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Preface

The series of elementary algebra exercise books is designed for undergraduate students with any
background and senior high school students who like challenging problems. This series should be useful
for non-math college students to prepare for GRE general test — quantitative reasoning and GRE subject
test - mathematics. All the books in this series are independent and helpful for learning elementary

algebra knowledge.
The number of stars represents the difficulty of the problem: the least difficult problem has zero star

and the most difficult problem has five stars. With this difficulty indicator, each reader can easily pick

suitable problems according to his/her own level and goal.
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1 Real numbers
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Solution: The equation 5p + 3¢ = 19 implies that one of P, ¢ is even. Since P, ¢ are prime numbers

1.2 If p, q are prime numbers and satisfy 5p + 3¢ = 19. Compute the value of

and the only even prime number is 2, we have two possibilities: if ¢ = 2, then p = 13/5, not a prime

number, so this case is impossible; if » = 2, then ¢ = 3, thus = =3+ V2.
Vi- b B\

1.3 Solve |z| +x+y=10and x + |y| —y = 12 for z,y.

Solution: It is easy to figure out that x < 0 or y > 0 are impossible. Thus £ > 0 and y < 0 which
lead to x = 32/5,y = —14/5.

1.4 Given a = %@, compute the value of (4a® — 1004a — 1001)*00L,

Solution: g = V0L — 2¢ — 1 = /1001 = 4a® — 4a — 1000 = 0 = (4a® — 1004a — 1001)'%°" =
[(4a® — 4a® — 1000a) + (4a* — 4a — 1000) — 1]*%1 = (0 — 0 — 1)1001 = —1.

1
1.51f a, b, z are real numbers and (2* + — — a)? + |2 + = — b| = 0. Show b(b?> — 3) =
x

3
Proof: Since a, b, x are real numbers, the equation implies that x3 % =gq and x +1 — p.Hence,
x

azﬁ—i—%:(x—i—i)(xQ—l—ké):(x—i-i)[(x—i-if—?)]:b(62—3).

1.6 If the real numbers a, b, ¢ satisfy @ = 2b + /2 and +§C2 + i = 0. Evaluate bc/a .

V3 5

Solution: Substitute @ = 2b + /2 into ab +£02 + — 0, then 2b% + /2b + (—c + 4) 0.
Since b is a real number, A, = (\/5) —4x2x (\/_ 2 Z) — —4V/3c% > 0, thatis ¢ <0.0n
the other hand, ¢ is a real number, thus ¢ > 0. As a conclusion, ¢ = 0, therefore be/a = 0.
1.7 Compute —I—i—i-i-l- —|—1+1—|—2+4+~-~—|—1024.

1024 512 256 2
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Solution: Since 1094 5”175 T0od’ the original sum is equal to 1 513
1 1 1 1
R S I IE SAEE ST ST el — 4 142444... )
o1t e Tasg Tt P2 A 102 ogg 124t 1024

Let S=14+2+4+---4 1024 denoted as (i), then 25 =2 +4 + 8 + - - - + 2048 denoted as

1 1023
ii). (ii)-(i = —1= .H , the original is ] — —— 47 = S
(ii). (ii)-(1) = S = 2048 — 1 = 2047. Hence, the original sum is 091 + 2047 20471024

1.8 If the prime numbers x, y, z satisfy zyz = 5(x + y + 2), find the values of z, y, 2.

Solution: zyz = 5(x 4+ y + z) implies that at least one of the three prime numbers is five. Without
loss of generality, let = 5, then the equation becomes yz = 5 + y + 2, thatis, (y — 1)(z — 1) =6..
Since 6 =2 x 3 =1 X 6, there are two possibilities (without considering the order of y and 2 ):
(1) y=3,2=4;2) y =2,z = 7. The case (1) is inappropriate since 2 = 4 is not a prime number.

Therefore, the three prime numbers are 2, 5, 7.

N 2v6 — 1

Solution: Let v/2 + v/3 = a, and take square to obtain 2\/6 =a? — 5, thus

2\/(_;_1 _(]/2—5—1_(&“!‘\/6)(0/_\/6)_&7 — —
VIAVECVE T oy T arvE 0 VOTYVREVESYG

1.10Ifa > 1,b > 0 and ab+ a7t = 2\@, evaluate a® — a~? .

Solution: a® +a™" =2v2 = (a® +a%)? =8 = a®* + a=? = 6. Thus
(a®—a P =a®-2+a®=6-2=4=0a"—ab=42.
The conditions @ > 1,b > 0 imply that ¢ — ¢~ > 0. As a conclusion, a’ — a™° = 2.

. . _ 11X704+12X69+13X684--+20x61
1.11 Find the integer part of A = 1756971125681 13x67 1 +20x60 = 100,

4 11X69+412X68413X684+20x60 114124134420

Solution: A = 17560115568+ 13x67++20x60 < 100 + TIXG97 12X 68+ 13x 67+ +20x60 100
_ 114124134420
= 100 + 11569712068+ 1367+~ 53060 < 100

1 1141241 42
Since 13—: 12134 20 x 100

69 (11412413 +---+20) x 69

11+124+1 s 42 114+12+13+---420 2
+124+13+---4+20 < 100 < +12+ 13+ 100 = 12 -

<
11 X 69 +12 x 68 + 13 x 67+ --- + 20 x 60 (114+12+ 13+ ---+20) x 60 3

Therefore the integer part of A is 100 + 1 = 101,

b
1.12Ifa < b < 0 and a? + b?® = 4ab, evaluate at x
a_

Solution 1: a® + b* = 4ab = (a + b)*> = 6ab.Since a < b < 0, a + b = —+/6ab. Similarly, we can

obtain @ — b = —+v/2ab . Hence, Lb _ vV VG6ab _ V3
3
a—b —\/2ab
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Solution 2: Leta +b=1x,a — b =y, then a= %w’ b= % Substitute them into a® + b?> = 4ab

to obtain 2% = 3y2. Since 2,7 < 0, then # = /3y, thatis a + b = /3(a — b). Thus a+l; =V3.
a_

1.13 Given =z :(b# _a#l)’%l, compute the value of A = T\L/xnﬁ— "Wangn 4

{L/a" + "Wara®® — b .

_n_ n_ ntl _n_ _n_ _n_ n n2 n n
Solution: * = (b"“ - CL”“) n = xntl = bhntl — gntl Thys A = Il (xnﬂ +an+1) +

n n2 n n n/ n n n n2 n n2 n/ n n n
an+1 (an+1 —’—"E”n«kl) —b — xn+1 —I—an+l( xn+1 + an+1) —b: ajn+1 +an+1 (xn+1

Fait) — b= ¥/bait — quit 4+ qutt (bt — qRt fantt) — b= baribiiT —b=b—b=0.

1.14 If 2, y are positive integers and satisfy 2° x ¥ = 25y where 25xy is one number instead of a

multiplication, find the values of x and ¥ .

Solution: Since 25 is an even number, 251y is even, thus y can only be 2, 4, 6, 8. When y = 2, we
consider two cases: If z < 9, then 2°2? < 25 x 82 = 2048 not in the structure of 25xy; If = 9,
we have 2° x 92 = 2592 within the structure of 252y . Hence, z = 9,y = 2 satisfy all the conditions.

Similarly we can discuss the cases y = 4, 6, 8, and we find that no x value satisfies all the conditions.

1.15 The real numbers a, b, ¢ satisfy a? + b? + ¢* = 9, what is the maximum of
(a—0)2+((b—c)*+(c—a)??

Solution: (a — b)* + (b — ¢)? + (¢ — a)? = 2(a® + V* + %) — (2ab + 2bc + 2ca) = 3(a® + b?
+¢c%) — (a+ b+ c)?. Since a, b, ¢ are real numbers, (a + b+ ¢)? > 0. In addition, a® + b + ¢* = 9.
Thus (a — b)* + (b — ¢)? + (¢ — a)? < 3(a* + b* + ¢*) = 3 x 9 = 27. The maximal value is 27.

. 11 1 _ N3 [z’
1.16 x,y are positive real numbers and — — — — = (, what is the value of (—) + (-7

T Yy xT+y z Y
1 1 1 — 1
Solution: — — = — :0:>y - g—gzl,thusg+f:
x Yy xrt+vy xy :U+y3 x Y
N2 3 x Yy v? yx  2?
y oz yr _ .Therefore,(g) +<_> —<_+_> <____ ) =

()

(yﬁ)lgw} _ V(5 3) = 2v/5.

Ty Ty

1.17 Let x, y, z are distinct real numbers, and :E-i—i =Y+ % =z + i, show x2y222 =1.
Proof: The conditions imply that z y = z;_z, Tz = zZ/:i’ ry = 7=2 Multiply them together to obtain
22?22 = 1.

1.18 % Given 2z + 6y < 15, x > 0, y > 0, find the maximum value of 4z + 3y .
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5 1 15 15 5 1
Solution: 2x+6y§15:y<——gx:4z+3y§4x+?—x:3x+?:§—§x>y>0
thus 42 + 3y < 3 x 12—54—?—30 The maximum value is 30.

1.19 % Given = + 1y = 8, 2y = 22 + 16, find the value of 3z + 2y + 2.

Solution 1: Let & = 4 + t,y = 4 — t, substitute into 2y = 2% 4+ 16: 16 — t? = 2% + 16, which leads
tot=2z=0,thenx =y =4,thus 3z + 2y +2 =12+ 8+ 0 = 20.

Solution 2: Treat x,% as two roots of the equation u? — 8u + 22 + 16 = 0. A = 64 — 42% — 64 >
0=42<0=2=0=>u*-8u+16=0=(u—4>=0=> uyy=uy=4iec=y =

s

1.20 % Givenx—i—y—i—z=0,ﬁndthevalueofx(% —l—%) +y(%+%)+z(% + i)

T Y

(g+y+D)@+y+z)-3=0-3=-3.

Solution:x (1, +2) +y(;+31)+2(3+,) =a(z+, +1)—1+y(g+,+) - 1+z(3+,+5)—1=

1.21 For a natural number 71, let ¢,, be the sum of all digits in 7, for instance, ty000 =2+ 0+ 0+ 9 =11,
evaluate t]. —+ t2 + -4 t2009.

360°
thinking

Deloitte

Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affliated entities.

ey

10 Click on the ad to read more

Download free eBooks at bookboon.com


http://www.deloitte.ca/careers

Solution: Let T'=t; +to+ -4+ (24+0+0+8) + (2+ 0+ 0+ 9), and then reverse the order
of right hand side to obtain 7' = (2+0+0+9)+(24+0+0+8)+---+ 2+ 1. Add up these
two equalities to obtain 27" = [14(2+0+0+9)]+[2+(24+04+0+8)]+ - -+[(2+04+0+8)+2]+[(2+
04+04+9)+1] = 12 x 2009 = T = 12 x 2009/2 = 12054-

1.22 Let a be a positive integer, b and ¢ are prime numbers, and they satisfy a = bc, % + % = %, find

the value of a .

Solution:1+1:1:>1:1_1: b_C.Sincea:bc,wehaveb—c:1,thusc and b are

a b ¢ a ¢ b be
two consecutive prime numbers, which has the only choice ¢ = 2, b = 3, thus a = 6.

1.23 % Let x,y are two natural numbers and they satisfy © > y,z + y = 667. Let p be the least
common multiple of ¥ and ¥, let d be the greatest common divisor of x and ¥, and p = 120d .

Find the maximum value of x — y.

Solution: Let x = md, y = nd , then m, n should be coprime since d is the greatest common divisor.
x > yimpliesm > n.p = mnd = 120d = mn = 120.Inaddition, (m + n)d = 667 = 23 x 29
=1 x 667. Since 23 and 29 are coprime, there are only three possibilities: (1) m 4+ n = 23,d = 29;
2) m+n=29,d=23; (3) m+n=06067,d=1. Together with mn = 120, we have (1)
m = 15,n = 8;(2) m = 24, n = 5; (3) no solution. Thus (m — n)maz = 24 — 5 = 19 which leads
t0 (T — Y)mae = (24 — 5) x 23 = 437,

1.24 If z,y, 2 satisfy 3x + 7y + 2z = 5 (i), 4o + 10y + z = 39 (ii), find the value of %y;—yz
Solution: (i) X 3 — (ii) X 2=z +y+ 2z = —63. (ii) — (i) = = + 3y = 34.
Hence, W — _E

v+3y 34

3 3 1
1.25 Given a = /4 + /2 + 1, find the value ofa + o) + gl

1
Solution: (v2—1)a= (V2 —-1)(V4+V2+1)=2—-1=1= - =+v/2—1, thus §+%+i3
. a
_3a2+3a+1_a3+3a2+3a+1ai‘_<a+1>31_< 1)3 1—9_1—1 v

= 14 =
a3 ad a Jra
x x?
1.26 a # 0 is a real number, andm = a, express ;4 | 42 | | asa function of a.
2
+x+1 1 1 1 1 1
Solution: —— =a i:—:>ZL‘+—:——1:>:E2+—:(——1)2—2.
2?2 +az+1 z a Tz  a x? a
Hence:x74+“”22+1:x2+%+1:(1_1)2—1:(1_“)22_“2:1_22“:> . 3‘22 _
9 T x a a a ¢+t +1
a
1—2a-
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5 4 3 2
1.27 A nonzero real number a satisfies a> = 3a — 1, then find the value of 2a” —5a” + 2a”° — 8a .

a’+1

Solution: a®> =3a — 1= a®> — 3a+ 1 = 0, and since T = 1, we have 20’ — ba* + 2a* — 8a?

a 2 1
_(@*=3a+1)(2¢*+a*+3a)—3a  3a . @t
- a? + 1 a2 +1

. Yy+z z+x r+vy 92

1.28*leenay+bz:az+bx:ax_}_()y:mandmyz%(),showm—mwhena+b7é0.
Proof:azj_'zz:m:>y+z:m(ay+bz):>(1—am)y:(bm—1)z

(i). Similarly we can obtain (1 —am)z = (bm — 1)z
(ii), (1 —am)x = (bm — 1)y

(ii). (i) x (ii) x (iii) = (1 — am)3zyz = (bm — 1)3zyz, \2/vhich together with zyz # 0 leads to
(1—am)P!=bm—-1P=1-am=bm—1=m= when a + b # 0.

a+b
1.29 Given a + b = 2, find the value of a® + 6ab + b>.

Solution: a® +6ab+b* = (a+b)(a® —ab+b*) + 6ab = 2(a® —ab+b*) +6ab = 2a* +4ab+2b* =
2a+b)?=2x2 =38

1.30 Given 22 + zy = 3 (i), vy + y?> = —2 (ii), find the value of 22% — zy — 3y>.

Solution: (i) X 2 — (ii) x 3 = 222 — zy — 3y* = 12.

% If th 1 b b isf ab_ be _ 1 ca —1ﬁdh 1 f
1.31 the real numbers a, 0, ¢ satlsya+b_3’b+c_4’c+a_5’ nd the value o
abc
ab +bc+ca’
_ a 1 a+b 1 N 1 1 -
Solution: = - = =3 = —+ - =3 (i). Similarly, we can obtain E—i—z =4 (i),

a+b 3 ab . a b
1 191 b
S 5 ). ()+(i)(i) = — - - == ¢
C a a C

1 1
b ab + be + ca %—{—%jt% 6

1.32 % Given a* + b* + ¢* + d* = 4abed , showa=b=c=d.

