n—oo | Gp e

so that 7, ne™" is convergent by the Ratio Test.

ExAMPLE 13.2.4. For what values of x is the sequence [z | convergent? When convergent, find the
n: n—=

limit.

Solution. By the n™ term Test, we have

n

lim — =0 for all z,
n—oo n!

because > °7 £ s convergent for all x. Indeed, letting a,, = 7 we have
n: n:

n=1
anr|_ ™ nl o]
an | (n+1)! |zjn w41’
so that
lim |24 — 0 for all
n—oo | Qp

and >°°7 | 20 is absolutely convergent for all x, by the Ratio Test.
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13.3 Root Test

Watch the video at

https://www.youtube.com/watch?v=mnry Af3tek&list=PLm168eGEcBinS6ec]flh7BTDaUB6ijShIL&ind

ex=91

ABSTRACT

In this video, the Root Test for convergence of series is stated and proved, and applied to some

examples.

ExaMPLE 13.3.1. Consider the series > | a,, where

anp = 5 if nis odd
a, = 55 if nis even

The Ratio Test is inconclusive in this case, for

1 2" 1

. nl o
T = =
oantl  p 2n

_n+1 _
Toontl 7T T

Ap+1
Qan

An+1
an

/
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An+1
an

does not have a limit because it has a subsequence

depending on whether 7 is even or odd. Thus,
with limit e and a subsequence with limit 0. Yet, we ought to be able to conclude by “comparison” to

the geometric series >~ | 5, which is the spirit of the Ratio Test.

The alternative is:

THEOREM 13.3.2 (Root Test)

1. If
lim ¥/|an] =L <1

n—roo

then > | a, is absolutely convergent, hence convergent.

2. If

lim {/|a,|=L>1or lim {/|a,| =00
n— 00 n— 00
then > | a, is divergent.

3. If
lim V/|a,| =1

n— oo

then the Test is inconclusive.

ExAMPLE 13.3.3. We see that the Root Test is inconclusive when lim,, . {/[ax| = 1 because, given that

1
. Inzx g . o
lim — = lim £ =0,
T—00 I z—o00 |
we have
. 1 1 . . 1
lim 4/ — lim — = lim —7 = lim - =1
n—o0o n n—00 nw n—00 o n—oo €
and
| .
lim {/— = lim —5 =1
n—o00 n n—oo e

but 377 | L is a divergent p-series (p = 1 < 1), while }_,° , - is a convergent p-series (p =2 > 1).
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ExAaMPLE 13.3.4. We can use the Root Test to justify that the series of Example 13.3.1 is convergent. Indeed

1
nr ifnisodd
{L/a = 12 . . ?
5 if n is even
so that
li L <1
im Ya, ==
n—00 n 2
for
in
lim n% = lim en» =¢ = 1.
n— oo n— oo

By the Root Test, > | a, is convergent.

Note that we could also have used a comparison argument to reduce the problem to using the Ratio

Test: Since

> Apply now
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and > ° | J% is convergent by the Ratio Test, because

n+1 2"

ontl p

1 n+1 1
T2 a2
we conclude by the Comparison Test that >_,_; @ is convergent.

ExAMPLE 13.3.5. Are the following series convergent?

n
[ee] 4n+1
1o ()

: _ [ 4n+1 "
Solution. If a,, = <5n13> then

dn+1 4
lim /]a,| = li == <1,
i Vlenl = 00 533 =5 <

n
. 4n+1 .
so that the series 2 n—1 (5213) is convergent by the Root Test.

n
e 2n%41
2 T (25)

Solution. If a,, = (iﬁj;) then

2 4 1
lim ¥/an] = lim 2 — 251,

n— o0 n—oo N2 +3
. o (2n241\" . ..
so that the series 2_n=1 n?13 is divergent by the Root Test.
- (1)
3. Zn:l (arctann)™

Solution. If a,, = (_71)")71 then

(arctann

1
lim {/|a,| = lim ——— == <1,

n— 00 n—oo arctann s

so that the series Y., % is convergent by the Root Test.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M13 in the manual of

exercises.

Download free eBooks at bookboon.com



13.4  Strategies to test series for convergence (M14)

Watch the video at

https://www.youtube.com/watch?v=TdAMMHGtXmwE&list=PLm168eGEcBjnS6ecJflh7BTDaUB6;ShIL
&index=92

ABSTRACT

In this video, we discuss strategies to decide which of the various Tests we have seen should

be applied to decide on the convergence of a series.

When we want to decide if a series Y., @ is convergent, you may want to approach it following these

guidelines:

1. What is lim,, 00 @n ?

oo
lim a, # 0 = Z an is divergent by nt"term Test
n—oo

n=1

lim a, = 0 = need to use other Test.

n—oo

© k.

o2 | = or a geometric series > ° , ar™~'?

2. Is the series a p-series

« p-series is convergent if and only if p > 1

« geometric series of common ratio r is convergent if and only if |r| < 1, in which case

> a

g a-r"l = .
1—r

n=1

3. Is the series “similar” to a p-series or a geometric series? Then use Direct (Theorem 11.4.1)
or Limit Comparison (Theorem 11.5.1) with the appropriate p-series or geometric series.
Note that Comparison only applies to series with positive terms, but if a series does not

oo

have only positive terms, these theorems can be applied to > | |a,| to obtain absolute

convergence, hence convergence.

ExaMPLE 13.4.1. To conclude about the convergence of > et ﬁ, note that

on on 2 n—1
0< < =2 |z
— 3n—1 +2 = 3n—1 <3>

n—1
and that >n-12(3) is a convergent geometric series for its common ratio 2 is in (—1,1). By

. 00 o,
Comparison Test, Y one1 37-173 is also convergent.
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ExAMPLE 13.4.2. To conclude on the convergence of >_,—; 7@/%, let
vnd +3n+3 and b vn?3 1
" oS+t 1 T

and note that

Y R T B AR ek A

. an
lim — = = lim =—>0
noee by noee YanSnTHl moee paf 1 V2T
.. . ©  Vnf+3n43 . _ 1,
so that by the Limit Comparison Test, 2inm1 VanoreayT is divergent, for Y1 bn =320 Tisa

divergent p-series (p = 2 < 1).

4. Is the series alternating, that is, of the form Y  (-=1)"b, or > 2  (—1)""'b, where
b, > 0 for all n? If yes, the Alternating Series Test (Theorem 12.1.3) applies to the effect
that the series is convergent provided that {b,} -, is eventually non-increasing and that

lim,, o by, = 0.

5. Series with general terms defined in terms of products, quotients, powers, and particularly
factorials, are usually handled by the Ratio Test (Theorem 13.1.1)
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An+1
Qn

REMARK. To apply the ratio test, you need to calculate » simplify it, and find the limit

as n goes to oo. To this end, keep in mind that.

L =gy andn!l=1-2-3...-(n—1)n,
a¥

so that for instance

n! 1
n+2)! (m+1)(n+2)

and 33:% =371
6. If >opey@n = > po1(bn)" use the Root Test (Theorem 13.3.2).

7. If none of the above applies, you can try to apply the Integral Test (Theorem 11.1.1)
provided that

Zan:Zf(n)

where fis eventually continuous, non-negative, and decreasing. Then

Z f(n) converges < [ f(z)dx converges.
n=1

Exercises

you are now prepared to work on the Practice Problems, and Homework set M14 in the manual of

exercises.

Before turning to Chapter 14, you should also take Mock Test 4.
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14 M15: Power Series and Taylor
Series

14.1 Power series

Watch the video at

https://www.youtube.com/watch?v=IsZMVI4VcCU&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&i
ndex=93

ABSTRACT

In this video, power series are defined and conditions for their convergence examined, leading

to the definition of radius of convergence and interval of convergence.

In the sequel, we use the convention that
ol:=1.

ExaMPLE 14.1.1. The series
>4
— nl
is absolutely convergent for all x, by the Ratio Test, because

N ||
S (n+D)! jxr n+1

anJrl
an,

=0 < 1 for all x. Thus

& "
frx— Z —
n!

n=1

so that lim,,_, oo

An41
an

n

is a well-defined function with domain (—o0, 00).

In this module, we will be interested in functions defined that way, and when a given function can be

represented that way.
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DEFINITION 14.1.2. A power series (centered at 0) is a series of the form

oo
n __ 2 n
g ChX =cCopt+cCixr+cx +...+cpT +...,

n=0
where x is a variable and all of the c s are constants, called coefficients of the power series.
Of course

flz) = Z ez
n=0

is only defined for values of x making the series converge. Thus we will want to determine the set of x’s

making power series converge.
Note that for x = 0, > >° ¢,z = ¢y is always convergent.

ExampLE 14.1.3. If c, =1 for all n, we obtain > oo™ which is a geometric series of common ratio x.

Thus Y_,—02" converges if and only if |z| < 1 and then

1
Zm”zl forall -1 <2 <1,

— T

Need help with your
dissertation?

Get in-depth feedback & advice from experts in your
topic area. Find out what you can do to improve
the quality of your dissertation!
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so that >_,—o%" is a function with domain (—1,1). We will say that f(z) = == has a power series

representation on (—1,1).
ExAMPLE 14.1.4. For what values of x is the series Y~ nlz™ convergent?

Solution. If a,, := n!z™ then

(n+ 1)!|z|"H
Tl Dk

Ap41
Qn,

Thus lim,, o = oo forall z # 0 and lim,,_, o

= 0 for 2 = 0. By the Ratio Test, we conclude

An41
An

an41
An

that >  nlz" is divergent for all  # 0 and convergent for z = 0.

ExaMpLE 14.1.5. For what values of x is the series 3°° | £~ convergent?
Solution. If a,, := % then
1| _ o™ 0 x| -
an n+1 |z n+1’
so that
lim |7 = [
n—oo | Ay

By the Ratio Test, we conclude that 3°°° 2~ is absolutely convergent for |z| < 1 and divergent for

n=0 n

|z| > 1. For |z| =1, that is, z = £1, we have to analyze the series separately:

When z =1,

NE
SRS
I
NE
S|

3
Il
-
3
Il
-

is a divergent p-series (p =1 < 1).

When =z = —1,

n

is an alternating series that converges by the Alternating Series Test, because {2} is decreasing with

1
limit 0. Thus $°°° | - converges if and only if z € [-1,1).
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Examples 14.1.1, 14.1.3, 14.1.4 and 14.1.5 suggest that a series centered at 0 converges on an interval

centered at 0 that may or may not contain the endpoints.
More generally, we will consider:

DEFINITION 14.1.6. A power series centered at a is a series of the form

oo
ch(zfa)”:coJrcl(:cfa)Jch(xfa)QJr...+cn(xfa)”+...

n=0

where x is a variable and all of the c s are constants, called coefficients of the power series.
THEOREM 14.1.7. Given a power series >-n—o ¢n(¥ — )", there are 3 possibilities:

1. Yoo cal(z —a)™ converges only for x = a;

5 PomeoCnlz —a)" converges for all x;

3. Thereis R > 0 such that 3" c,(z —a)™ converges absolutely if |x — a| < R and diverges if
|z —al > R.

We call the value R in the third case the radius of convergence of the series .

We include Case 1. in Theorem 14.1.7 by identifying that case with a radius of convergence R =0.

Similarly, allowing the radius of convergence R to be infinite recovers Case 2. in Theorem 14.1.7.

Thus the series converges absolutely inside an interval centered at a of radius R (where R may also be 0
or o) and diverges outside. As we have seen on the examples above, the series may or may not converge
at the end points where |z — a| = R and the two numerical series corresponding to z = a + R and to

x=a-R need to be tested for convergence separately.

Including endpoints whenever applicable, we then obtain the interval of convergence, that is, the set of

values of x for which the power series converge.
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14.2  Intervals of convergence

Watch the videos at

https://www.youtube.com/watch?v=Eq8BSG-melo&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&in
dex=94

and

https://www.youtube.com/watch?v=8unc34-OgmA&list=PLm168eGEcBjnS6ec]flh7BTDaUB6iShIL&i
ndex=95

and

https://www.youtube.com/watch?v=KWGOU8B7]9¢&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6ijShIL&
index=96

ABSTRACT

In these videos, the interval of convergence is determined for a number of examples of power

series.

(]
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Therefore we'need the best employees who can

eet this challenge!
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=
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ExaMPpLE 14.2.1. Find the interval of convergence for the series

R
n=1 n
Solution. Let q, .= =2, Then
n
an+1 |x — 3|n+1 n’ n’ | 3|
- ) — g —
an, (n+1)?2 Jz-3" (n+1)2
so that
lim |22t = |z — 3.
n—oo |

Thus >, (w;f)n is absolutely convergent if |z — 3| < 1 and is divergent if |z — 3] > 1.