Proof: a* + b* + c* + d* — 4abed = 0 = (a* — 2a%b* + b*) + (c* — 22d? + d*) + (2a*V* —
dabed +22d*) =0 = (a* = 0*)* 4+ (= d®)* +2(ab—cd)* = 0= a* = V*,* = d* ab =

cd=a=b=c=d.

1.33 Consider two real numbers x, 9, find the minimum value of 522 — 6zy + 2y% + 22 — 2y + 3

and the associated values of =, y.
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Solution: 522 — 6xy + 2> + 22 — 2y +3 = (z — y + 1)?> + (22 — y)?> + 2. Since (z — y + 1)?
> 0, (22 — y)? > 0, the minimum value of 522 — 6xy + 2y + 22 — 2y + 3 is 2, and the associated
values of z,y are x = 1,y = 2 (solved from x —y + 1 = 0,22z —y = 0).

1.34 % Factoring z* + 23 + 22 + 2.

Solution: Let *+2*+2?+2 = (22 +azx+1)(2*+bx+2) = 2+ (a+b)x3 + (ab+3)2? + (2a+b)x+2,
then equaling the corresponding coefficients to obtain ¢ + b = 1,ab+3 = 1,2a +b = 0 =
a=-1b=2=a2"+234+22+2=("—2z+1)(2°+20+2).

1.35 Let a, b, ¢ are lengths of three sides of a triangle, and they satisfy a? — 160? — ¢ + 6ab + 10bc = 0,
show a+c=2b.

Proof: a* —16b* — c* +6ab+ 10bc = a® 4 6ab+9b* — 25b* +10bc — ¢* = (a+3b)* — (5b—c¢)* =
(a+3b—5b+c)(a+3b+5b—c)=(a—2b+c)(a+8 —c)=0. Since a,b,c represent
lengths of three sides of a triangle, a +8b — ¢ > 0, thusa —2b+c=0=a+c = 2b.

1 1
1.36 % x,y are prime numbers, T = Yz, — + — = §, find the value of  + 5y + 2z2.
r Yy oz
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Solution: p + ; = = yz + xz = 3xy. Since ©* = yz, we have © + xz = 3xy. Since  # 0, we

have 1 + 2 = 3y .Since y, 2 are prime numbers, the only possibilityis y = 2,2 = 5,2 =2 x 5 = 10.
Hence, t + by +22=10+5x 2+ 2 x 5 = 30.

a+b b+c c+a
1.37 % Given = = where a, b, ¢ are distinct, show 8a + 9b + bc = 0.
a—b 2b-—c) 3(c—a)
atb  btc c+a

o —b 26— 0 = 3(c—a) =k,thena+b=Fk(a—">) (i), b+ c=2k(b— c) (ii),

¢+ a=3k(c—a) (iii). (i) x 6+ (ii) x 3+ (iii) x 2 = 8a + 9b+ 5¢ = 0.

Proof: Let

1.38 % The positive integers z,y, z satisfy x+2 = 11, y+% = 14,and x + y # 2, find a positive
Tty
z

integer for if possible.

Y is a positive integer, we can let Y = k where k is a positive integer, then

z z
r+y=~F (i). Thesumof +% = 11 and y+7 = 14 leads to z+y + x—JZry = 25 (ii). Substitute (i)

into (ii): kz+k =20 =k = 22_+51 Therefore, 2 = 4 or 24. However when z = 24, k = 1 which
+y
= 5.

. . T
Solution: Since

T
violates = + Yy # 2. Hence, » — 4,k = 5, then

1.39 % If the polynomial 62? — 5y — 4y? — 11x + 22y + m can be factored into the product of

two linear polynomials, find the value of ™ and factor the polynomial.

Solution: Let 6% — bry — 4y* — 11z + 22y + m = 2z +y + k)(3z — 4y + 1) = 622 — Swy — 4y +
(3k + 20)x + (I — 4k)y + ki, then equaling the coefficients: 3k + 2] = —11,1 — 4k = 22, kl = m,
which resultin k = —5,1 =2, m = —10.

Hence, 622 — Sxy — 4y* — 11z + 22y + m = 62 — by — 4y* — 1z + 22y — 10 = (2x +y — 5)
B3z —4y +2).

140 % Given |z + 4|+ |3 —2| =10 |y — 2| — [1 +y
of xy.

, find the maximum and minimum values

Soluton: |z 4]+ 3 —#] = 10— [y 2| — [1 + 3] = [a-+ 4] +[3 — 2] + |y~ 20 +]1 +] = 10
Since |z +4|+[3—x| >7and |y — 2|+ |1 +y| >3. [z +4|+|3—2|+|y—2|+ |1 +y|=10

only if we choose equal sign in both inequalities.
lzt+4|+[3—2|>T=—-4<z2<3;
ly—=2|+|14+y|>3=-1<y<2.

Hence, 2y has the maximum value 6 and the minimum value —8.
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1.41 %% If the real numbers a, b, ¢ satisfy a + b+ ¢ = 0, abc = 1, show one of a, b, ¢ should be
greater than 3/2.

Proof: Since a, b, ¢ are real numbers and abc = 1, we have at least one of a, b, ¢ is greater than zero.

Without loss of generality, let ¢ > 0.
a+b+c=0=a+b=—c (i)abc = 1= ab=1 (i) ab= (£)" — (%52)" (iw).

1 a—0b\> a—b\> & 1 -4
Substitute (i),(ii) into (iii): — = — — = =——=-= > (0, which
ubstitute (i),(ii) into (iii) . 1 < 5 ) < 5 ) 1 . o 2 whic

together with ¢ > 0 implies ¢3 > 4. Hence, ¢ > V4 = 32/8 > {/27/8 = 3/2.

1.42 %% Givenm +n + p = 30,3m 4+ n — p = 50, m, n, p arepositive,and x = dm + 4n + 2p,
find the range of x .

Solution: (3m+n-p)—(m+n+p)=50—-30=m—p=10=m =10+ p > 10 since
p > 0.
(3m+n—p)—i—(m+n+p):50+30:>m+g:20=>m:20—g<20 since 1 > 0.

n+p=30—m=10<n+p < 20.

Hence, © =b5m+4n+2p = (dm+2n)+(m+n+p)+n+p=80+30+n+p = 110+n+p €
(120, 130),

1.43 %% Given a, b, c are real numbers and satisfy a + b = 4, 2¢2 — ab = 4v/3c — 10, find the
values of a, b, c.

b\’ —b\?
Solution: 2¢* — ab = 4V3¢ — 10 = 2% — 43¢ + 10 = ab = (a;> _<a2 ) -

@_ (“gb>2_4_ (“;b)2 :>202—4\/§c+6+(a;b>2—0=>2(6—\/§)2+

a—0b\>
:0:>c:\/§,a:b:2.

2

1.44 % z is a real number, find the minimum value of + — v/ — 1 and its associated = value.

Solution: Let y=z—Vz —1=2—y=z—1=22-2zy+y?> =2—1 = 22— (2y+1)z+3°+1 =0
@) A=Q2y+1)2—4(y*+1) =4y —3 >0 = y > 3/4. Substitute the minimum value of ¥,
3/4, into (i) 2?2 -2+ 8 =0= 5(162 — 402 +25) =0= (4o —5)? =0 =2 =5/4.
Hence, when £ = 5 / 4, ¢ — \/ﬁ has the minimum value 3 / 4.

1.45 % If a, b, ¢ are nonzero real numbers, and a + b + ¢ = abc, a* = be, show a? > 3.

Download free eBooks at bookboon.com



Elementary Algebra Exercise Book | Real numbers

Proof: The conditions a@ + b+ ¢ = abc, a®> = be imply that b+ ¢ = abc —a = a®> —a =

b+c = a*—a,

be = a®.

Hence, we can treat b, ¢ as two roots of the quadratic equation 22 — (a® — a)z + a* = 0.
Since a, b, ¢ are nonzero real numbers, we have
A=(a*—a)?—4a®>>0=ad*(@®+1)(@*-3)>0=a*—-3>0=a>> 3.

146 %% ¢ is a positive integer, show 2 and 3 are not common factors of t? —t+1 and

t?+t—1.

Proof: ¢ is a positive integer, thus one of the two consecutive integers £ — 1 and ¢ should be an even
number, then ¢ — ¢ = ¢(t — 1) is even, then t* — ¢ + 1 is odd. Same logic to get 2 + ¢ is even,
t? + ¢ — 1 is odd. Hence, 2 is not a common factor of t* — ¢ + 1 and t* +¢ — 1.

One of the three consecutive integers ¢ — 1,¢,7 + 1 should be divisible by 3, thus at least one of
t? —t=1t(t — 1) and t* +t = ¢(t + 1) is divisible by 3. Therefore, at least one of t* — ¢ + 1 and
t2 4+t — 1 is not divisible by 3.

1.47 % If 3a — b+ 2c = 8,a + 4b — ¢ = 2, evaluate 6a + 110 — c.

Ijoined MITAS because e e

I wanted real responsibility www.discovermitas.com

I'was a construction
SUPErvisor in

the North Sea
advising and

e Lelping foremen
% solve problems

MAERSK

=
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Solution: Let 6a+ 11b—c=m(3a—b+2c)+n(a+4b—c) = (3m+n)a+ (4n—m)b+ (2m —n)c,

then equaling the coefficients to obtain

3Im+n = 6
dn—m = 11
2m—n = —1

=m=1n=3=6a+1lb—c=1x8+3 x2=14.

1 1 1 1
1.48 %% Given — + -4+ - = —————— =1,showz =1lory=1or z = 1.
] r Yy z r+y—+z

1 1
Proof: — + -+ - =1= a2y + 2z +yz = 2yz (i);
xr Yy =z

x+;+2:1:>x+y+z:1:>x:1—y—z(ii),

Substitute (ii) into (i): (1—y—2)y+(1—y—2)z+yz=1-y—2)yz=(=z—-1(y+2)(y—1)=0
(iii). (ii) is equivalent to y + 2z =1 —x and substitute it into (iii): (¢ —1)(1 —x)(y — 1) =0,

therefore t =1or y=1or z = 1.

1.49 % Show 1+ 2 + 22 + - -+ + 25771 js divisible by 31.
1— 25
Proof: 1+4+2+2°+...+2" = [y = 2" -1 =32"-1=(@31+1)"-1=
CO31" 4+ CM 31" 4 £ O3+ O — 1 =31(CO3 1™+ OR31m 2 O
obviously divisible by 31.

which is

a b
1.50 % The real numbers a, b, ¢ satisfy T and x,y are mean values of a, b and b, ¢ respectively.
c

x

Y
b b
Proof:g:—:> ab:b .SinceI:aTHﬁy:%,
e a+ a T c 2a 2¢ 2b 2¢

h _ = = = :2
we avex+y (a+b)/2+(b+c)/2 a+b+b+c b+c+b+c

2012 + 2012 + 2012
l1+a+ab 14+b+bc 1+c+ca’

1.51 % Given abc = 1, evaluate

o 2012 2012 2012
Solution: + +
l+a+ab 14+b+bc 1+c+ca
1 1 1
= 2012 + +
(1+a+% 1+ L+ ¢ 1+c+ca>
ac
= 2012 + + = 2012-
ct+ac+1 ac+1+c 1+c+ca
1.52 % Given :U7—|—:E6+:U:—1,evaluate 22000 4 2000 oy 42012
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Solution: 27 + 28 + 2= -1= 25z + 1)+ (z+1)=0= (z+ 1)(2®+ 1) =0 = 2 = —1 since
29 +1> 0. Hence, 2200 4+ 220 4. 4222 =1 4 14 4 14 (=) 4+ (=1) + -+ (=1) = 1.
—_—

seven 1’s six (—1)'s

1 1 1
1.53 %% Given a < b < ¢, determine £ sign of + + .
a—b b—c c—a

Solution: Let a —b=2x,0 —c=y,c—a = z.Since a < b < c,wehave z < 0,y <0,z > 0.
r+y+z=a—-b+tb—ctc—a=0= (r+y+2?2=0=2xy+yz+2x) =
— (22 +y* + 2%) = 2y + yz + 2z < 0. Therefore

1 1 1 1 1 1 yz+zzx+ay hat i 1 1 1 . .
— 4TI = < (> that is, + + is negative.
ufb+bfc+cfa :L'+y+z Tyz a—b b—c c—a

1.54 % Factor (a + b — 2ab)(a — 2 + b) + (1 — ab)?.

Solution: Let a + b = x,ab = vy, then

(a+b—2ab)(a—2+b)+ (1 —ab)?* = (z —2y)(x —2) + (1 —y)?> = 2% — 22 — 2zy +
dy+l1—2y+y* =2 —2z(y+ 1)+ Y+ 12 =(@—-y—1)2 =(a+b—ab—1)* =
[(a—1) = bla—1)]* = (a—1)*(b - 1)*

1.55 % The real numbers m, n, p arenotallequal,and x = m? — np,y = n? — pm, z = p> —mn .

Show at least one of , ¥, z is positive.

Proof:2(x+y+2) = 2(m*+n’*+p* —mn—np—pm) = (m—n)*+ (n—p)*+(p—m)* > 0.
In addition, since m,n,p are not all equal, then m —n,n —p,p —m are not all zeros. Thus

x 4+ y + 2 > 0, which shows at least one of x, ¥y, z is positive.

1.56 % a,b,c 1are nonzero real 1numbers, and a i— b+c=0,

evaluate 52—1—02—612 + Cg+a2_bg +a2+62_c2'

Solution: a +b+c=0=b+c=—a= (b+c)? =a? = b* + * — a®> = —2bc. Similarly, we

canobtain a® + b? — ¢ = —2ab, ¢® + a® — b = —2ca.Inaddition,—2bc, —2ab, —2ca are nonzero.
H 1 + + 1 ffififif,wfo

ence, R+c2—a?2 A4+a2-0 a?4+b02—-c2  2¢c 2ca 2ab 2abc

2
1.57 % Find the minimum value of the fraction w
T2+ r+1
. 3P+ 6x+5 622+ 12x+10  6(z*+20+2)—2 2 .
Solution: — 5 = 5 = 5 =06—- ——— which has
2+ +1 x? 4 2z + 2 2?4+ 2x 42 (x+1)2+1

the minimum value 4 when x = —1.
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1.58 %% For real numbers x,y, define the operator = * y = ax + by + cxy where a,b,c are
constants. We know that 12 = 3,2 % 3 = 4, and there is a nonzero real number d such that

2 * d = x holds for any real number x. Find the value of d.

Solution: For any real number =, we have v *d = ax +bd +cdr =x, O0xd =bd = 0. Since
d # 0, then b = 0, thus

12 = a+20+2¢c=3
23 = 2a+3b+6c=4

a+2¢c = 3
2a +6¢c =

which results in a=>5,c=—1. In addition, 1*xd=a+bd+ cd=1, and substitute
a=5,b=0,c= —1 into it to obtain d = 4.

1.59 %% Show for any positive integer [V, we can find two positive integers @ and b such that
N b—2a+1
T T 2_p

i
~
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_(a2— a—1)2
Proof: N = =204l _ —a’sbia-Datl _ (D7 — (N 4 1)(a® — b) = (a — 1)
Choose N+1=a—1,thena’?—b=a—1.Thusa = N + 2,

b=a*—a+1=(N+2?—(N+2)+1=N>+4n+4—-N—-2+1=N?+3N +3.