Moreover |z —3| =1 for =2 or z =4, corresponding to 3>, CY" and >, 2L respectively.

n2

Both are absolutely convergent for >>° | -1 is a convergent p-series (p = 2 > 1). Thus, the interval of

convergence is [2, 4].

ExaMPLE 14.2.2. Find the interval of convergence for the series
n=0 n+1

Solution. Let a,, := (*iffn. Then

Ant1 [z[**tt n+1 n+1 2]
= . = o
an, n+2 J|z? n+ 2
so that lim,, oo |“22| = |2| and, by the Ratio Test, the interval of convergence is centered at 0 and of
radius 1.
At x = —1, the series becomes

T LN T
P B Db D Db

n=0 n=0 n=1

because (—1)?" =1 for all n. Moreover, > | 1 is a divergent p-series (p =1 < 1).

At z = 1, the series becomes

M8
Nk
=
Ll B
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o0
1
which is convergent by the Alternating Series Test, for {m }n:1 is decreasing with limit 0. Thus the

interval of convergence is

I=(-1,1].

ExaMPpLE 14.2.3. Find the interval of convergence for the series

e
n=0 <n + 1)
. . 3N
Solution. Let a,, : = 7o . 'Then,
Ani1 B 3n+1‘£‘n+1 (n+1)2 B ‘ ‘ n+1 2
an | (n+2)2 3n|zn n+2) "’

so that lim,, o |“25| = 3|z| and, by the Ratio Test, the interval of convergence is centered at 0 and of
radius 3. At z = —3, the series becomes

S () s
(n+1)2 3 _n:O(n+1)2’
which is absolutely convergent, hence convergent, for

=1
Z‘n—i—l ‘_ n+1) ;ﬁ

is a convergent p-series (p = 2 > 1). Thus, the series is also convergent when x = %, where it becomes
> ﬁ Therefore, the interval of convergence is
11
I=|-—=,%|.
33
ExAMPLE 14.2.4. Find the interval of convergence for the series
= Inn
Solution. Let a,, := “-1". Then,
nn
ant1| |z —1"Tt  lnn Inn 1]
= . — -
an, In(n+1) |z—1] In(n+1)
and
1 1 - 1
LLUR O L g T M TN

nl_)H;Q ]n(n +1) zoocln(zx+1) =z :KL-H T—00 I
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so that lim,, s

An41
An

= |z — 1| . By the Ratio Test, the interval of convergence is centered at 1 and of

radius 1. At z = 0, the series becomes

(="
Inn ’

oo
n=2
which is convergent by the Alternating Series Test, for {;2-}"  is decreasing with limit 0.

On the other hand, at « = 2, the series becomes

i 1
— Inn’
and
1 1
0<=—<—foralln>2, (14.2.1)
n Inn

for f(z)=2—Inz >0 for all z>1 and thus n>Inn. Indeed, f'(z)=1-1>0 for 2 >1 and
f)y=1>0.

Vouwro Touexs | Resanr Toocks | Macs Toveks | Vowo Buses | Vowo Cowsteucnion Esumsest | Wowo Pesm | Vowo Aeno | Wowo IT
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o 1
n=2 Inn

In view of (14.2.1), we conclude by Comparison that > is divergent because >~ | 1 isa divergent

p-series (p = 1 < 1). Thus, the interval of convergence is

I1=10,2).

ExaMPLE 14.2.5. Find the interval of convergence for the series

- (x+2)"

1)t

Solution. Let a,, := (—1)" &2 Then
Gn x 4 2|7l n2" 1 n
| _ | | . _ L e+ 2],
an, (n+1)2n+L 42 2 n+1
: n r12 . . .
so that limp oo |“25| = e By the Ratio Test, the interval of convergence is centered at -2 and of

radius 2.

At x = -4, the series becomes

n

= (~1 (=1 =1
2-:1(n27)1 '(_Q)HZZ( n)2” =2

which is a divergent p-series (p =1 < 1).

At = = 0, the series becomes

) _1)"
Z(n)’

n=1

o0

which is convergent by the Alternating Series Test, for the sequence {1}

is decreasing with limit 0.

Therefore the interval of convergence is

I =(—4,0].

ExaMPLE 14.2.6. Find the interval of convergence for the series
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Solution. Let a, := (hf—) Then

n)n

Vianl = 1

Inn’

so that lim,_,« {/|a,| = 0 for all x. By the Root Test, the series is convergent for all x and the interval

of convergence is

I =(—00,00).

EXAMPLE 14.2.7. Suppose that 2., 2" converges when = = —4 and diverges when z = 6. Can we

conclude about the convergence of:

o0
1. =0 Cn
Solution. Since this is a power series centered at 0, its interval of convergence is centered at

0. Because it converges for x = —4, it s radius of convergence R is at least 4. Because it diverges

for z =6, R is at most 6:

4 < R<L6.

Now

oo o0
E cn:E cpx” forx =1
n=0 n=0

and 1 is in the interval of convergence for R > 4. Thus }_° ¢, is absolutely convergent.

2. E::;OcnS”

Solution. Note that

oo oo
E cp 8" = E cpx” for x =8
n=0 n=0

which is divergent because R < 6 < 8.

Download free eBooks at bookboon.com



A youtube Calculus Workbook (Part I1) M15: Power Series and Taylor Series

3. ZZO:() cn(=3)"

Solution. Note that

o0 o)
Z en(=3)" = Z cpx™ for x = —3
n=0 n=0

which is convergent because R > 4.

4, S (1), 9"

Solution. Note that

i(—l)"ch" = i e for x = -9
n=0 n=0

which is divergent because R < 6 < 9.

Exercises

you are now prepared to work on the Practice Problems, and Homework set M15A in the manual of

exercises.

EXPERIENCE THE POW
FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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14.3  Representation of functions as power series

Watch the video at

https://www.youtube.com/watch?v=tAQa4brg3F4&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;ShIL&in
dex=97

ABSTRACT

In this video, we use the sum of a geometric series formula to find power series representations

for various functions.

Recall that a geometric series of common ratio x and first term 1 converges if and only if || < 1, and then

> 1
" = for all z with |z] < 1. (14.3.1)
nEZO . 3.

We can see this formula as providing a power series representation of the function f(z) = ;1. on the

interval (—1,1).
This basic observation can be used to find power series representation for more functions.