Since NN is a positive integer, then @, b are are positive integers as well.

2 o4 1
1.60 Y ¥% Given z # 0, find the maximum value of Vit ol —Vita )

x
Solution: Vitat ot - vitat *
v \/1+I2+x4+\/1+x4
h .
f‘ L2+$2+1+\/%2 ) || ( \/ +3+\/ Whose  maximum
Valueisi—\f \fwhenx—%>0
\f+f
b+c
1.61 %% Given — (b —c)?=(a—"b)(c—a),a#0,evaluate
a
b b+
Solution 1: When a = b , we have (b—c)2 =0=b=c,then te = v+b =2.
a
When ¢ ;é b the given equality becomes
(b—c)? Sjc—a (b+c)* —4alb+c)+4a>=0=[(b+c)—2d*=0=
b+c=

Solution 2: When g = b, it is the same as solution 1.

Whena # b, (b — ¢)? — 4(a — b)(c — a) = 0. Treat this as the discriminant of the quadratic equation
(a—b)x? + (b—c)x + (¢ — a) = 0. Since the sum of all coefficients is 0, then 1 is a root of this
quadratic equation. Since A = (b — ¢)? — 4(a — b% ¢ —a) = 0,then 7y = x93 = 1. Vietd’s formulas

implies that z1xo = o =1=btc=2a= = = 2.

1.62 % % Find the minimum positive integer A and the corresponding positive integer B such that
(1) A is divisible by 200 and its quotient divided by 19 has a remainder of 2, divided by 23 has a
remainder of 10; (2) B > A, B — A has four digits and is divisible by 3,4,17,25.

Solution: (1) = A/200 = 19U + 2 =23V + 10 where U,V are positive integers, then

AV +8 is a positive integer. Let AV +8

U=V + % .Since U is a positive integer, then = p,then
3
V=dp—2+ %p in which Zp should be a positive integer. Since 3 and 4 are coprime, then p = 4n

(n is a positive integer). To have minimum A, we choose n=1p=4,V =17, then

A =200(23 x 17 + 10) = 80200.
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According to (2) and since 3,4,17,25 are coprime, then B — A shouldbe 3 x 4 x 17 x 25 x k = 5100k
(k is a positive integer). In addition, B — A is a four-digit number, thus k£ = 1. Hence,
B = A4 5100 = 85300.

1.63 Y% If the real numbers x,y, 2 satisfy  +y + 2 = a, 2% + y* + 22 = a*/2 (a > 0), show

x,y, 2z are nonnegative and not greater than 2a/3.

Proof: 7 +y+2=a = z=a— (v +y) and substitute it into 2 + y*> + 2% = a?/2 to obtain
?+yi+ (z+y)?—2a(r+y)+add=ad?/2 = P +yi+ay—ar—ay+ad?/4=0=

y?+ (x —a)y + (x — a/2)? = 0. Since , y are real numbers, then A= (r—a)?—4(x—a/2)?
> 0= 2(2a —3z) > 0= 0 <z < 2a/3.Similarly, we can show 0 < 3y < 2a/3,0 < 2z < 2a/3.

Therefore x, Y, 2 are nonnegative and not greater than 2a/3.

1.64 %% Two real numbers x,y satisfy 2> + y> = 2. Find the maximum value of = + y .

Solution:Letr +y =t. 23+ y* =2 = (z+y)[(z +y)* —3zy| =2 = t(t* — 32y) =2 = 2y = %—;2

Thus we can treat x,y as the two roots of the quadratic equation u? — tu + t33;2 =0, then

, A4t3—38 —t*+8 :
A=t — >0= >0=0<t<2=0<2x+y < 2.Hence, the maximum value of
T+Y is2.
T+ 4
1.65 % Write Tt as partial fractions.
3+ 2x — 3

Solution: z = 1 isaroot of the cubic equation 3 + 22 — 3 = 0, thus z — 1 isafactor of 34+ 2x — 3.

Use polynomial long division to obtain the other factor z®+z+3. Let
r+4 A Br+C (A+B)2*+(A-=B +0)z+3A—-C  Make the coefficients

¥+2r-3 -1 224+z+3 3 +2x—3
equal to obtain

A+B = 0
A-B+C =1
3A—-C = 4
T+ 4 1 T+ 1

= A=1,B=—-1,C = —1. Hence, P _3 1-1 2iri3

1.66 %% Show a® + %a2 + %a — 1 is an integer for any positive integer a, and it has a remainder

of 2 when divided by 3.

a(a-+1)(2a+1) ala +1)

3 2
Proof:a3 + 3¢%2 + 1q — ] = 267437 +a 1 — — 1.Foranypositiveinteger a ,
2 2 2 2 yPp g

is an integer, thus a® + %CL2 + %a — 1 is an integer.
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3 1 _ a(
a3+§a2+§a—1—

multiple of 3. Since 3 and 8 are coprime, then

Real numbers

alatD)@atl) g _ 20@etD@at) 1 pe of 20,20+ 1,20+ 2 is a

8
2a(2a +1)(20 +2) is divisible by 3. Hence the original

expression is a multiple of 3 minus 1, i.e. it has a remainder of 2 when divided by 3.

1
1.67 %% x,y, 2 are real numbers, 3z, 4y, 5z follow a geometric sequence, and —,
x

. . T
arithmetic sequence, find the value of — + —.

Solution:

, — follow an

IS

1

Y
z

z X

2 1 1 .
- = —4+ - (ii)
Y Tz
(i) = Y= jf;, substitute it into (i):
2c2 \° (z+2)? 64 =« 64 oz oz 34
=1 R
6( z) bz = Tz 15:>zJr +:1: 15:>z r 15,

1.68 %% Given 0 < a < land [a + 5] + [a + 2] + - - - + [a + 2] = 6, evaluate [50a]. Here [+]

means the integer part of *.

no.l

nine years
in a row

<
)
<
5

Stockholm
(]

STUDY AT A TOP RANKED
INTERNATIONAL BUSINESS SCHOOL

Reach your full potential at the Stockholm School of Economics,
in one of the most innovative cities in the world. The School
is ranked by the Financial Times as the number one business
school in the Nordic and Baltic countries.

Visit us at www.hhs.se

22 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/hhs2016

Solution: O<a+%<a+%<-~-<a+%<2, thus [a+%],[a+5—2()],~-~,[a+%] are
equal to 0 or 1. The condition [a—i-%] + [a—|—5—20] +o 4+ [a—i—%] = 6 implies that six of
[a+%],[a+5—20],--~,[a+%] are equal to 1. Hence, [a—i—%]:[a—i—%] ---:[a—i—%]zo
and[a+%]:[a—i—g’%]Z---Z[a+%]:1."fhen0<a+%<1and1§a+%<2,which
lead to 16 < 50a < 17 = [50a] = 16.

1.69 % Factoring z° + 3> + 2% — 3wyz.

Solution:

3+ y + 2% — Bzyz = 2% + 32%y + 3zy? + P + 2% — 32%y — 3xy? — 3ayz = (z +
y»P+22 —3zy(r+y+2)=(@+y+2)|(z+y)?—(x+y)z+ 2 —3aylz+y+2) =
(r+y+2)(x*+y*+ 2% —xy — yz — 27) .

1.70 %% a, b, c are prime numbers, ¢ is a one-digit number, and ab 4+ ¢ = 1993, evaluate a + b + c .

Solution: The right hand side of ab + ¢ = 1993 is an odd number, thus one of ab and c is an even
number. If ¢ is an even prime number which has to be 2, then ab = 1993 — 2 = 1991 = 11 x 181,
then one of a,b is 11, and the other one is 181. If ab is an even number, let b be the even prime
number 2, then 2a + ¢ = 1993. Since ¢ is a prime number, then ¢ = 3, 5, or 7, and a = 995, 944,
or 993, all of which are not prime numbers. Hence @ + b+ ¢ = 11 4+ 181 + 2 = 194.

1.71 % Find the minimum positive fraction such that it is an integer when divided by 54/175 or
multiplied by 55/36.

Solution: Let the minimum positive fraction be y/x, where x,y are coprime positive integers, then

4
y. — Y Pand? « %are both integers. Thus 175/54 and 55 /36 are irreducible fractions,

x 175 x 54 x

then x is a common divisor of 175 and 55, and ¥ is the smallest common multiple of 54 and 36. To
minimize y/z , we should maximize  and minimize ¥, then = should be the largest common divisor
of 175 =52 x 7 and 55 = 5 x 11, which is 5, and y should be the smallest common multiple of
54 =2 x 3% and 36 = 22 x 32, which is 22 x 33 = 108. Therefore, the minimum positive fraction
y/x =108/5.

1.72 %% a,b,c,d are positive integers, and a® = b*, 3 = d? ¢ — a = 11, evaluate d — b .

Solution: Let a® = b* = t*Owhere ¢ is a positive integer, then a = t*,b = t5. Let ¢3 = d* = p® where
p is a positive integer, then c¢=p? d=p’. In addition, c¢—a =11, then
pP-tt=1l=@p-tHp+t) =p-12=1p+t? =11 = p=6,t = /5,b =

(V5)° =25v5,d = 6% = 216,d - b =216 — 251/5.

Tty—z _x-ytz ytzr-zw and 2y % 0, evaluate (x+y)(y—|—z)(z—|—:c)‘

z Y x Yz

1.73 % % Given
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Solution:LetQH—y_Z:m_y+z:y+z_x:k,thenx—|—y—z:kz (i), v —y + z = ky (i),
z y T

Y+ z—x = kz (iii). ()+G{)+3{i): s +y+ 2 =k(z+y+2) = (k= 1)(x + y + 2) = 0. There are
two possibilities k =1 or x +y + 2 =0. When k=1, then v +y =2z, 2+ 2 =2y,y + z = 2z,

then (@ +y)(y +2)(z +2) _ 22wy o When r+y+z2=0, then
Yz Yz '
t4+y=—2y+2=—x2+x=—y, then @ryly+a)eto) _(=2)- () (-y) =-1. As a
Tyz Tyz

conclusion, (* +¥)(y+2)(z + ) is 8 or -1.
TYz

1.74 Y% % Let

S = \/1+1+1+\/1+1+1+\/1+1+1+ +\/1+ 1 + 1 find the integer
12 22 32 32 20102 20112’ 8
part of S'.

Solution: According to the rule in the terms of S, we obtain the general formula
_ 1 1 _ 1 2 1 _ n+1 n+1 _
On = \/1 + n2 + (n+1)2 — \/(1 + ;>2 T n + (n+1)2 — \/(T) =2 :: n+1 + ('n+1)2 -

(n_ﬂ_%ﬂ) :n;tl_n_ﬂ_le__#l.Thus
S=(1+1-D+(1+3-D+0+31-D+ - +(+m5 —55) + (1 + 55— 373) = 20105+

(2010, 2011) which implies that S has the integer part 2010.

w4+ r+1

1.75 %% % Given & = @, evaluate -
T

Solution: Let y— ‘/_ Lthenzy =1,0 —y=1.

s S +x+xy 2’414y 2PHr-y+y x4+l rtay
5 5 - 4 - 4 - -

14y o« 1" -1 7

- SR

T 3 3

2 T2

1.76 Y% M is a 2000-digit number and a multiple of 9. M is the sum of all digits of M, My is
the sum of all digits of My, and M3 is the sum of all digits of M. Find the value of Ms.

Solution: Obviously M, My, Ms are multiples of 9. Since M has 2000 digits, the sum of all its digits
M; <9 x 2000 = 18000, then M; has at most five digits and the first digit is 0 or 1. Thus
My <1+ 4 x 9 = 37, which implies that M5 has at most two digits and the first digit is less than or
equal to 3. Thus M3 < 3 + 9 = 12. In addition, M3 is divisible by 9 and M3 £ 0, hence M3 = 9.

1 1 2
1.77 %% Let z,y be two distinct positive integers, and - + ’ =5 evaluate /z + .
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Solution: Set - = _ >4 L _ %
OO et = 5 +b)y  5(a+b)

. . o b 1
Then 9, — 5a+b) —545x -.Since T is a positive integer, then — = —, thus 2o = 6 = xr = 3. On
a a

a
a
the other hand, o, — E)(a%:b) =545 x %. Since ¥y is a positive integer, then — = 5, thus y = 15.

b
Therefore, \/z + 1y = \/ﬁ = 3\/5.

where a,b are positive integers and coprime, and let @ > b.

1.78 Y% 'The positive integers a, b, ¢ satisfy a® + 3b* + 3¢ + 13 < 2ab + 4b + 12c¢, find the value
ofa+b+c.

Solution: A +3+3%2+13<2ab+4b+12c = a>+ 30> +3c2+ 13 —2ab—4b— 12¢+ 1 <
1= (a—b)2+2(b—1243(c—2)* <L (a—1b)%>0,(b—1)>2>0,(c—2)>>0, and a,b, c

are positive integers, thus ¢ = b =1,c = 2, hence a + b+ ¢ = 4.

1.79 %% % Find the minimum positive integer 7 that is a multiple of 75 and has 75 positive integer

factors (including 1 and itself).

Solution: n = 75k = 3 x 5%k where k is a positive integer. To minimize n, let n = 2% - 37 . 57
(y>2,>1)and (a+ 1)(5+1)(y+ 1) = 75,fromwhich a + 1, 8 + 1, + 1 areall odd numbers,
thus «, 3,y are all even numbers. Then v = 2,and (« + 1)(f+1) =25 =5 =1 x 25.

s
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) Ifa+1=5L+4+1=5,thena=4,3=4,thusn =2*-3%.5%
) Ifa+1=1,0+1=25,thena =0, =24, thusn = 2°.3*.5,

According to (1)(2), the minimum positive integer n = 2°. 324. 52 = 32400.

1.80 Yk % Given the sets M = {z,zy,lg(zy)}, N ={0,|z|,y}, and M = N, evaluate
1 1 1
(l‘+§)+(m2+?)+(l‘3+ﬁ)+"'+(m2001+

yQOOl ) '

Solution: M = N implies that one element in M should be 0. The existlence of lg(zy) implies that
xy # 0, thus z,y cannot be 0. Hence, Ig(zy) =0 =2y =1=y = —.
x

Thus M = {z,1,0}, N = {0, |z, %} . According to M = N again, we have either

v o= |zl
1
1 = -
x
or
1
r = —
x
L= |z
However, x = 1 violates the uniqueness of every element in a set. Hence, ¥ = —1,y = —1. Then
e+ i = =2 (k=0,1,2,--);3* + % =2 (k= 1,2, ). In the original summation,

the number of 2k + 1 terms is one more than the number of 2k terms, therefore

1 1 1
(a;+5)+(x2+E)+(x3+E)+---+(x2°°l+W)

1.81 %% Find the integer part of the number (\/7 + \/5)6.

Solution: Let \ﬁ + \/5 =, \ﬁ — \/5 =y, then

Ty =20/Toy =2 =224+ = (x+y)? -2y = (2V7)? -2 x2 =24 =
20yt = (%) + (17)° = (2 + ) (@ — 2y ) = (07 +92) [0 + y?)? - Ba?y?] =
24[24? — 3 x 4] = 24 x 564 = 13536
Hence, (ﬁ + \/5)6 + (\/? — \/5)6 = 13536. Since 0 < /7 -5 < 1,
then 13535 < (v/7 +v/5)% < 13536, which implies that the integer part of (v/7 + v/5)¢ is 13535.