ExaMPLE 14.3.1. Find power series representations (on some interval to be specified) for the functions

oo

fx)= = i_x)““:'” Z(—x)” = Z(—l) z" for all z with |z| < 1.
n=0 n=0
2 f) = s
Solution. Note that
1 4.3.1) — >
f(x) = m (11:3 1) Z(_$2)n _ Z(_l)nxQn
n=0 n=0

for all x with |2%| < 1, thatis, |z| < 1.
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1
5

3. fl@) = =

Solution. Note that
11 (431) 1/ z\» =~ 1
f(x):—g~ 1-2 - _BZ(§> :—Z5n+1x
n=0 n=0
for all x with [£] < 1, that is, |z| < 5.
4. f(z) =12
Solution. Since
f@) = (e —
1— 22
(14.3.1) 1+ x2) ) Zx%
n=0

for |22| < 1, that is, for |z| < 1. Thus, for 2 € (—1,1), we have

oo

f(l’) _ ZxZn +£L’2 szn

[e%S) [e%S) [e%S)
_ § :xZn + § :x2n+2.
n=0 n=0

n=0 n=0

5. f(2) = gttm—
Solution. The decomposition into partial fraction for this function is:
T —1 _ Tr—1 2 n 1
3x2+2x—1 B (x+1)3zx—1) x+1 3z-1
1 1
- 2. _
1—(—z) 1-3x

oo

n=0

CED 93 e - Y30
n=0

provided that | — z| < 1 and [3z| < 1. Thus, the equality above is true for |z| <  and then

n=0 n=0
i (-1)"-2=3")a" for -3 <a < 3.

n=0
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144  term-by-term differentiation and integration of power series

Watch the video at

https://www.youtube.com/watch?v=8WwilmZqkGs&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&i
ndex=98

ABSTRACT

In this video, we state a theorem for term-by-term differentiation and integration of power

series and apply it to find more power series representations, and estimate numerical integrals.

If a power series

o0

Z en(x —a)”

n=0

has radius of convergence R, then it is absolutely convergent for |z — a| < R, and defines on this interval

a function
(oo}
f(z) = ch(a? —a)".
n=0
It is natural to ask whether the function f is differentiable, and whether it can be differentiated “like a
polynomial’, yielding a power series representation for f’. Dually, we ask whether fis integrable on this
interval, and whether f can be integrated “like a polynomial’, yielding a power series representation for

an antiderivative of f. The answers are all positive:

THEOREM 14.4.1. If the power series >.,_ocn(z —a)" has radius of convergence R >0, then
flx) =30 gen(x —a)™ is deifined on (a — R,a+ R) and

1. fis differentiable on (a — R,a + R) and
f(z) = Z n-cp(x—a)" "t =c + 2co(x —a) + 3ez(x —a)? + ...
n=1
and the series representing f’ has radius of convergence R.
2. fadmits antiderivatives on (a — R,a + R) and on this interval
(x —a)"t!

/f(x)da::C’-{—nz_%cnniH

and the series on the right hand side has radius of convergence R.
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We can restate this result as

(chw—a ) ch z—a)") on (a—R,a+R)

/chx—a dx—ch/ "dx on (a— R,a+ R).

ExaMPLE 14.4.2. Find a power series representation for : on (—1,1) and find an estimate with at

+
1
least 4 exact decimal places of [ T%%r.

Solution. Note that

1 _ 1 (14.3.1) 4
e R gy Z )* for | — a2t < 1

= Z( )"z for |z| < 1.

n=0

Using Theorem 14.4.1,

_dr C+ i ﬂx‘m“ on (—1,1).
1+ a2t —dn+1 ’
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In particular,

1
2

R R G VY R e O
A 1+x4[;4n+1x ’Z(4n+1)24n+1

0 n=0

is converging by the Alternating Series Test, so that, in view of Proposition 12.3.1, the error made in

1
approximating [;* 145 by

N (D
Sn 1= Z (4i 4 1) 24i+1

=0

satisfies
IR,| < ! - 1
(4(n + 1) + 1)28+DFT (4 + 5)24n+5
Thus, for n = 2,
R < — ~0.10°°
M= 3k o3 T
and

1

L1 / dz
S = - — — —_— ) _
>7 27160 ' 4608 J, 1+t

with at least 4 exact decimal places.
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14.5  more power series representations
Watch the video at
https://www.youtube.com/watch?v=_AKO0pH4W9i4&list=PLm168eGEcBjnS6ec]flh7BTDaUB6jShIL&i

ndex=99

ABSTRACT

In this video, we use term-by-term differentiation and integration of power series and the sum
of a geometric series to find power series representations.

ExaMPLE 14.5.1. Find a power series representation for f(z) =In(5 — z)
Solution. Since
1 1 1
/ = — = —— .
f(@) 5-x 5 1-¢2
(14.3.1) 1 X /z\" .

o0 (I/‘n
_ZW for |x‘ <57
n=0

and fis an antiderivative of f’, we deduce from Theorem 14.4.1 that for x in (—5,5), f has the form
(14.5.1)

oo xn+1
flx)=C— nz:% ¥ )5l
Moreover, f(0) =1n5 because f(z) =1In(5—x), and f(0) = C because of (14.5.1), so that
0 ntl
f(fﬂ) :1H57§m for -5 <z < 5.
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ExaMPLE 14.5.2. Find a power series representation for f(z) = ﬁ

Solution. Since for v =1+ z,

S Z(fx)" for || < 1
n=0

- Z(—l)”“m” for |z| < 1,

n=0

we conclude by Theorem 14.4.1 that for x in (—1,1)

flz) = </f(:L) dm)/ = i(—l)”“nz”*l = i(—l)”(n + 1)z™.

n=1 n=0
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14.6 Power series and sums of numerical series

Watch the video at

https://www.youtube.com/watch?v=rQ9RmZ2BNyQ&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&
index=100

ABSTRACT

In this video, we use power series representations of functions to find the exact sums of various

numerical series.
ExAMPLE 14.6.1. Find:
1. the sum of > °7  nz"~! for |z < 1

Solution. Since

- 1
Zx" = for |x| < 1,
—x

n=0

we have by term-by-term differentiation that

inm"‘l = ! /— ! for 2| < 1
C\l-z) (1-2)02 '

n=1

2. thesumof > 7 na" for |z| <1

Solution. By the previous question, for |z| < 1,

n=1

. . o0
3. the sum of the numerical series >, _ 5

Solution. Note that for # = 3, which satisfies |z| < 1, we have

oo oo

>

=1 711

Thus, in view of the previous question, Y~ ; = is the value of the function (1—1.3/:)2 at T =13,

that is,

> n
22— 2)2:2.
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4. the sum of >°°° , n(n — 1)z" for |z| <1
Solution. We have seen in the first question that for |z <1,
I
(1—x)?