1.82 Y% The real numbers z,y satisfy 4z —5xy+4y? =5, let S =22+ y?, evaluate
1 1

+ .
S min S max
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Solution 1: Let x=a+by=a—b and substitute into 4 — Sxy + 4y = 5:

5 — 3a?
d(a+b)?—=5(a+b)(a—b)+4(a—b)?=5=3a>+ 130> =5=b* = >0=
5-3a2>0=0<a’< g.ThereforeS: (a+b)% + (a —b)? = 2a% + 21% = 202 + 1080° = 2042 | 10,
1 13 3 8

When a =0, Spin = 13- When a” = 3, Smee = 3 - Hence, Smin * Smar 10 * 10 5

Solution 2: Obviously S = x? + y? > 0 (since &, y cannot be both zero due to 412 — 5xy + 4y> = 5).
Let z=+Scosb,y=+Ssinf, and  substitute into 4x% — by + 4y? = b5:

5 85 — 10 .
4S5 cos? 0 — 5S cosfsinf + 4Ssin?0 =5 = 45 — —sin20 = 5 = sin 20 = rg Since
sin 20| < 1, then 85 — 10 < - <85_10< E< <E-
| < g |St7ls—5g slogsisgy

1.83 Y% % For a positive integer 72, find the integer part of (v/n? + 2n + n)2.

Solution: For a positive integer 7, we have
n<niP+2n<nP+2n+1=m+12=>n<vn2+2n<n+1=0c<

Vn2+2n —n < 1.Lletz = (Vn2+2n+n)? y = (V/n? + 2n — n)?, then
r+y=(Vn2+2n+n)?+(Vn2+2n—n)? =4n%+4n . Since 0 < Vn2+2n —n < 1,
then 0 < (v/n2 +2n —n)? < 1, then

(Vn? +2n+4n)? =4n? +4n — (Vn? +2n — n)? € (4n® + 4n — 1,4n? + 4n), thus the integer
part of (v/nZ +2n +n)? is 4n® + 4n — 1.

1.84 Y% % The positive real numbers p,q satisfy p> + ¢°> = 7pq and make the polynomial
xy +px +qy+ 1 of 2,y be factored into a product of two first-order polynomials, find the values

of p,q.

Solution: p > 0,9 > 0,p* +¢* = Tpq = p* + 2pq + ¢* = 9pqg = p+ q = 3\/Pq. Since the
polynomial xy + px + qy + 1 can be factored into a product of two first-order polynomials, we have
xy+pr+qy+1=(ax+0b)(cy +d) =acxy + adr + bcy + bd . Make the corresponding
coefficients equal: ac=1,bd =1,ad = p,bc = q, thus Prq

=abed = 1,p+q=3ypg=3=p= 0 q=35 or = 355 ¢ = 345

1.85 Y% The positive integers a, b, ¢ satisfy a* + b*> + ¢* + 3 < ab + 3b + 2c, find the values of

a,b,c.

Solution: a, b, ¢ are positive integers, thus a® + b + ¢* + 3 and ab + 3b + 2c are both integers,
then a2 4 1 + 2 +3<ab+3b+2c=a®+ 0+ +4<ab+3b+2c=a®>—ab+ % +
B Bb+3+ 2 —2+1< 0= (a—3)2+2(0-2)2+(c—1)?<0=a—2=0,b-2=0,
c—1=0=a=1,0=2,c=1.
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1.86 %% % The positive integers m,n satisfy (11111 + m)(11111 —n) = 123456789, show

m — n is a multiple of 4.

Proof: Since 123456789 is an odd number, then 11111 +m and 11111 — n are odd numbers, then

m,n are both even numbers.

(11111 4+m)(11111 —n) = 123456789 < 11111 x 11111 — 11111n+ 11111m —mn =
123456789 < 11111(m — n) = mn + 2468. Since Mn is a multiple of 4 and 2468 = 4 x 617

is also a multiple of 4, then lllll(m — n) is a multiple of 4. In addition, since 11111 and 4 are

coprime, then m — n is a multiple of 4.

1.87 %% The nonzero real numbers a,b,c,2,y, 2 satisfy z = y = E, evaluate
a b c
zyz(a +b)(b+¢)(c+a)

abe(z 4+ y)(y + 2)(2 + )

r 'y Z rYz 3
Solution: Let — = 7 = — =1 —— =1" and

a b c abe
r+y y+z ztu (@+yy+2)z+z) 5 (a+tb)(b+c)(c+a)
a+b b+c c+a (a+b)(b+c)(c+a) (x+y)y+2)(z+ ) e
Hence,

“I studied
English for 16 p
years but... »
...I finally
learned to
speak it in jus
Six lessons”

Jane, Chinese architect

OUT THERE

Click to hear me talking

before and after my

unique course download
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zyz(a+b)(b+ c)(c+ a) _ t3l _1
abe(z +y)(y + 2)(z + ) B

1 1 1
1.88 %% % Given 200722 = 2009y = 201122, 2 > 0,y > 0,z > 0, and . + — + — =1, show
y oz

V/2007x 4 2009y + 2011z = /2007 + /2009 + v/2011.

Proof: Let 2007z% = 2009y? = 201122 = k (k > 0), then
2007x = k/x,2009y = k/y,2011z = k/z. Since 1 + E + L 1, then
r oy =z

V2007 4 2009y + 20112 = \/k/z + k/y + k/z = Vk(1/x + 1)y + 1/2) = Vk.

On the other hand,
2007 = k/2%,2009 = k/y? 2011 = k/2% = +/2007 + v/2009 + /2011 = Vk/z +
Vk Jy + Vk [z = Vk . Hence the aimed equality holds.

1.89 %% If z,y, 2z are nonzero real numbers, and z + y + z = 2yz, 2° = yz, show x> 3.

3 — x since Yz = 22 . Then we can treat Y,z as

Proof. z +ty+tz=zyz&yt+z=xyz—r ==
two roots of the quadratic equation u? — (23 — z)u + 22 = 0. Since ¥, vy, 2 are real numbers, then
A= @ —-2?—422>0=2°-22"-322>0= 222" —222-3) > 0 =

22(2% 4 1) (2% — 3) > 0. Since  # 0, then 2> > 0,2> + 1 > 0, thus 2° — 3 > 3, ie. 2° > 3.

190 %% Given a,b,c are nonzero real numbers, and a®+b*+c*=1,

a(% + %) + b(% + i) —f—c(% + %) + 3 = 0, find all possible values of a + b+ c.

Solution:

a3+ +0(E+ 1)+l +4)+3=0= actab 4 ablbe | betca 43— ()= (g4 b+c)
(ab+bc+ca)=0=a+b+c=0or ab+ bc+ ca = 0. For the case ab + bc + ca = 0, since
a2+ +ct=(a+b+c)?—2(ab+bc+ca)=1Lthen(a+b+c)’=1=a+b+c==+l.

Hence, a +b+ ¢ canbe -1, 0, or 1.

1.91 %% If the sum of two consecutive natural numbers 7 and 7 + 1 is the square of another natural

number m, show n is divisible by 4.

Proof: n +n 4+ 1 =m?,ie. m?> =2n+ 1. 2n + 1 is an odd number, then m? is also an odd
number, then m has to be odd. Let m = 2k + 1 (k is a nonnegative integer).

n= m22*1 = (m_l)émﬂ) = 2k(k + 1). Since k(k + 1) is obviously an even number, then

n = 2k(k + 1) is divisible by 4.

1.92 %k If 22 — 222 +ax —6 and 2> + 522 + bxr + 8 have a second order common factor,

determine the values of a, b .
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Solution: Let

? =20 +ar — 6= (2 +pr+q)(x +¢c) =2° + (c+p)a* + (cp+ )z + cq
2® +52° +br +8 = (2 + pr+ q)(x +d) = 2° + (d+ p)a* + (dp + ¢)x + dg

Make the corresponding coefficients equal to have
pt+c=-2,cp+q=a,cq=—6,d+p=>5,dp+ q=6,dq = 8. From these six algebraic

equations, we obtain ¢ = —1,0 =6,c = -3,d=4,p=1,q = 2.

1.93 %% % In the Cartesian plane X OV, all coordinates of the points A(x1,¥y;) and B(xa, 1) are
one-digit positive integers. The angle between OA and the positive part of  axis is greater than
45%, and the angle between OB and the positive part of = axis is less than 45°. Denote
B’ = (x5,0), A’ = (0,41). The area of AOB’B is 33.5 larger than the area of AOA’A . Find the

four-digit number T172Y2Yy1 where 1, T2, Y2, Y1 are the four digits.

Solution: S aorpB = Saoara + 33.5 = %xgyg = %xlyl + 33.5 = x2ys = 11y1 + 67. Since
21y1 > 0, then x2ys > 67. In addition, 9, Y2 are one-digit positive integers, then Zoys = 72 or
81. /BOB' < 45°, then the point B is below the diagonal line y = =, then z3 > ys, thus
Toys # 81, then xoys =72, which implies x3 =9,y =8. Hence, x,y; =5. Since
ZAOB’ > 45, then the point A is above the diagonal line y = x, then x; < y;. Since x1, ¥y are
one-digit positive integers, then 1 = 1, y; = 5. Therefore the four-digit number T 75272y = 1985.

1.94 %% Given a positive integer 7 > 30 and 2002n is divisible by 4n — 1, find the value of 7.

2002n — k,then k= 500 + %. Since 4n — 1 is an odd number, then 2(” + 250)

dn —1
n + 250 4 1000 1001
isdivisibleby 4n — 1.Let o1 P (p isapositive integer), then 4p = 2:57_1 =1+ P

thus 1001 is divisible by 4n — 1. Since n > 30 and 1001 =7 x 11 x 13, then we should have
4n — 1 = 143, which implies n = 36, p = 2.

Solution: Let

1.95 Y% How many integers satisfying the inequality | — 2000| + |x| < 99992

Solution: If z > 2000, then the inequalitybecomes (z — 2000) + z < 9999 < 2000 < z < 5999.5.
There are 4000 integers satisfying the inequality. If 0 < x < 2000, then the inequality becomes
(2000 — z) + x < 9999 < 2000 < 9999 that is always true, then there are 2000 integers satisfying
the inequality. If r <0, then the inequality becomes
(2000 — z) + (—x) <9999 & —3999.5 < x < 0. There are additionally 3999 integers satisfying
the inequality. Hence, totally there are 4000 4 2000 4 3999 = 9999 integers satisfying the inequality.
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1.96 Y%% The real numbers w,y,2 satisfy x+y+2z=3 (i), 22 +y>+22=29 (i),
23 + 3 + 23 = 45 (iii). Evaluate zyz and x* + y* + 2%

Solution: (i)2-(ii): 7y + yz + zz = —10. Since

3 43 + 23 — 3zyz = 3 + 32%y + 3zy? + y? + 23 — 3%y - 3zy? —3ryz = (v +
y)>P+2 =3aylz+y+z)=(@+y+2)z+y)’ —(@+yz+2? -3zylz+y+2) =
(x+y+2) (2 +y?+ 22 — a2y — yz — 2x) , then 45 — 3wyz = 3(29 4 10) = xyz = —24.
Since (zy + yz + 2x)? = 100 = 2%y? + y?2% + 222% + 2zyz(x + y + 2) = 100, then

22y? + y?2? + 2222 = 100 — 2 - (—24) - 3 = 244.

Hence, 2% + y* + 2% = (2% + 3% + 22)? — 2(2?y? + y?22 + 2%2?%) = 292 — 2 x 244 = 353,

1.97 % Let S= 14 55 + 35 + - + 55099 find [S].

11 1 1
Solution: 1 < S=1+—=+—+--- 1 _
otution Tttt T 00 S T T2 T ax3 T 2008 x 2000
4l oo =g = 1270 >
T Tt T3 T 2008 T 2000 2009 2009
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1.98 kK Let S= 1+ 5+ Jo + -+ S find [9].
1 1 1
< < &
: VE+1+Vk 2\/E1 VE+VE—1
Vk+ —\/%<ﬁ<\/%—\/k—1. Thuswehave\/i—l<—1<17\/§—\@<

Solution: Let k be a positive integer, we have

1 vk 1 2V1
— < V21, ,v/994010 — V994009 < ———— < /994009 — v/994008. Add
22 , X 21\/994009 ) )
them up to get V994010 — 1 < (1 + —= 4+ —= + - + ——) < V994009 — = =
bros 2( V2 V3 994009) 2

1 1
97 -1< §S <997 — 3 = 1992 < 2v/994010 — 2 < S < 1993 = [S] = 1992.

1.99 %% % Given x,v, 2, a, b, ¢ are distinct rewal numbers, and

1 1 1 1
+ + = —
r+a y+a z+a a
1 n 1 n 1 1
r+b y+b z+b b
1 1 1 1
+ + = -,
r+c yYy+c z+c c

1 1 1
Evaluate — 4+ — 4+ —.
a b ¢

Sollution: Thle three eﬂualitiei imply that we can treat a, b, c as three distinct roots of the equation

+ + = —, which is equivalent to 2t* + (z 4y + 2)t> —zyz = 0. Vieta’s
st oy+t 2+t 1 1_ab—|—bc—|—ca_0

1
formulas lead to ab + bc + ca = 0, thus — + — + —
a b ¢ abe

1.100 %% % If m is a natural number, .S, represents the sum of all digits of 7, and the largest

common divisor of S, and S,,+1 is a prime greater than 2, find the minimum value of m .

Solution: (.S, S;41) > 2 = Sy — S # 1. Assume m has 9%s as the last n digits (n > 0), then
Sma1 = Sm —9In+ 1. Let (S, Siy1) =d, then d = (S,,,9n — 1), d|9n — 1, thus n # 0, 1
(since d > 2).1f n = 2, then d|17, d = 17, S, has the minimum value 34 (since .S,,, > 18) and m
has the minimum value 8899. If n = 3, then d|26, d = 13, S,, has the minimum value 39 (since
Sy, > 27) and m has the minimum value 48999. If n > 4, then m > 9999 when d exists. Hence,

m has the minimum value 8899.

1.101 %% Given ax + by = 7,ax? + by? = 49, ax® + by® = 133, ax* + by* = 406, evaluate

b
2002(x + y) + 20022y + % :
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Solution: (az + by)(z + y) = ax® + azy + bry + by? = (az® + by?) + (a + b)zy,

(az? + by?)(z + y) = ax® + az?y + bxy® + by® = (az® + by®) + (azx + by)zy,

(ax® 4+ by3)(z + y) = az* + axdy + bry? + by* = (ax* + by*) + (az? + by*)zy.
Substitute ax + by = 7, ax? + by? = 49, ax® + by = 133, ax* + by* = 406 into the above

equalities to obtain

Tr+y) = 494 (a+bzy (i)
49(z +y) 133+ 7xy (i)
133(x +y) = 406+ 49zy (iii)

(i) x 7— (iii) = . + y = 2.5.
(i) x 19 — (iii)) x 7 = zy = —1.5.
Substitute  +y = 2.5, 2y = —1.5 into (i): a + b = 21.
a+b 21
Therefore, 2002(z + y) + 20022y + 1 = 2002 x 2.5+ 2002 x (—1.5) + 9] = 2003.
2p—1 2q—1

1.102 %% % If , ¢, =, », areintegers,and p > 1,¢ > 1, find the value of p +¢.