Differentiating term-by-term, we obtain

S0 = () =

n=2
so that
i n(n —1)z™ = 2? - i n(n —1)z" 2 = 2°
n=2 n=2 (1 - 1’)3

for all xin (—1,1).

5. the sum of "¢ n=n

n=2"2n

Solution. Note that for z = 3,

o0 o0 2

Zn(n—l)x"zznzgn,

n=2 n=2

so that, in view of the previous question, Y, % is the value at 2 = 1 of the function

% , that is,

= n? — 2.1
Z an g = 1 % 3 =4
n=2 ( - 5)

6. then sum of | ;’—2

Solution. Note that we have obtained

n=1 n=2
Thus,
= n? “n®—-n n
>y = X o
n=1 n=1 n=1
> n-—n > n
n=2 n=1

Exercises

you are now prepared to work on the Practice Problems, and Homework set M15B in the manual of

exercises.
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14.7  Taylor and MacLaurin series

Watch the video at

https://www.youtube.com/watch?v=sDT{ZOcYk_o&list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6jShIL&in
dex=101

THEOREM 14.7.1. If a function f has a representation as a power series centered at a, it is necessarily

represented by the series

n:

o~ S (a) n
> (@ —a)"
n=0
where f() denotes the n'" derivative of f and we use the convention that 0! = 1.

DEFINITION 14.7.2. The series

is called Taylor series of f at a. When a = 0, we obtain the series

= SO0

n!
n=0

called MacLaurin series of f.
ExampLE 14.7.3. Find the MacLaurin series of f(z) = e®.

Solution. Since f'(x) = f(x), we have by an immediate induction that £ () = f(z) = e®
for all n. Thus

f©0)  ef 1

n! n! n!
and the MacLaurin series of e* is

T

n
)

M8

n!

n=0

which has interval of convergence (—oo, 00) as easily seen from the Ratio Test (see e.g., Example 13.2.4).

Note that even though the series converges, we have not yet established that it converges to e*. We will

consider this question in Section 14.9.
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14.8  Examples of Taylor Series

Watch the video at

https://www.youtube.com/watch?v=E9kjOiwbpV8&list=PLm168eGEcBijnS6ec]Jflh7BTDaUB6jShIL&in
dex=102

ABSTRACT

In this video, we find Taylor series explicitly for a number of examples.
ExaMPpLE 14.8.1. Find the Taylor series of f(z) =1+ + 22 at ¢ = 2.

Solution. Since f'(x) =1+ 2z, f”(x) =2 and f™(z) =0 for all n > 3, there Taylor series
of fat 2 is
/ B f70) e _ o2
f0)+ f(0)(z—2) + 5 (x—2=T+5(zx—2)+ (z —2)7,

and is in fact a polynomial.

360°
thinking.
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Of course, the Taylor series of a polynomial of degree  is a polynomial of degree n: the same polynomial

but written in terms of powers of (z — a) rather than in standard form.
ExAMPLE 14.8.2. Find the Taylor series of f(z) =1 ata=1.

Solution. Note that f(z) = 27! so that

Thus

fa) _ (=1)"n!

n! n!

and the Taylor series of fat 1 is

Note that we could also have observed that

f(z) = é = ﬁ = Z(l —z)" = Z(—l)"(fc — 1" for |z — 1| < 1,
n=0 n=0

so that f has a power series representation centered at 1, which is therefore its Taylor series.

ExaMPLE 14.8.3. Find the Taylor series of f(z) =sinz ata = 7.

Solution. Note that

fO%) = sinz

fA(z) = cosz

@) = —sinz

fO(z) = —coszx

f@) = sinz=fO),
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so that this pattern then repeats: f(®)(z) = f((z), f© (z) = f*)(z),and so on. In particular, derivatives

of even order are of the form +sinz and those of odd order are of the form =+ cosz . More specifically,

we have
fP(z) = (—1)"sinz and fC7D(z) = (—1)" cos .
Thus
I V21
n' 2 n!’

where two positive signs alternate with two negative signs periodically. Thus the Taylor series is of the form

@(H(x_z)_ (-5 (w—%)‘”@(w—%)ﬁ(w—%)s_m).

4 21 3! 4! 5!
ExaMPLE 14.8.4. Find the MacLaurin series of f(z) =sinz.

Solution. We have already established in the previous example that

f(Qn)(.’E) _ (_1)n sinz and f(2”+1)(x) = (—1)" cos .

Thus ™) (0) = 0 for all n, and the MacLaurin series reduces to

- (_1)n 2n+1
;(Zn—i—l)!x .

It is easily verified by the Ratio Test that this series has interval of convergence (—oo, o), for

a7z+1
Qnp

2P @+ 1) ||
20+ 3)! |zt (2n+2)(2n 4 3)]

so that lim,, = 0 for all x. however, we cannot yet justify that

An 41
Qn

. _ . (_1)71 2n+1
sSmx = Z m x y

n=0

even though we will in Section 14.9.
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149  Convergence of Taylor Series

Watch the video at

https://www.youtube.com/watch?v=]boE2aHrOhE&list=PLm168eGEcBjnS6ec]flh7BTDaUB6iShIL&in
dex=103

ABSTRACT

In this video, we state and establish the Theorem of Taylor-Lagrange giving an explicit formula
for the remainder in a Taylor series. We deduce Taylor’s inequality and apply it to prove equality

of e* and sin x with their MacLaurin series.

DEFINITION 14.9.1. The n™ Taylor polynomial of f at a is

(%)

n
E (x —a).

We denote by R, (z) the error made in approximating f by T;,(z), that is,

Obviously lim, o Ty, (x) = f(z) if and only if lim,, ., | R, ()| = 0.
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THEOREM 14.9.2 (Taylor-Lagrange) If f and its first n derivatives are continuous on [a, b] and ™) is
differentiable on (a, b), then there exists c in (a, b) such that

(n+1)(,
10 =100+ L -0,

so that

(n+1) (¢ .
Rn(b) = f(nTl()') (b—a) .

COROLLARY 14.9.3 (Taylor’s Inequality) If there is M such that for every x with |x —a| < d,

|f D (@)| < M,

then

for all x with |x —a| < d.

ExAMPLE 14.9.4. Let f(z) = ¢* and consider its MacLaurin series 3 o0 ; £;, as obtained in Example
14.7.3. Since f is increasing and f = ffor all n,

o] < d = | (@) = e < e,

so that, in view of Taylor’s Inequality, if || < d then

€d|.’L‘|n+1
Rn S R
() < T
Since lim,,—; oo % =0, we conclude by the Squeeze Theorem that lim,, . |R,(z)| =0 if |z| <d,

that is, lim, . T, () = e”. Since this is true for every d, we conclude that

oo n

e’ = Z% for all z.

n=0
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ExAMPLE 14.9.5. We have seen in Example 14.8.4 that the MacLaurin series of f(z)=sinz is

Yoo (1) % Moreover, the successive derivatives of fare of the form =+ cosz or +sinz . Atanyrate,

|F D ()] <1 for all x,

so that, in view of Taylor’s Inequality,

]+
< .
Rofe)] < oy
Since lim;,—; o % =0 for all x, we conclude that lim,,_,. |R,(z)| = 0 for all x, that is
) e p2n+1
sSInxr = nzz;)(—l) m for all z.
2= The Graduate P
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14.10 More examples of Taylor Series

Watch the video at

https://www.youtube.com/watch?v=aByBBTG5AEM&list=PLm168eGEcBjnS6ecJflh7BTDaUB6;ShIL&
index=104

ABSTRACT

In this video, equalities between functions and their MacLaurin series on the appropriate

intervals are established for more functions: cos(z), In(1 + ) and arctan x.

To summarize the standard power series representations established:

1 - n
T = T;)x for —-1<z<1 (14.10.1)
o0 xn
e = > oy forall (14.10.2)
n=0
) o N x2n+1
sinz = 2(_1) @t 1! for all = (14.10.3)
> 2n
n T
cosr = Z(—l) @) for all x (14.10.4)
n=0
oo -1 n—1
In(l4+2) = Z Lx" for —-1<z <1 (14.10.5)
n
n=1
arctanx = i (=" 22 for —1 <z < 1. (14.10.6)
— 2n+1 - T

Exercises

you are now prepared to work on the Practice Problems, and Homework set M15C in the manual of

exercises.
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15 M16: Applications of power
series

15.1 Power series and sums of numerical series

Watch the video at

https://www.youtube.com/watch?v=hxHkazlw6F8&list=PLm168eGEcBjnS6ec]flh7BTDaUB6iShIL&in
dex=105

ABSTRACT

In this video, standard power series representations of functions are used to obtain exact values

of various numerical series as values of the functions represented.

ExaMpLE 15.1.1. Find the exact values of the following series:

3n
L Zn =0 57nl!

Solution. Recall from (14.10.2) that e* =3~ % for all x. Thus

2n

2. Yotoq (2n)'

Solution. Recall from (14.10.4) that cosz =Y ((_2n 2 Thus

o) (_7_(_2)11 B o) n 2n n_ ﬂ_ i \/g
S Gera — X e - 2 @ (5) =5 =%

1)n
3. Zn 0 2n+)1

Solution. Recall from (14.10.6) that arctanz = > %xz”“ for « € [—1,1]. Thus,

oo _1TL
Z ( ) = arctanl = g
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1)n24n
4. Zn O n!

Solution.
DS S U
= =
5. 1-In24 W20 n2n
Solution.
oy 02 (2 i (" e ey ]
6. v, S

Solution. Recall from (14.10.5) that In(1 +z) = > 0 %x" for —1 <z < 1. Thus

n=1
e n—i—l e (_1)n—1 1

1 4
=ln{1+=)=mn(=].
1 (1+5) = (5)

S
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15.2  Estimating integrals

Watch the video at

https://www.youtube.com/watch?v=x4kG01QCZvE&list=PLm168eGEcBjnS6ec]flh7BTDaUB6;ShIL&i
ndex=106

ABSTRACT

In this video, we use power series representations for antiderivatives to estimate definite

integrals.
ExaMPLE 15.2.1. Estimate fol e~ dz with 2 exact decimal places.

Solution. We cannot obtain an antiderivative of e=*" in closed form, even though antiderivatives
exist since the function is continuous. However, we can find a power series representation for
the antiderivative in order to use the Fundamental Theorem of Calculus. Indeed, plugging in

—2? in (14.10.2), we obtain

ﬂ:‘
Hlv
Il
(]2
T
3|8
—\_[\/3
3
Il
(]2
|
=
3
2|5

n=0 ’ n=0

for all x. Integrating term-by-term with Theorem 14.4.1,

x2n+1

/efm daz:C’—i—;(—l)”in!@n_‘_l)’

so that, by the Fundamental Theorem of Calculus,

/1€r2dx: i(—l)"ﬂ 1:ii_
0 = n!(2n+1) o n:On!(2n+1)

oo

1
This series is convergent by the Alternating Series Test for {n!(2n+1) }n:() is decreasing with limit 0.

Thus, in view of Proposition 12.3.1, the error committed in the approximation
% 1
(_1)n / —xz?
Sp R — = e " dx
" n;() n!(2n+1) 0
satisfies

1
< — |
[l < (n+ 1)!(2n + 3)
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To ensure two exact decimal places, we want |R,,| < 1073 and (n + 1)!(2n + 3) > 103 for n > 4. Thus

) 1+1 1+ 1 lfxzd
s4g=1l—--4+———+ — = e 4
: 3710 42 216 ),

with at least two exact decimal places.
ExampLE 15.2.2. Estimate fol sin(2?) dor with 3 exact decimal places.

Solution. We proceed similarly: plugging in 2% in (14.10.3),

. . 50 (x2)2n+1 %) x4n+2
sin(z) = nz:%(_l) @n+1)! = nz:%(_l) 2n+1)0

so that, integrating term-by-term via Theorem 14.1.1, we obtain

1,4n+3

/Sin(x2) =0 T;)(—l)" (2n+1)!(4n +3)

By the Fundamental Theorem of Calculus

/1 Sjn(xz)dx _ i(_l)n pin+3 B i (_1)n
0 & (@n+1)l(dn +3) | T (2n+ D)l +3)’

o

1
This series is converging by the Alternating Series Test for {7(271,—&-1)!(471—',-3) }n:1 is decreasing with limit

0. Thus, in view of Proposition 12.3.1, the error committed in the approximation

1
sn%/ sin(z?) da
0

satisfies

1
(2n+3)!(4n+7)

|R,| <

To ensure that the estimate has 3 exact decimal places, we want |R,,| < 10~%, which is achieved for n = 2
for 7! x 15 = 75600 > 10*. Thus

S9 =

L, /1 in(a?) d
—+— sin
42 1320, TR

Wl

with at least 3 exact decimal places.
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15.3  Calculating limits

Watch the video at

https://www.youtube.com/watch?v=-KkU1DmvHNY &list=PLm168eGEcBjnS6ec]Jflh7BTDaUB6;jShIL
&index=107

ABSTRACT

In this video, we use power series representations to evaluate limits.