2p —1 2p —1 1
P =P :ZfE.Since p > 1 is an integer, then 2%1 =92 % is
p

not an integer, a contradiction to the given problem. Hence, p # ¢. Without loss of generality, Let
2g—1 — m (m isapositiveinteger).Sincemp = 2¢ — 1 < 2p — 1 < 2p,thenm =1,

p
then p = 2q — 1, then 2p—1 :4q—3
q

Solution 1: If p = g, then

p > g andlet

3 —
=4 — —. Additionally since 2p—lisalsoa positive integer
q q
q
and ¢ > 1,then ¢ = 3,then p=2¢g—1=25,thus p+ g =8.

_ 2 — 1
Solution 2: Starting from p > ¢, let 2p =1 =m (i), a =mn (ii). m,n are both positive integers
np+1
and m >n. (ii) is equivalent to ¢ = np; L substitute it into i: 2p—1=m p , thus

2
(4 —mn)p = m + 2, thus 4 — mn isapositive integer, i.e. mn = 1 or mn = 2 or mn = 3. Recall

that m > n, then we only have two possibilites m =2,n=1 or m =3,n=1. When
m=2,n =1, (i)(i) lead to p = 2,¢ = 3/2 (q is not an integer). When m = 3,n = 1, (i)(ii) lead
to p=19,q =3, hence p+ q = 8.

1.103 v % % % If the real numbers a, b, ¢, d are all distinct, and a—i—% =b+ % =c+ é =d-+ % =z

find the value of x .

Solution: a++ =b+L=c+i=d+l=a= atl=2a @) p+L=2 (i), c+i=2 (i,
d+é =z (iv). (i) implies h= 7, substitute it into (ii): ¢= z* -,

233;(11+§:aj,thatis,dx?’—(ad‘f‘l)x2_(Qd_a>x+ad+1:0 )
Tr° — ar —

‘H

substitute it into (iii):
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(iv) implies ad + 1 = ax, substitute it into (v):

dod —ax® —2dxr +ax+ar =0= (d—a)z®* — (d —a)2x = 0 = (d —a)(z® — 2z) = 0. Since
d—a#0,then 23 —2x = 0.If z = 0, then ¢ = z*_"— = a = C, a contradiction. Hence,
?—2=0=>2"=2=2==4V2.

1.104 %% % Consider a group of natural numbers a1, as, - - - , @, in which there are K; numbers
equal to ¢ (i=1,2,---,m). Lt S=a1+a+---+a, =K +Ky+---+K;
(1<j<m).Show S1+So+ -+ S, =(m+1)S, —S.

Proof: S=ay+as+ - +a, =K, -1+ Ky - 24+ K, m= (K + Ky, +---+ K, +
(Kot K+ 4+ Kp) 4+ + Ky = Sip + (S — S1) + -+ + (S — Si1) + S — S =
(m+1)Spy — (S1+ S+ -+ Spn)

Hence, S1+ S+ -+ S = (m+ 1)S,, — S.

1.105 Y % % There are ten distinct rational numbers, and the sum of any nine of them is an irreducible

proper fraction whose denominator is 22, find the sum of these ten rational numbers.

In the past four years we have drilled

89,000 km

That's more than twice around the world.

Who are we?

We are the world’s largest oilfield services company’.

Working globally—often in remote and challenging locations—
we invent, design, engineer, and apply technology to help our
customers find and produce oil and gas safely.

Who are we looking for?
Every year, we need thousands of graduates to begin
dynamic careers in the following domains:

‘ ‘ m Geoscience and Petrotechnical

m Commercial and Business

What will you be?

a1 careers.slb.com Schiumberger
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Solution: Let these ten distinct rational numbers be a; <as <---<a;0. We have

m
(a1 +ag+---+aw) —ap= 29> where k=1,2,---,10. m is an odd number and
1<m<21,m#11. Additionally because @i, as,---,a;p are all distinct, then

1+34+5+7+9+13+156+17+19421

1O(al—|—a2—|—~ . '—|—CL10)—(CL1—|—CL2—|—' . '—|—CL10) = 29

Hence, a1 + a9 + -+ -+ ajg = 5/9

1.106 %% Given a + b+ ¢ = abc # 0, evaluate
(-P)1-¢), (-a)1-&)  (1-a)1-#)

bC ac ab
Solution: a+b+ ¢ =abc # 0 = ab = %Hc :>a7+”:ab—1_
Similarly, e :bc_17a+c = ac — 1. We have

a b
(1-0v*)(1 —02)+(1 —a?)(1 —02)+(1 —a®)(1 —b?) _ 1 —? —02—0—b202+1 —a2—02+a202+

be ac
1—a? — b+ a?b? 1 1 1

ab be ac
b+c a+c a+b at+b+c
=(—+—+—=)— — — +ab+ac+bc = ——— —
bc ac ab

ab a b c abc
(be—1)—(ac—1)—(ab—1)+ab+ac+bc=1—bc+1—ac+1—ab+1+ab+ac+bc =4

1.107 %% % Let a, b, ¢ bedistinctpositiveintegers,showatleastoneof a®b — ab?, b>c — bc?, c3a — ca®
is divisible by 10.

Proof: Because a®b — ab® = ab(a? — b?),b3c — bc® = be(b? — ¢?), c*a — ca® = ca(c® — a?), then
if a, b, ¢ has at least one even number or they are all odd numbers, a®b — ab®, b3c — bc?, 3a — ca®

are divisible by 2.
If one of a, b, ¢ is a multiple of 5, then the conclusion is proven.

If a, b, ¢ are not divisible by 5, then the last digits of a*, b?, ¢® can only be 1,4,6,9. Thus the last digits
of a® — b2, b* — 2, c® — a? should have 0 or £5, that is, at least one of a? — b2, b*> — ¢, c? — a? is

divisible by 5. Since 2 and 5 are coprime, thus at least one of ¢3p — ab® = ab(a? — b?),

b3c — bcg — bc(b2 — 02)7 CSCL — CCL3 — CCL(CQ — a2) is divisible by 10.

1.108 %% % Let a, b, c are positive integers and follow a geometric sequence, and b — a is a perfect

square, logs a + logg b + logs ¢ = 6, find the value of a + b + c.

Solution: logg a + logg b + logg ¢ = 6 = logg abc = 6 = abc = 6°. In addition, b*> = ac, then
b = 62 = 36, ac = 36%. In order to make 36 — a a perfect square, a can only be 11,27,32,35, and a
is a divisor of 362, thus @ = 27, then ¢ = 48. Therefore, a + b+ ¢ = 27 + 36 + 48 = 111.
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1.109 %% The real numbers a,b,c,d satisfy a+b=c+d,a®+0=c®+d> show
Q2011 4 2011 _ (2011 | 2011

Proof: If a + b = ¢ + d = 0, then the conclusion is obviously true.

Ifa+b=c+d+#0,then
B+P=+d= (a+b)(a® —ab+ V) = (c+d)(* —cd+ d*) = a®> —ab+ V* =
A —cd+d* = (a+b?*—=3ab = (c+d)?—3cd = ab = cd = (a +b)?* — 4ab =
(c+d)2—4cd:>(a—ij:(c—d)2\2>a—lb:i—(c—d).Hence,

a—b = c—d (i)

a+b = c+d (i)

or

()+(3i): a = ¢; (D)-(Gi): b=d .
(iii)+(iv): @ = d ; (iii)-(iv): b = c.

For either case, we have q?011 4 p2011 = 2011 4 72011

1.110 %% The real numbers a,b,c,d satisfy a-+b+c+d=0, show
a® + b + A + d® = 3(abe + bed + cda + dab).

Proof:

at+btct+d=0=a+b=—(c+d) = 0= (a+b)*+(c+d)® = a®+b>+3a*b+3ab*+
AE+d+32d+3cd® = P+ +E+d = —3(a*b+ab? +Pd+cd?) = AP+ P+ P+ dP —
3(abc+bed+cda+dab) = —3(a?b+ab® + *d+cd?) — 3(abe+bed + cda+dab) = —3(a?b+
ab®+c2d+cd?*+abe+bed+cda+dab) = —3[(a*b+ab*+abe+abd)+(acd+bed+cd+cd?)] =
—3lab(a+b+c+d)+cd(a+b+c+d)] =0 = a®>+ 0+ +d* = 3(abc+ bed + cda+dab) .

1.111 %% % Consider a 2n X 2n square grid chessboard, each grid can only have one piece, and
there are 3n grids having pieces, show we can always find n rows and 1 columns such that these 3n

pieces are within these . rows or these n columns.
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Proof: Denote the number of pieces in each row or column as p1, P2, -+, Pn, Pnt1, " * * , D2n, With the
order p12>p2> 2Py > Ppy1 = > Pan.  The given  condition implies  that
pr+p+ Pt P+ Py =3n Q). If pr +p2+ -+ pn < 2n—1 (ii), then at
least one of p1, P2, - -+ , Py is not greater than 1. (i)-(ii): Pp+1 + - - - + Pan, > 1+ 1, then at least one
of Ppy1, -+, Dan is greater than 1, a contradiction. Hence, we have p; + pa + - - - + p, > 2n . Hence,
we choose not less than 2n pieces from the 1 rows and then choose the remaining pieces from the n

columns to include all 3n pieces.

1.112 Y% % % Find a positive number such that its fractional part, its integer part, and itself are

geometric.

Solution: Denote the number as x > 0, its integer part [z], and its fractional part x — [z].

The given condition implies that z(z — [z]) = [z]* = 2% — [z]z — [2]> = 0,
— 15

where [z] > 0,0 <  — [z] < 1. The solution is 7 = 572 [z]. Since 0 < z — [7] < 1,
1 1 1
then ( < +2\/5[x]<1:0<[x]< +2\/5<2:[x]:1,x: +2\/§M_
1.113 %% % % Consider a seqilence as, cig, ag, -+ 0y satilsfying ay +as + - - -+ a, = nd for any
positive integer n , evaluate + +oeee
(12—1 013_1 CL100—1

American online

is currently enrolling in the
Interactive Online
programs:

enroll by September 30th, 2014 and
save up to 16% on the tuition!

pay in 10 installments / 2 years
Interactive Online education

visit to

vvyvVvyyVvyy

find out morel

Note: LIGS University is not accredited by an

nationally recognized accrediting agency listed

by the US Secretary of Education.
ore info here.

-

37 Click on the ad to read more

Download free eBooks at bookboon.com



http://s.bookboon.com/LIGS

Solution: When n > 2, wehave a; +as + -+ a, =n> (), a1 +ag + -+ ap_1 = (n— 1)3
@ii). (i)-(ii): a, = n® — (n — 1)3 = 3n* — 3n + 1. Thus

Lot v ity =1,23,---,100.
a,—1 3n2-3n 3n(n—-1) 3\n—-1 n
1 1 1 1 1 1,1 1 1,1 1
Hence, = _(1-Z= (= - = e S (— - ) =
1 1 199 33 .

5= 105) =3 * 100 = 08
3 100 3 100 100

1.114 k%K T1,T2,T3,T4,T5 are distinct positive odd numbers and satisfy
(2005 — 1) (2005 — 22)(2005 — x3)(2005 — x4)(2005 — x5) = 576, what is the last digit of

o3+ 23 + 2% + 2 + 232

Solution: Since x1, T2, T3, T4, T5 are distinct positive odd numbers, then
2005 — z1, 2005 — x5, 2005 — x3, 2005 — x4, 2005 — x5 are distinct even numbers, thus 576

needs to be factored into the product of five distinct even numbers, which has a unique form:
576 = 24 =2 x (—2) x 4 x 6 X (—6)-
Hence,

(2005 —x1)% 4 (2005 — 29)* + (2005 — 23)? + (2005 — 74)* 4 (2005 — 5)? = 22+ (—2)*+
424624 (—6)* = 96 = 5x2005%—4010(21 + o+ x5+ 24 +25) + (2] + 23+ 25+ 2+ 22) =
96 = 27 + 23 + 22 + 23 + 22 = 96 — 5 x 2005% + 4010(x; + 29 + 23 + 74 + 75) = 1

(mod 10), that is, the last digit of 3 + 23 + 23 + 23 + 22 is 1.

1.115 Yy % % There are 95 numbers a;, g, - - - , Ggs, which can only be +1 or -1. Find the minimum
value of the sum of all products of any two, S = ajas + ajag + - - - + agsags; also determine how

many (+1)’s and how many (-1)’s in the 95 numbers such that the minimum S is obtained.

Proof: Assume there are m (+1)s and n (-1)s in aq,ao, - - ,a95, then m+n =95 (i).
aias + ajas + - -+ aggags = S, multiply it by 2 plus  a?+a3+ -+ ads = 95:
(a1 +ag+ - - +ags)> =25 +95. a; +as+ -+ ags =m —n, then (m —n)? =25+ 95,
The minimum value of S to make 25 + 95 a perfect square is Sy = 13. When S = Spin,
(m —n)? =112 that is, m —n = +11 (ii). (i)@i) imply that m +n =95 m —n =11 or
m+n =95 m—n = —11, from which we have m = 53,n = 42 or m = 42, n = 53. Hence,
when there are 53 (+1)’s and 42 (-1)’s, or there are 42 (+1)’s and 53 (-1)’s, S = S, = 13.

1.116 Yk ** Let p=n(n+1)(n+2)---(n+7), where n is a positive integer, show
[&/p) =n®+Tn+6.
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Proof: Let a = n? + Tn + 6, then

p =n(n+7)(n+1)(n+6)(n+2)(n+5)(n+3)(n+4) = (n*+7n)(n*+7n+6)(n*+7n+.
10)(n*+7n+12) = (a—6)a(a+4)(a+6) = a*+4a(a® —9a—36) = a* +4a(a+3)(a—12)
When n > 1, a > 12, then a* < P . On the other hand,
(a+1)*—p = a*+4a®+1+4a®+2a* +4a—a* — 40>+ 360>+ 144a = 42a*+148a+1 >
0=p<(a+1)* Hence,a4<p<(a+1)4:>a<\4/]3<a+1:>[\%_?]:a:n2+7n+6.

1.117 Y% % % % The real numbers a, b, c, d, e satisfy
a+b+ct+d+e=8,a>+b+c+ d®+ e? = 16, find the maximum value of € .

Solution: Substitute a = 8 — b — ¢ — d — e into a® + b* + ¢* + d* + €* = 16:
B—b—c—d—e)?+VP+ +d+e2=16=20—-28—c—d—e)b+ (8 —c—
d—e)?+c?+d?+e? — 16 = 0. Since b is a real number, then
Ap=48—-c—d—e)?—8[(8—c—d—e)*+*+d*+e*—16] > 0 = 3c* —2(8 —
d—e)c+ (8 —d—e)? —2(16 — d? — %) < 0. There are real values ¢ satisfying this inequality if
andonly if A, =4(8—d—e)? —12[(8—d—e€)? —2(16 —d? — )] > 0 = 4d? — 2(8 — )d + (8 —
e)? — 3(16 — e?) < 0. There are real values d satisfying this inequality if and only if

Ay =48 —e)? —16[(8 — e)* — 3(16 — €?)] > 0 = He? — 16e < 0 = e(he — 16) <
0=0<e< 16/5 . Hence, the maximum value of ¢ is 16/5.

1.118 % % % % Let a positive integer d not equal to 2,5,13, show we can find two elements a, b
from the set {2,5,13,d} such that ab — 1 is not a perfect square.

Proof: 2x5—1=2322x13—-1=525x13—1 = 82, thus we need to show at least one of
2d —1,5d —1,13d — 1 is not a perfect square. We prove this by contradiction. Suppose these three
numbers are perfect squares, that is, 2d — 1 = 22 (i), 5d — 1 = y? (i), 13d — 1 = 22 (iii), where
x, Yy, # are positive integers. (i) implies 2d — 1 = 1 (mod 2), then  isan odd number,thus2d — 1 =1
(mod 4), thus d =1 (mod 2), that is, d is an odd number. Similarly (ii)(iii) imply y, z are even
numbers. Let y = 2y, 2 = 221, where yi, 21 are positive integers. Substitute them into (ii)(iii) and
subtract the two resulting equalities: 27 — 37 = 2d = (2 — 41)(21 + y1) = 2d (iv). The right hand
side of (iv) is divisible by 2, but the left hand side (23 — y1) + (21 + ¥1) = 22 is an even number,
then 21 — 1 and 27 + y; are multiples of 2, thus the left hand side of (iv) is divisible by 22 However,
d is an odd number, thus the right hand side of (iv) is not divisible by 22, a contradiction to the

assumption.

1.119 %% %% Let x,y, z be nonnegative real numbers, and z + y + z = 1, find the maximum
value of zy + yz + 2o — 22y%.
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Solution: (1 — 22:)(1 — 2y)(1 — 22) = (1 — 2y — 2z + day)(1 — 22) = 1 — 2y — 22 + 4oy — 22 +
dyz +4zx —8xyz=1-2(x +y+ 2) + 4(xy + yz + zo — 2xy2),
thus zy+yz + 2o — 2zyz = 1[(1 — 22)(1 — 2y)(1 — 22) + 1.

Since x +y+ 2z =1, then at most one of 1 —2x,1—2y,1—2z is less than zero, thus
1—20+1-2y+1-22\° —2 s
(1_2$)(1_2y)(1_22)§< x+ Y+ z) :F, (x4+y+2)

3 3

3-2\* 1 _ 11 _ .

( ) _ 1 .Hence, TY+yz + zx — 2zyz < 4(27 + 1) = 2. Therefore, the maximum value
3 27

of zy + yz + zx — 2xyz is 7/27.

1.120 %% % %%k Let a,b,c € R,a+ b+ c =0, show

a® + b+ a2+ +E B+ +3

5 - 2 3
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Proof: Let F'(n) = a" + 0™ + ¢". Obviously a, b, ¢ are roots of the equation

(x —a)(z — b)(x — ¢) = 0. This equation is equivalent to

3= (a+b+c)x? — (ab+ b+ ca)z + abe.

When n > 4, we have 2" = (a + b+ ¢)z™* — (ab + bc + ca)z" % + (abe)z" .

Thus a” = (a + b+ c)a™ ' — (ab+ bc + ca)a™ 2 + (abc)a™ 3.

Similarly, 0" = (a + b+ ¢)0" ' — (ab + bc + ca)b" 2 + (abe)b™ 3

and " = (a+ b+ c)c" ! — (ab+ bc + ca)c”? + (abc)c™ 3. Add the above three equalities
together: F'(n) = (a+b+c¢)F(n—1) — (ab+ bc + ca)F(n —2) + (abc)F(n — 3).

In addition, we know a® + b% + ¢ + 2ab + 2bc + 2ca = (a + b + ¢)?

and a® +0® + ¢ — 3abc = (a + b+ ¢)(a®* + b* + ¢* —ab—bc — ca). When a + b+ ¢ = 0,
thenF' (1) = 0,ab+ bc+ ca = —‘ZQL;J“CQ = —3F(2),abc = 3(a® +b*+ ) = 1 F(3), F(n) =
%F(Q)F(n —2)+ %F(Z’))F(n — 3). Choose n = 4, we have I (4) = %FQ(Q). Choose . = 5, we

have F (5) = LF(2)F(3) + LF(3)F(2) = SF(2)F(3). Hence, L) _ F2) F3) oo
5 2 3
a® + b+ B a® + b + 2 a3+b3+c3_
5 B 2 3

1.121 k% %%k Given x=0by+cz,y=cz+ax,z=axr+ by, find the value of
a b c

a—|—1+b+1+c—|—1.

Solution: From the given conditions, we have
r—y=by+cz—cz—ar=(a+1)x=(0b+1)y;

y—z=cz+ar—ar—by= (b+1)y=(c+1)z;
z—rx=ar+by—by—cz= (c+1)z=(a+1)z.

Hence, (a+1)z=(0b+1y=(c+1)z. Let (a+1)z=(b+1)y=(c+1)z=Fk, then
(ax+by+cz)+(r+y+2) =3k (). Add up the given equalities in the problem:

z+vy+z=2ax+by+cz ii). i)(ii lead to arv.+by +cz=k, thus
ay b ( cy )aa: (i) 233() cz _a:c—l—by—l—ycz_k_l

Gl bHl erl (at Dz G+ly +Dz k&

1.122 %k %%k % Consider a cuboid whose length, width, height are positive integers 72,7, 7 and
m < n < 1. We paint red color on the surface of the cuboid completely and then chop it into cubes

with side length 1. If we know that the number of cubes without red face plus the number of cubes with
two red faces minus the number of cubes with one red face is 1985, find the values of m, n, r.
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Solution: We have three cases, separated by the value of m, to discuss.

(1) If m > 2, then the number of cubes without red face is ko = (m — 2)(n — 2)(r — 2), the

number of cubes with one red face is
ki=2(m—2)(n—2)+2(m —2)(r —2) +2(n — 2)(r — 2), the number of cubes with two
red faces is ko = 4(m — 2) +4(n — 2) + 4(r — 2). We have

ko + ko — k1 = 1985 = (m — 2)(n — 2)(r — 2) +4[(m = 2) + (n — 2) + (r —
)] —2[(m—2)(n—2)+(m—=2)(r —2)+ (n—2)(r —2)] = 1985 = (m — 2)(n —
D[(r—2)—2]—2(m—=2)[(r—2) —2] = 2(n —2)[(r —2) — 2] + 4(r — 2) = 1985 =
(m—2)(n—=2)[(r—2)—2]—2(m—=2)[(r—2)—2]-2(n—2)[(r—2) = 2] +4[(r—2)—2] =
1977 = [(r—2)=2][((m—-2)(n—2) —2(m —2) —2(n —2) + 4] = 1977 = [(r — 2) —
2[{(m —2)[(n—2) —2] —2[(n—2) = 2]} = 1977 = (m — 4)(n — 4)(r — 4) = 1977
Because 1977 =1 x 3 x 659 =1x1x 1977 = (—1)(—1) - 1977, then
m—4=1n—-4=3r—4=659,orm—-4=1n—-4=1,r—4=1977, or
m—4=-1,n—-4=—1,r—4=1977. Therefore, m = 5,n = 7,r = 663, or
m=5n=>5,1r=1981,orm =3,n=3,r = 1981.

(2) If m = 1, then n = 1 leads to no solution, thus n > 2. In this case, the number of cubes without
red face ky = 0, the number of cubes with one red face k1 = 0, and the number of cubes with two red
faces ko= (n—2)(r—2). We have ko + ko — k1 = ky = 1985, thus
(n—2)(r —2) =1985 =5 x 397 = 1 x 1985, from which we obtain n —2 = 5,7 — 2 = 397,
orn—2=1,r—2=1985. Therefore, m = 1,n=7,r =399, orm =1,n = 3,r = 1987.

(3)If m = 2, then ko = 0, k; and k2 are even numbers. In this case, obviously ko + ko — k1 # 1985.
As a conclusion, there are five possibilities:

m=>5,n="7,r=06063;

m=25,n=25,7r=1981;

m=3n=3,r=1981;

m=1n="71r=2399;

m=1n=3r=1987.
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2 Equations

5 8
2.1 Given the equation ax —b= ga: + 142, find the smallest positive integer b such that the solution

Z is a positive integer.

5 8 9 9
Solution: 51‘ —b= 5:6 + 142 = b = mx — 142. Since p is a positive integer, then TOx should be

a positive integer and greater than 142. Thus Z should be a multiple of 10. To minimize b, r =160,
then p = % X 160 — 142 = 2, that is, the smallest positive integer b is 2.

2.2 Solve

—a—-b z—-b—c zT—c—a
+ =3
c a b

Solution 1: The equation implies @, b, ¢ # 0. Multiply abc on both sides of the equation:

(x —a—"blab+ (x —b—c)bc + (v — ¢ — a)ca = 3abc < (ab + be + ca)r = 3abe +
ab(a +b) + be(b+ ¢) + ca(c + a) < (ab+ be + ca)x = (a+ b+ ¢)(ab + be + ca).

When ab + bc + ca # 0, x = a+ b+ c¢; When ab + bc + ca = 0, o can be any real number.
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Solution 2:

x—a—b+x—b—c r—c—a T—a—>5 z—b—c r—c—a

; - =3e ———I+—————1l+————
— b - b — b 1
1=0« & (aj +C)+x (a:; +C)+$ (a: +C)—0<:>[a:—(a+b+c)](a+
1 1 ab+bc+ca_

*—!—E):O(:)[x—(a—i-b—i-c)] 0.

b abc
When ab+bc+ca #0,z=a+b+c;

When ab + bc + ca = 0, x can be any real number.

2.3 Find the condition for @ such that the equation |az — 2y — 3| + |52 4+ 9] = 0 has the solution

(x,y) where T,y have the same sign.

. 9
Solution: |gz — 2y — 3| + |50 +9|=0=az —2y—3=0,50+9=0=2=—_ <0,y =
ar 3 9 3 3
?_5 :_1_0a_§.Since x, Y have the same sign, < 0 = a > —g.

2.4 Find all positive integer solutions of the equation 123x + 57y = 531.

6—3
Solution: 1237 + 57y = 531 < 4le + 19y =177 < y =9 — 22 + ‘

Thus =2,y =5

is a specific solution, then all positive integer solutions should have the form x = 2 — 19¢,y = 5 + 41¢,

where ¢ isaninteger. 2 — 19t > 0,¢ + 41t > 0 = —% <t< %,thus the only integer ¢ = 0. Hence,

the original equation only has one positive integer solution = = 2,y = 3.

2.5 Solve the equation z* — 1223 + 472% — 60z = 0.

Solution:z* — 122% + 472% — 60z = 0 & z(z3 — 32? — 922 + 272 + 20z — 60) = 0 &
z[r?(z — 3) — 9z(z — 3) + 20(x — 3)] = 0 & z(z — 3)(z — 4)(x — 5) = 0, which leads to four
solutions: = 0 or 3 or 4 or 5.

2.6 Given |z — 2| < 3, solve the equation |z + 1| + |z — 3| + | — 5| = 8.

Solution 1: |[r —2| <3 = —1 <z <5,

Then [z + 1|+ |z —3|+ |z —5|=8=2+1+|z-3|—2+5=8=|r—3|=2.
When z > 3, v — 3 = 2 = x = 5 which does not satisfy the given inequality;

When 2 < 3, —(x — 3) = 2 = = = 1 which satisfies the given inequality.

Solution 2: |r —2| < 3= —1 < x <5.
When -1 <z <3, [z + 1|+ |z =3|+ |z —5|=8=(z+1)—(z—3)—(z—5)=8=x=1;
When 3 <z <5, [z + 1|+ —3|+]jz—5=8=(z+1)+(x—3)—(z—5)=8=x=25,

a contradiction to 3 < x < 5, or x = 5 does not satisfy the given inequality.
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2.7 Solve the equation z|x| — 3|z| — 4 = 0.

Solution:Whenz > 0,z|z| = 3|z| —4=0=>2>-32—-4=0= (z+1)(z—4) =0=>2=—1
(deleted since x > 0) or x = 4.

When z <0, z|z|—3|z|—4=0= —2>+3r—-4=0= 2> —-32x+4=0 which has no
solution since A =9 — 16 < 0.

As a conclusion, the original equation has a unique solution = = 4.

2.8 We know that the equation system
3r+my—5 = 0
r+ny—4 = 0

has no solution, and m, n are integers whose absolute values less than 7, find the values of m, n.
. . . 3 m b
Solution: The equation system has no solution, then — — — + Z thus m = 3n and 4m # Hn.
n
Additionallysince |m| = |3n| < 7,thus _g <n< §.Sincen isaninteger,thenn = —2,—1,0,1, 2,

then m = —6,—3,0,3,6. Hence, when m = —6,n = —2orm=—-3,n=—lorm=0,n=0

orm=3,n=1orm=6,n = 2, the original equation system has no solution.

2.9 Assume the equation 22 + = + a = 0 has the solution set A , and the equation 222 + bz + 2 = 0
has the solution set B,and AN B = {1/2}, find AU B.

Solution: Let A = {1/2, 21}, B = {1/2, 25} .
Vieta’s formulas lead to x1 + 1/2 = —1/2,25/2 =1 = 21 = —1,29 = 2.
Hence, AU B = {1/2, 1} U {1/2,2} = {~1,1/2,2}.

2.10 Find real valued solutions of the equation v/Z +y — 1+ V2 —2=(z+y+ 2)/2.

Solution 1: \/Z +y —1++V2—-2=(z+y+2)2x—-2y/z+1+(y—1)—2y/y— 1+
(:-2)—2v/z—24+1=06 (V- 12+ (Vg —1-1P°+(Vz—2-12=0
= Jr—-1=0vVy—1-1=0,vV2-2-1=0=2=1y=2,2=23.

Solution 2: Let /r=t (t>0), Vy—1=u (u>0), vVz—2=v (v>0). Then

r=ty=u?+1,2=u>+2, substitute it into the original equation to obtain
ttut+v=F+uw+1+0*+2)2 2 +u*+* -2t —-2u—-2v+3=0%&
t—12+@u—-1)>+w—-1>2=0=t=u=v=1=>r=1y=22=3.
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r+1 z+4 zx+1 a7—2_2

2.IISolvetheequat10n$+4—$+1+x_2—x+1 =3

Solution: The equation is equivalent to

3 3 41 3 L4 3 2(:) 3 2+ 3 o
— — —_— + _— = — = —
x+4 r+1 T —2 r+1 3 T —2 3 x+4
2?2 +2r—35=0and x # 2,2 # —4. We can factor it to be (z — 5)(z + 7) = 0, which leads
to solutions £ = 5,z = —7.

2.12 If the equation 22 — 2x — 4y = 5 has real valued solutions, find the maximum value of = — 2y .

Solution: Let # — 2y = t , then we have a system of equations: 7 — 2z — 4y = 5 (i)and z — 2y = ¢
(ii). (i)-(ii) x 2: 22 —dx =5 — 2t < 2% — 4o + 2t — 5 = 0. This quadratic equation has real valued
solutions, thus A = 16 — 4(2t — 5) = 4(9 — 2t) > 0 < ¢t < 9/2, that is, the maximum value of
x — 2y is 9/2.

2.13 Solve the equation gz + lgz® +1ga® + - - + lgz* ! =n (n € N).

Solut%on: lgiac—Hg lig +1g $5 4. +1g $2n_1 =—no lg x1+3+5+~-~+(2n—1) —n o lg m(1—}-2n—1)n/2 —
n&nllgr =n<lgr =1/n (since n € N), whose solution is z = {/10.