ExAMPLE 15.3.1. Evaluate

. 23

. slnx —z+ %5

m ——.
x—0 555

Solution. This limit is an indeterminate form of the type §, so we could use the Rule of De I'Hospital,

but we would have to iterate it five times. Alternatively, we can use the power series representation
(14.10.3) of sin x:

£L'3 LL’S £L'7 £L'3 5 7

sinx:x—g—i—a—ﬁzsinx—x—i—gza—ﬁ—i—...,
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so that

Sinx—x+x—3—x5 l—96—2—1—36—4—
6~ \5 79

and
i sinx—x—i—m—;_l, 1 22 2t 11
2T e o T TR T 120

ExaMpLE 15.3.2. Evaluate
xr — arctanx

lim
x—0 ;L'?’

Solution. Since thisisalimitas xapproaches 0, we can use the power series representation (14.10.6) ofarctan,

which is valid on [-1, 1]. Since

3 2b

arctanr=r — —+ — — ...
3 5

we have
¢ x> :175+ 3 (1 :172+
r—arctanz = — — — +...=25 = - =
3 ) 3 5
so that

. x —arctanw 1 22 ot 1
lm —————=lm o - —+——...= 2.
z—0 x z—0 3 5 7 3

ExAMPLE 15.3.3. Evaluate

. 1—cosx
Iim ——.
=014+ 1 —e®

Solution. In view of (14.10.4),

72 4 72 74
COS$:1_3+E—...:>1—COS£:E—I—I—...
On the other hand, in view of (14.10.2),
2 3

.’L'Z .CL'S
'I’Zl —_ —_— PN 1 - .’IJ:_____...
CF=ltat oot = tre 5

Thus
2 4

. 1 —cosx
iy e 1
— — -0 rs (- — =2 __ £ __
v tr—e e=002 (-5 —§ = 4
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154  More power series: products

Watch the video at

https://www.youtube.com/watch?v=bxxAXuMCsMA &list=PLm168eGEcBjnS6ec]flh7BTDaUB6;ShIL
&index=108

ABSTRACT

In this video, we state a theorem on the power series representation of the product of two
absolutely convergent power series and apply it to obtain the first few terms of the power series

representation for more functions.

THEOREM 15.4.1. If °°° a,a™ and Y_,_obnx™ both converge absolutely for |x| < R, then for every x
in (—R, R), we have

(o) o0 o)
g apx” - g bpx™ = g cp”

n=0 n=0 n=0

where

n

Cp = Zak ' bn—k = aObn + albn—l +...+ an—lbl + anbOa
k=0

and the series Y, c,a™ is absolutely convergent for |z| < R.

ExAMPLE 15.4.2. Find the first 3 terms of a power series representation of

1
n(l +2) = ! ‘Inz.
1—x 11—z

Solution. Since 145 = Y00 ga" for |a| <1 by (14.10.1) and In(l +z) = 320 EU"pn

x n

by (14.10.5) for |z| <1, we conclude from Theorem 15.4.1 that % has a power series

representation for |z| < 1, which has the form
2 3 4
1 2yttt ) (o D Ty
(+a:+a:+a:+a:+)(a: s Ty )
and thus starts with the terms
1 1 1 2 5a?
x—l—(1——>m2+(———i—l—l——)m?’—l—...:w—i—x + 24

2 2 3 2 "6

As we usually only use the first few terms of a power series representation when estimating integrals or

limits, this can be used in applications.
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ExAaMPLE 15.4.3. Evaluate

5 (1+x—e€%)sinz
im

2
=0 cosx — 1+ %

Solution. In view of (14.10.2) and (14.10.3), we have for every x,

T\ L1 _ Ooxn . (_1)n 2n+1
(1"‘.7}—6 )Slnx = _;—’ :Omfﬂ
B x2+x3+x4+ x3+x5
N 2 6 24 6 120
= —x—3—x—4+x5 L)y
N 2 6 12 24
o 273 .’L’4+LL’5+
N 2 6 8
On the other hand, in view of (14.10.4),
IQ 1’4 1’6
Sl =y
coszT +2 I 6!+
Thus,
1 2
14z —e%)sinz a’ -3¢ t+t%+
( _
cosac—l—i—g”z—2 x‘%%—%—i—..) ’
so that

. (l4+z—e%)sinz
lim — = —00
z—=0t cosz — 1+ %

for lim, o+ = = 400 and lim, o —
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15.5  More power series: Binomial series

Watch the video at

https://www.youtube.com/watch?v=K07xwlg7orQ&list=PLm168eGEcBijnS6ec]flh7BTDaUB6jShIL&in
dex=109

ABSTRACT

In this video, we state the binomial theorem giving a power series representation of (1 + z)",
where r is not a positive integer, and we examine applications. In particular, we derive a power

series representation for arcsin.

THEOREM 15.5.1 (Binomial Theorem) Let r be a real number that is not a positive integer. Then for every
xin (-1, 1),

where
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is called binomial coeflicient and by convention

(o) = () =

Moreover, the binomial series Y, () =" is absolutely convergent for |z| < 1.

ExAMPLE 15.5.2. Obtain the first 4 terms of power series representations on appropriate intervals of

1. 1+

Solution. For —1 < x < 1, Theorem 15.5.1 applies to the effect that

Ttz (1+x)5=§:<i>x”

11 1 1)y (_3

= 1_|_f_|_2(2!2)x2_|_2( 23)!( 2)$3+
2122 3

= et

2. V1—2a2

Solution. Note that |#*| <1 if and only if |z| <1. Thus, for —1 < z < 1, Theorem 15.5.1
applies to the effect that

VITE = )= (2)

n=0
o0 l 2
— 1\ [ 2 n
= S (;)s
n=0
- 1 1‘2 1‘4 1‘6
a 2 8 16

ExampLE 15.5.3. Obtain a power series representation of arcsin on an appropriate interval.