> Apply now
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2.14 Solve the equation 5**1 = 31,

Solution: 571! = 37°~1 & (x+1)1gh = (22— 1)1g3 & (z+ 1)[lgh — (z — 1)1g 3] = 0, thus
x+1=0orlgh— (xr—1)lg3 = 0, which imply two solutions = —1, = = logs 15.

2.15 Solve the equation z* — 42% +1 = 0.

Solution: Let y = x?, then the equation becomes
Y —dy+1=0(y—22=3=y=2+V3=22=2+3orz> =23,

the first of which implies z = +1/2 + /3 = & ‘/3;'1, the second of which implies

_ _ 1431 : V31l V341 V3-1 _ V/3-1
r=+vV2—-+3= +5—. Hence, the four solutions are 35—, 5 g 5

2.16 For any real number k, the equation (k* + k + 1)z — 2(a + k)?z + k* 4+ 3ak + b = 0 always
has the root = 1. Find (1) the real numbers a, b ; (2) the range of the other root when & is a random

real number.

Solution: (1) = 1 is always a root, then (k* + &k + 1) — 2(a + k) + k* + 3ak + b = 0 is always
valid for any £ , thatis, (1 —a)k + (1 —2a +b) =0 forany k, thus 1 —a=0,1—2a+b=0,
which lead to a = b = 1.

(2) Let the other root be 2, then Vieta’s formulas imply

k*+3ak+b K*+3k+1
= — 1)k? —3)k —1)=0.
Prhrl ~ Raker O @ DE A @3kt (e = 1) =0

A= (9 — 3)2 — 4y — 1)2 = —3x§ + 2x9 + 5 > 0 which implies —1 < x5 < 5/3.

1'1‘2:

2.17 Solve |3z — |1 — 2x|| = 2.

Solution: |3x — |1 — 2x|| =2 = 3z — |1 — 2x| = £2.

When 3z — |1 — 22| =2, |1 — 22| =3z — 2,then 3x — 2 > 0 = x > 2/3, and

1 —2x = +(3xz — 2) whichleadsto x = 1 or z = 3/5 < 2/3 (deleted).

When 3z — |1 —2z| = -2, |1 — 22| =32+ 2,then 32 +2> 0= 2 > —2/3, and
1 — 22 = £(3x + 2) which leadsto z = —1/5 or x = —3 < —2/3 (deleted).

Hence, the original equation has solutions * = 1 or z = —1/5.

2.18 The equation 722 — (k + 13)z + k? — k — 2 = 0 (k is a real number) has two real roots a, /3,
and 0 < a < 1,1 < 8 < 2. Fine the range of k.
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Solution: Let f(z) = 7a? — (k+13)z + k* —k — 2, since 0 < a < 1,1 < 3 < 2 are two roots
of f(x) =0, then F0) = K—k—2>0

f(l) = kK —-2k—8<0

f2) = K —=3k>0

k>2 or k< -1
= 2< k<4 =3 <k<dgor—2<k<-—1.
k>3 or k<0

2.19 Solve the equation V2 +22 —63+V2 +9—T—2+2+13=0.

Solution: The equation has real roots if and only if 22420 -6>0,24+9>0,7T—2>0=2<7
orz < —=9,20> -9, 2<7=2=-9orx="7.1tis easy to obtain that x = —9 is a root of the

original equation, but & = 7 is not. Hence, the original equation has a unique root x = —9.

2.20 The equation klg?2 + 3(k — 1)lgx + 2k = 0 has the variable 2 and the parameter k, if the

equation has two roots, one less than 100, one greater than 100, Find the range of k.

Solution: Let ¢ = lg ', and x; < 100, 25 > 100, then the original equation becomes

kt* + 3(k — 1)t + 2k = 0. Because x; < 100 < x9, we have

lgo) <2 <lgay =t <2<ty=kf(2) <0=k[dk+6(k—1)+2k] <0 =
k2k—1)<0=0<k<1/2

221 Given y — Vab = av/bx — a + bv/a — br (a > 0,b > 0), show log, (zy?) = 2.

Proof: The equation makes sense if and only if bz —a > 0,a — bz > 0,ie. 2 > a/b,x < a/b, then
x =a/b, substitute it into the original equation to obtain y = +vab. Hence,
log,(y?) = log,[§(Vab)?’] = log,(§ - ab) = log, a* = 2.

2.22 For what values of &, the quadratic equation (k* — 1)x? — 6(3k — 1)z + 72 = 0 with variable

2 has two distinct positive integer roots.

Solution: A = 36(3k — 1)? — 4 x 72(k* — 1) = 36(k — 3)®> > 0 = k # 3.'The quadratic formula
implies p— %, that is, x1 = le317 Ty = ki;l. Since x1, xy are positive integer roots and
k # 3,then k = 2. When k = 2, 2y = 4, x5 = 6. Hence, k = 2 is the only value of £ such that the

equation has two distinct positive integer roots.

2.23 % Solve the equation P} - C, s = (C3 — 1) P2, ;.
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Solution:
P42 : Cﬁ+3 = (Cg - 1)P§+1
&
(x+3)(x+2)(x+1)x 8XTx6xb5x4
4 x3 = -1 1
O T 3 x 2 x 1 Bxdx3x2x1 (z+ Dz
&

(x +3)(x : D@+ DT _ oot 1)

Since x + 1> 2,2+ 3 > 4,then © > 1, then  # 0,2 # —1. We can divide (x + 1)x/2 on both
sides: (z+3)(x+2) =110 2>+ 52 —104=0< (v + 13)(x —8) =0 which leads to
T = 8 or x = —13 (deleted). Hence, the original equation has the root z = 8.

2.24 % The three roots of the equation 3 + px? + g — 4 = 0 are the side length, the radius of the

inscribed circle, the radius of the circumcircle, of a same equilateral triangle. Find the values of p, g .

Solution: Let the equilateral triangle has the side length a, then the radius of the inscribed circle and

the radius of the circumcircle are ?a and
a+Bat+La=-0a),aBatala+ Ba LBa=1 (), a La-La=1 ). (i) leads

to a = 2, substitute it into (i)(ii) to obtain p = —6 — 3\/37 q=2+ 6v/3.

?a, respectively. Vietas formulas imply
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2.25 Solve the equation system
logy x +log, 8 = 2,
log, 2 + logg ? = 1

Solution: The system is equivalent to

3
] — 2 (i
Og2x+log2y (i)
1 21
82T _ 1 (i)
log, y 3

(ii) X 3-(i): logy x = 1 = x = 2. Substitute it into (i): ¥ = 8. We can easily verify z = 2,y = 8 isa

solution of the original system.

2.26 Given (z) = = — %, solve the equation f[f(z)] = .

Solution: [f(z)] =z — & — x—I% = fftgfiﬂ’
thus [f(0)] =z & 20 — a2 = Lo p =492

2.27 %% n isapositive integer, and denote @, as the number of nonnegative integer solutions (, v, 2)

to the equation  + y + 2z = n. Find the values of a3 and asg; .

Solution: When n = 3, wehave x +y + 22 =3.Since x > 0,y > 0,2 > 0, we have 0 < 2z < 1.
When z = 1, then x +y = 1, then (z,y) = (0,1) or (1,0). When z = 0, then = + y = 3, then
there are four possibilities of (x,y). Hence, a3 =2+ 4 =6. When n = 2001, we have
x4+ y+ 2z = 2001, thus 0 < 2 < 1000. When z = 0, then * + y = 2001, then there are 2002
possibilities of (z,y). When z = 1, then & + y = 1999, then there are 2000 possibilities of (z, y)
....... When z = 1000, then x 4+ y = 1, then there are two possibilities of (, y). As a conclusion,
ago01 = 2002 4+ 2000 + 1998 - - - - + 4 4+ 2 = 1003002.

2.28 Solve the equation 2% + x — 2/ — 2 — 6 = 0.

Solution: 32 4 ¢ — 22/ —2—-6=0=22—-22/z—2+z—2=4s (-2 -2 =4&
rT—vr—2=42.

When 2 — vz —2=2,then z —2—Vz —2=0&+Vr—-2(yz—-2—-1)=0=2=2 or

r = 3.

When 2 — Vo — 2 = —2,then © + 2 = V= — 2 = 2% + 32 + 6 = 0 which has no solution since
A=32—-4x6<0.

It is easy to check that = 2, x = 3 are the solutions of the original equation.
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2.29 Solve the equation log, (97! + 7) = 2 + log,(3°~1 + 1).

Solution: The equation is equivalent to

log,[(371)2 + 7] = log, 4(37 1 + 1) & (3512 + 7= 4(3*"1 +1). Let y = 3*' > 0, then
Y —4dy+3=0(y—1)(y—3)=0=y=1ory=3.

When y=1,3"1=1=2-1=0=a2=1.
Wheny=3,3x*1:3$x—1:1¢w:2.

It is easy to verify that x = 1, = 2 are the solutions of the original equation.

2.30 % Find all prime number solutions of the equation z(z + y) = z + 120.

Solution: When z = 2, then z(x + y) = 122, then « + y = 122/x is an integer and since = is a
prime number, then * = 2 or 61. When x = 2, then y = 59;When = 61,then y = —59 (deleted).

When 2z is an odd number, then z and « + y are both odd numbers. Thus ¥ has to be the only even
prime number, i.e. ¥ = 2. Then z(x + 2) = 2 4+ 120 < 2z = (x — 10)(z + 12). Since z is a prime
number, then £ — 10 = 1, then x = 11, 2z = 23.

As a conclusion, there are two possibilities: © = 2,y =59,z =2 or z = 11,y = 2,2 = 23.

2.31 Solve the equation V222 —Tr+1—vV222 -9z +4 =1 (i).

Solution: Multiply both sides by /222 — 7o + 1 + /222 — 9z + 4:
V222 — Tr + 1+ /222 — 9z + 4 = 22 — 3 (ii). ()+(ii): V222 — Tz + 1 = 7 — 1, takingsquare
to obtain 22 —5r =0=2(x —5)=0=2=0 or © =5. We can verify these two possible

solutions via the original equation (i): = 5 is indeed a root of (i), but £ = 0 is a extraneous root

generated by taking square.

2.32 % Find positive integers m,n such that the quadratic equation 42? — 2mxz +n = 0 has two

real roots both of which are between 0 and 1.

Solution: The equation has two real roots, thus A = 4m? — 16n > 0 = n < m?/4. Since both roots
arebetween Oand 1,then f(0) =n >0, f(1) =4 —2m +n > 0,thenn > 2m —4 (m,n € N).

Hence, 2m — 4 < n < m?/4, which implies a unique choice: m = 2,n = 1.

2.33 %% Solve the system of equations

(1+y)" = 100 (i),
(y—1)*

' —22+1)""" = WE1)? (y>1) (ii).
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ion: (i —D¥y+D* - D*
Solution: (ii) « (Y — . Since y # +1, then
(y=12y+1?*  (y+1)
(y=D*+)*=(y-1)* -1 =0 (y-D*[y+1)* - (y-1)*| =0=y=1Lor
(y +1)* = &(y — 1). The second case together with (i) leads to &=(y — 1) = 100 = y = 101 or

y = —99 (deleted since y > 1).
2
When y = 1, then (i) implies 22 =100=2 = 1g—2

2
When y = 101, then (i) implies 102" = 100 = = = m

We can verify that 7= lg%, y=landz= lgﬁ, y = 101 are the two solutions of the original system

of equations.

2.34 % If a, b, ¢ are nonzero real numbers, solve the system of equations
ry

= C7
ay + bx
Yz
= a/,
bz + cy
2T
= b
az + cx
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Solution:

Ty
ay + bx
yz

bz + cy
2x

az + cx

ay + bx
Y
bz + cy

Yz
az + cx

SR, Q= O

_I_

N[O Nl we|s

(i)
(i)
(i)

Rlea |
+
SR Q= O

+

(1)+(ii)+(iii): % + Z + g = % (clz + % + i) (iv). Then (iv)-(ii), (iv)-(iii), (iv)-(i):

2a°bc 2b%ca y = 2¢%ab
- ab+ac—bc’y = betab—ac’® T cat+bc—ab

2.35 The real numbers ,% satisfy the equation 2% — 2y + y* — V22 — /2y + 6 = 0. Find the

minimum value of = 4 ¥.

Solution: Let * + y = k , then y = k£ — x . Substitute it into the equation:

22 —2x(k—2)+(k—2)> V22 —v2(k—2)+6 = 0 & 42® — 4kx + (k> —v/2k+6) = 0,
then A = (4k)? — 16(k* — v/2k +6) = 16v/2k — 96 > 0 < k > 3v/2,

thus £ = x + y has the minimum value 3\/5 .

2.36 % Solve the equation (v/2 +1/3)* + (v/2 — v/3)* = 4.
Solution: The equation is equivalent to (V/ V3)T + ot Let y = (V2 ++/3)", then

?/4‘%:4:>?/2—4y+1:Owhoserootsarey:2:|:\/§.

When vy =24+ V3, (V2+V3)* =2+ V3 = (V2 +V3)?, thus = = 2.

Wheny:2—\/§,( 2+\/§>I:2_\/§: ' = ( 2+\/§)_2,thusmz—2.
2+V3

We can verify that © = 2, x = —2 are indeed roots of the original equation.

Download free eBooks at bookboon.com



2.37 If the equation 22 — kx4 k%2 — 4 = 0 has two positive roots, find the range of % .

Solution: The condition of two positive roots (denoted by 1, 72)
implies 1 + o =k > 0,100 = k* —4 > 0,A = k* — 4(k* — 4) = —3k* + 16 > 0.
From these three inequalities, we can easily obtain 2 < k < 44/3 /3.

2.38 Solve the system of equations

2\/:(:2—95—2 — 4y7

lg(l1+y) = 2lgy+1g2.

Solution: The second equation leads to
lg(l+y)=1g2y? = 1+y=2y>=2y> —y—1=0=y = 1 or —1/2 (deleted since

y > 0). Substitute y = 1 into the first equation:
V2 92 o Va2 —2=2=22—2-6=0= (z—3)(z+2)=0=az =30r

xr = —2. Hence, (3, 1), (—2, 1) are solutions of the original equation system.

2.39 Solve the equation v/42? + 2z + 7 = 122 + 6z — 119.

Solution: Write the equation as /422 + 2z + 7 = 3(42% + 2z + 7) — 140. Let 422 + 20 + 7=t
(t>0),thent=3t>—-140=3t> -t —140=0= (3t +20)(t = 7) =0 =t = —20/3
(deleted) or t = 7.

Thus V422 + 22+ 7T=7=42> 420 +7=49=>22> 42 -21=0= (z —3) 22+ 7) =
0= x = 3or x = —7/2. We can verify that both x = 3,z = —7/2 are roots of the original

equation.

2.40 % Let S bethesum ofreciprocals oftworeal rootsoftheequation (a? — 4)x? + (2a — 1)z +1 =0

where ¢ is a real number, find the range of S.

Solution: Let &1, T2 be the two roots, then 1 + T2 = %, T1Xg = a2—1_4. The quadratic equation has

real roots, thus a® —4 # 0,A = (2a — 1)? — 4(a* — 4) > 0, thus a # +2,a < 17/4. Hence,
S= oo+ = 282 =1 —2a should satisfy S # —3, 5 # 5,5 > —15/2.

T1x2

2.41 % Let a, b be two real numbers,

a| > 0, and the equation ||z — a| — b] = 5 has three distinct

roots, find the value of b.