Solution. Since

(arcsinz) = \/1%_332 =(1+ (—xz))_%
O /1
= Z ( n2> (—xQ)n for | —2?| < 1
n=0
i _1
= Z(—l)"( n2> *" for |z| < 1,
n=0
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we conclude by term-by-term integration via Theorem 14.4.1 that for |z| <1,

e _% p2ntl
inx = -1H" .
arcsin x C’—i—Z( ) (n) T 1

n=0

Moreover, arcsin0 =0 = C'. Thus

o 1\ 2n+1 3
. —=\ z T 3
arcsinx = E (—1)"(n2> 2n+1=x+€+Ex5+...
n=0

for all x in (—1,1).

Exercises

you are now prepared to work on the Practice Problems, and Homework set M16 in the manual of

exercises.

Once you are done, you are now ready to take the Sample Final Exam.

“I studied
English for 16 P
years but...
...1 finally o
learned to 2=
speak it in jus
Six lessons”

Jane, Chinese architect

OUT THERE

Click to hear me talking

before and after my

unique course download

"
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16 Notations

(r,0) polar coordinates, page 112

000 type of indeterminate limit, page 48

0% type of indeterminate limit, page 49

1°° type of indeterminate limit, page 49

arccos  arcsine or inverse cosine function, page 34
arccosh inverse hyperbolic cosine, page 43

arcsin  arcsine or inverse sine function, page 31
arcsinh inverse hyperbolic sine, page 43

arctan  arctangent or inverse tangent function, page 36

cosh hyperbolic cosine function, page 40

coth hyperbolic cotangent, page 41

% type of indeterminate limit, page 45

= type of indeterminate limit, page 45

oo? type of indeterminate limit, page 49

[ improper integral over [a, 00), page 89
1= improper integral over (—oo, 00), page 89
ffoo improper integral over (—oo, b], page 89

{sn},—, sequence, page 128

lim,,_, » @, limit of the sequence {a,},. |, page 130
In natural logarithm function, page 8

log,, logarithm of base a, page 28

csch hyperbolic cosecant, page 41

sech hyperbolic secant, page 41

H

= equality of limits by use of the Rule of De I’'Hospital, page 45
sinh hyperbolic sine function, page 40

>0 an series of general term a,, or infinite sum, page 140

tanh hyperbolic tangent, page 41

a® exponential of base a: e* Ilna, page 25

e Euler number, page 9

e” natural exponential function, page 19

f nt" derivative of f, page 188

f1 inverse of f, page 14

n! page 167
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17 Index

A E
absolutely convergent series 209 ellipse 92
alternating series 206 even function 52
Alternating Series Test 207 eventually decreasing sequence 168
annulus 150 eventually increasing 168
arc length 139 eventually non-decreasing sequence 168
arc length (polar) 159 eventually non-increasing 168
area enclosed by a polar curve 160 exponential (natural) 26
area of an ellipse 92 exponential of base a 34
astroid 133
F
B factorial 167
binomial coefficient 263 Fibonacci sequence 163
binomial series 263 fixed point 171
bounded 168 Fundamental Theorem of Calculus 66
bounded above 168
bounded below 168 G
by parts (integration) 74 geometric sequence 182
geometric series 183
C greatest lower bound 169
cardioid 156
cardioid with a loop 157 H
Cauchy Mean Value Theorem 60 handcover method (for partial fractions) 99
change of base formula (logarithm) 38 hyperbolic cosecant 54
coeflicients of a power series 227 hyperbolic cosine 52
common ratio 182 hyperbolic cotangent 54
Comparison (improper integrals) 123 hyperbolic secant 54
Comparison Test for series 198 hyperbolic sine 52
complete the square 69 hyperbolic tangent 54
concavity (parametric curve) 134
conditionally convergent series 209 I
convergent improper integral (typeI) 116 improper integral (typeI) 116
convergent improper integral (type II) 119 improper integral (type IT) 119
convergent sequence 165 increasing function 19
convergent series 179 increasing sequence 168
cycloid 127 index 162
inductive definition of a sequence 163
D Integral Test 190
De I'Hospital Rule 60 Integration by parts 74
decimal expansion 184 interval of convergence of a power series 229
decreasing function 19 inverse cosine function 45
decreasing sequence 168 inverse function 19
divergent improper integral (type I) 116 inverse hyperbolic cosine function 56
divergent improper integral (type II) 119 inverse hyperbolic sine function 56
divergent sequence 165 inverse sine function 40
divergent series 179 inverse tangent function 47
double angle formula 70 irreducible quadratic factor 106
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L

least upper bound 169

Limit Comparison Test 201
limit of a sequence 164
logarithmic differentiation 16
logarithm (natural) 11
logarithm of base a 37

long division 71

lower bound 168

M

MacLaurin series of f 246
monotone function 19
monotonic sequence 168

N

natural exponential 26
natural logarithm 11
non-decreasing sequence 168
non-increasing sequence 168
n™ term Test 180

(0]

odd function 43
one-to-one function 17

P

parametric curve 126
parametric equations 126
parametrization 126

partial fractions 96

polar axis 144

polar coordinates 144

pole 144

power series (centered at 0) 227
power series (centered at a) 229
power series representation 228
product of power series 260
proof by induction 171

p-series 192

p-series Test 192

R

radius of convergence of a series 229

range of a function 19

rational function 96

Ratio Test for series 214

remainder estimate for alternating series 212
remainder estimate with the Integral Test 196
remainder of a series 195

repeated irreducible quadratic factor 110
repeated linear factor 103

Root Test 220

S

self-intersection 131

sequence 162

sequence defined by induction 163
sequence of partial sums 178

sequence of terms of a series 178

series 178

Squeeze Theorem for sequences 166
subsequence 175

substitution (for integrals) 67

sum of a geometric series 183

surface area (surface of revolution) 141
symmetry (parametric cruve) 133
system method(for partial fractions) 100

T

tangent line (parametric) 129

tangent line (polar) 155

Taylor-Lagrange Theorem 251

Taylor polynomial 250

Taylor series of fat a 246

Taylor’s inequality 251

telescoping sums 186

term-by-term differentiation/integration 239
trigonometric substitution 88

U
upper bound 168
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18 Endnotes

1. The discriminant of a quadratic equation az?® + bz + ¢ = 0 is A := b> — 4ac . If A > 0, then the
equation has two real solutions %. If A = 0, the equation has a unique solution — % A <O,
the equation has no real solution.

2. Trying to apply the rule of thumb, you see that x is simplified by differentiation but would be made more
complicated by integration, whereas sin x gives £ cos x depending on integration or differentiation, that
is, it leads to the same complexity. Thus we prefer to take u = x and dv = sin x dx.

3. This step is sometimes enough, as we have seen with Example 4.2.2. If you need to brush up on long

division you can start at 1.50 into this video.
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