Solution: The equation ||z — a| — b| =5 is equivalent to |z —a| —b=45< |xr —a| = b+ 5.
The equation has three distinct roots if and only if b —5 = 0, that is b =5 and the roots are

r=a,r=a=10.
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2.42 % Solve the system of equations
2 +ay+y? = 84,
r+ry+y = 14

Solution: Thesecondequationisequivalentto x +y = 14 — | /1y = 22+ xy +y? = 196 — 28, /zy .
The left hand side is 84 due to the first equation, then 84 = 196 — 28\/@ = \/@ = 4. Substitute
it into the second equation to obtain = + y = 10. Hence, we can treat Z, Y as roots of the quadratic
equation 22 — 10z + 16 = 0. Therootsare 2 = 2 or z = &. Therefore, the original system of equations
has two solutions (2, 8), (8,2).

2.43 %% Thereal numbers a, b, ¢ satisfy a # b and 2009(a — b) + v/2009(b —¢) + (¢ —a) =0,

find the value of m.
(a—0b)?

Solution: Let /2009 = x, then (@ — b)a? + (b — ¢)x + (¢ — a) = 0. a # b implies that this

equation is a quadratic equation. Obviously, z = v/2009 and 1 are two roots of this quadratic

X -
equation, then /2009 + 1 — C—b V2000 x 1 = & ‘;
a — a —

—b)(c— —b —
Hence, \° v )—(05)2 a9 _ 2 X Z _Z = (v/2009 + 1)v/2009 = 2009 + v/2009.

(]
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2.44 Y% Find all functions f(x) that satisfy the equation 2f(1 — ) + 1 = o f(x).

Solution: Replace  with 1 — 2 in the equation: 2f(z) + 1 = (1 — z) f(1 — z) (i).
Rewrite the original equation as f(1 — z) = %[g; f(z) — 1] (ii). Substitute (ii) into (i):

2f(z) +1 = (1 —x)%[:cf(:c) —1] & 4f(x) +2 = af(x) =1 — 22f(z) + 2 <
(@2 —z+4)f(z) =z -3 & f(x) = 23

22—g+4-
2.45 % If the equality ab = 2(c+ d) is always valid, show at least one of the equations
2% +ax +c =0 and 2% + bz + d = 0 has real root(s).

Proof: Ay =a? —4c, Ay =b> —4d. Assume A; <0, then a? —4c <0, then a? < 4c.
ab=2(c+d) & ab—2c=2d, thus Ay =b* —4d = 0> — 2ab+ 4c > b* — 2ab+a* = (b — a)* > 0.
Similarly if we assume Ay < 0, then we will obtain A; > 0.

2.46 Solve the equation log,  + log, b = 1 where a > 1,0 > 1.

. 1 lgb
Solution: log, z + log, b =1 = li—x + % =1=lg°z —lgalgz +lgalgb = 0. To guarantee the
a x
existence of real valued solutions, we need A = lg”a — 41lgalgb = lga(lga — 41gb) > 0. Since
a>1 lga>0, thus Iga>Ig b*. Hence, a>101* When ¢ > b,  we have
lga+ \/1g2 a—4lgalgh, thus x = 10089V lg®a~41ga1gb)/2 When < p4, the original

2

lgx =

equation has no root.

2.47 Y% The real number = satisfies the equation = \/* — % RERY L= %, find the value of [2x].
Solution: Let ¢ = ,/:L’—— b= \/1—— thenz=a+0b (i), a®> —b* =2 —1,

thena—b_a—er == 1__ (ii). (i)+(ii):
Qa—x—7+1—a +1=>a—2a—|—1=0:>a:1:> —7—1=>a:—a:+1—
0:>x—1i2f.51ncex>0,thenx—1+2f=>2$_\/_+1:>3<2$<4=>[2$]_3-

2.48 % Solve the equation a**(a* + 1) = (a3* + a”)a

Solution: a2r(a2+1) — (a3z+az)a o= a2:ﬂ+2+a2z — a3r+1+az+1 o= a3z+1_a2z+2_a2z+am+l = 0.
Since a # 0 by the definition of an exponential function, then we can divide both sides by a to obtain
a®® — >t — 1 4" =0& (a® —a)(a® —a* ) =0=a"=a or a* = a”"!, which

imply z = 1 or x = —1. We can verify that both z = 1,z = —1 are roots of the original equation.
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2.49 % Solve the equation (x — 1)* + (z + 3)* = 82.

Solution: Let y = x + 1, then the original equation becomes

=2+ (y+2)' =82 (Y —dy+4)* + (Y’ +dy +4)* =82 & y' +24y> — 25 =
0< (y2+25)(y2 — 1) = 0. Since > +25 >0,
then >’ —1=0=y=xl=a+l=Fl=z=0o0rz=—2.

Hence, the original equation has two roots z = 0,z = —2.

1 18 18

2.50 % Solve the equation — =0
d x2+2x—3+x2+2x+2 24+ 2x+1

Solution: Let 2% + 2x + 1 = y, then the original equation becomes

1 18 18 1 18
B R U SN - = 2= 1Ty+72=0= (y—8)(y—9) =
y—4 y+1 y y—4 yly+1) w=8)ly=9)

0=y=8ory=9.

When y =8, wehave 2° + 22 +1=8 =2 =—-1+2V20orz = —1 — 2V/2,

When y = 9, wehave 22 + 22 +1=9 =2 =2 or v = —4.

We can easily verify that # = —1 4+ 2v/2, 0 = —1 — 2v/2,2 = 2, = —4 are roots of the original

equation.

2.51 % Let 1, To be the two real roots of the quadratic equation 2> + 2 — 3 = 0, find the value of
o3 — 422 + 19.

Solution: 72 + 11 — 3= 0,235 + 2o — 3 = 0, thus x] =3 — 21,25 = 3 — 2. Vieta’s formulas
imply #1 + 22 = —1. Hence,

23 —423+419 = 21 (3—21) —4(3—29)+19 = 3z1— 23 +4x9+7 = 311 —(3—x1 ) +429+7 =

Aoy +29)+4=4x(-1)+4=0.

2.52 %% If 2,9, z are real roots of the equation system
?—yz—8x+7 = 0,
v+ 22 tyz—6x+6 = 0,
find the range of .

Solution: The system is equivalent to
yz = 22 =8z +7 (i)
v+ 22 +yz = 6r—6 (ii)

(i)-(1) X3: y*+22—2yz = —322+302—27 = (y—2)* = =3(z—1)(z—9) > 0 = (x—1)(z—9) <
0=1<z<9.
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2.53 % If a, b, k are rational numbers, and b = ak + %, show the equation az® + br 4+ ¢ = 0 has

two rational roots.

Proof: The discriminant A = b* — dac = (ak + £)* — 4ac = (ak — £)?, thus VA = +(ak — 2)-
In addition, ak — 7 = ak — (b — ak) = 2ak — b.Since a, b, k are rational numbers, ak — 7 isalso
a rational number, thus \/K is a rational number, therefore the two roots of the quadratic equation

—btVvA .
5 a\ﬁ are rational numbers.

xr =

2.54 Y% If 11, x5 are the two real roots of the equation x° + az + a — % = 0, find the value of a

such that (x7 — 325)(x2 — 321) reaches the maximum value.

Solution: Vietas formulas imply x1 + 9 = —a, v129 = a — %, thus

(.’171 - 3%2)(.’172' - 3%1) = 10$1.’E2 — 3(.’17% +$%) = 16$1.’E2 — 3(.’171 +.’172)2 = 16a—8 — 3&2 =

—3(a — 2)2 + % . Since the quadratic equation has two real roots, the discriminant
A=a?—4a—3)=1[(a—-2)+V2][(a—2) — V2] > 0 which leads to @ > 2+ V/2 or

a < 2—+/2. Since 8 /3€(2— V2,2 + \/5), the extreme values should be obtained at boundaries.
When a = 2 + /2, (21 — 312) (75 — 371) = 4v/2 + 6.

When a = 2 — /2, (21 — 31) (29 — 321) = —4v/2 + 6.

Hence, when a = 2 + /2, (x1 — 3x3)(x2 — 3x1) reaches the maximum value 4v/2 + 6.
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2.55 %% Given y = Z; _2w+4 , find all values of & such that ¥ is an integer.

. x+1
Solution: Y= ;2:?};1; =1+ :r:Qf—Z;iJrB'Let)\ = m,then )\%2 — (3)\ + 1)$ +32—-1=0
(*). ‘The discriminant A>0=BA+1)2—-4\BA=1)>0=3\2-10A-1<0
= %\ﬁ <2< %\ﬁ To make ¥ aninteger, A should be an integer, thus \ = (), 1, 2, 3, substitute

them into (% ) to obtain * = —1,2 + V2,2 -+/2,1,5/2,2,4/3.

2.56 Y% Solve the equation \/12 - % + \/xQ - i—% = z?

Solution: Squaring both sides to obtain
12—g+x2—g+2\/12x2—1;—24+%—12:x4<:>2\/ﬁ\/x4—x2—12+;%:
|z|(z* — 22 — 12 + :26—21) .Let * — 22 — 12 = t and substitute it into the above equality'
4x12(t+ 12) :x2(t2+¥+@ & 48t + 2 = 2242 + 2 148t < 2% = 0. Since
x # 0, then t = 0, then z* — 2% — 12 = 0, then 2% = 1i7 Wthh should be nonnegative, thus

x? = 4, that is = +2. We can easily verify that z = :i:2 are roots of the original equation.

2.57 Y% The real numbers «, 3,7 are roots of the cubic equation 2% + 22 — 4z + 1 = 0. Evaluate
a2+ 82 +9% @) 5 + =+ a5.03) &+ 2+ 5.

Solution: (1) Vieta’s formulas imply o + 5 + v = —3 (1) af + By +ya = =2 (i), afy = —%
(iii). (1)2-(ii) x 2:

o + B2 4+ 42+ 2af + 267 + 2ya — 20 — 2067 — 2ya = (—3)® — (—2) x 2 =

a? + B2+ 42 :4i.

atpB+y —1/2

(2) B'y tatas= o = —1/2 — L
(3) The original equation is equivalent to 73 = %, substitute cv, 5,7 into it and add them up
i 313340 ~3 — —a?+da—1 | —B%44B—1 | —*44y-1 _ —(®+B>+y*)+4(at+B+7)-3
to obtain 343343 = oo _|_525 _|_’y2v — 1
—41_2-3 5
= 2 pu— _4§ .

2.58 ¥ Solve the system of equations
2 —xy+y*—190—19y = 0,
xy = —6.

Multiply the second equation by 3 and add it to the first equation: (z + y)? — 19(z +y) + 18 =0
= (m +y— 1)(m +y— 18) =0=x+4+y=1lor x4+ y = 18. We discuss these two cases

separately.

When 2+ y = 1, we can treat 7,7 as two roots of the quadratic equation 2> —z — 6 =0 <
(z—=3)(24+2) =0= 2z =3 or z = —2, thus we obtain two solutions (3, —2), (—2, 3).
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When x +y = 18, we can treat 7,y as two roots of the quadratic equation 2* — 182 — 6 =0
= 2 = 9 =+ 21/97 thus we obtain two solutions 9+ 2\/@, 9 — 2\/@), (9 — 2\/9_7, 9+ 2\/9_7)
Hence the original system has four solutions (3,—2),(—2,3),(9+ 21/97.9 — 2@),
(9 —2v97,9 + 2V/97).

2.59 %% Solve the equation x* + 852~ % — 100x~** = —14.

Solution: Let y = x”, then the equation becomes

y+ 5 — 7 =14 sy’ + 14y* + 85y — 100 = 0. Obviously y = 1 is one root, that is,

2% = 1 whose rootis © = 1. Let «, 3 be the other two roots, then Vieta’s formulas imply
l+a+6=-14,a+ 6+ af = 85,a8 = 100, from which we can obtain

a? + 15a+ 100 = 0, 3% + 158 + 100 = 0. The discriminant A = 152 — 400 < 0, thus «, 3 do

not exist. Hence, © = 1 is the only root of the original equation.

2.60 XK The equation 512 — (10 COoS a)x + 7 cos o + 6 = 0 has two identical roots, < is one angle

of a parallelogram, and the sum of two adjacent sides is 6, find the maximal area of the parallelogram.

Solution: The quadratic equation has two identical roots, thus the discriminant
A =100cos? a — 140cosov — 120 = 0 & 5cos’ v — Tcosow — 6 = 0 = cosov = 512, Since
|cosa| < 1, then cosa = T3 = —32. The angle of a parallelogram, «, is between 0 and 180°,
and since cos o = —% < 0, thus a € (900, 1800), then sin oo = m = %. Let one side of
parallelogram has length w, then one adjacent side has length 6 —w. The area
S=u(6—u)sinow =u(6 —u)s = —3(u— 3)* + 3. Hence, the maximal area S0, = 2 when

u=3.

2.61 %% Find all positive integer solutions (z,y) of the equation

2\/§ + yy/T — V201 1z — /2011y + /2011zy = 2011.

Solution: The equation is equivalent to  /zy.\/z+.,/Ty/y—v20112—+/2011y+/20112y—
(V2011)? = 0 & Jay(vo+y/y)— V2011(/z+,/y)+v2011/zy—(v2011)* = 0 =

(VTY—/2011) (/7 +/g++/2011) = 0.

Since \/E + \/@—1— V2011 > 0, then /zy — V2011 = 0 = 2y = 2011. Since 2011 is a prime,
then z = 1,y = 2011 or x = 2011,y = 1. Hence the original equation has two positive integer

solutions (1,2011), (2011, 1).

2.62 % @1, Ty are two roots of the quadratic equation 2% — (k — 2)x + k* + 3k + 5 = 0 where k

is a real number, find the maximum value of z% + x3.
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Solution: According to Vietas formulas, we have =1 + 22 =k — 2, 2179 = k?> + 3k + 5, thus
22+ 2 = (1 + 29)% — 22170 = (k — 2)? = 2(k* + 3k +5) = —(k +5)2 + 19.

Since the equation has real roots, then the discriminant
A=(k—2)?—4(k*+3k+5)>0< 3k + 16k +16 < 0= —4 < k < —3. The function
f(k) = —(k +5)* + 19 is a monotonically decreasing function on the interval [—4, —%], thus the

maximum value is f(—4) = 18 which is also the maximum value of z% + 3.

2
2.63 % Solve the equation o §x + 9 + i = 0.
4 2 r a2

Solution:

2?2 3 6 4 24 16 4 4
Sttt —==022"-6z+—+—=0&(z——-) —-6(z——-)+8=0.
4 2x+a:+a:2 . x+x+x2 (z a:) (z a:)+
Letz — 2 =y, then y? — 6y +8=0& (y—2)(y—4) =0=y =2 or y = 4.
When y =2, wehave s — 2 =2=2? -2z —4=0=2=1+ 5.
Wheny:4,wehavex—§:4:>:E2—4a:—4:():>:c:2:|:2ﬁ.

Therefore, the original equation has four roots 1 £ \/5, 2422,

EXPERIENCE THE POV

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...

61 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/Gaiteye

2.64 %% m,n are positive integers, m # n , the equation

(m —1)a? — (m? + 2)x + (m? + 2m) = 0 and the equation
(n —1)a? — (n? + 2)x + (n? + 2n) = 0 has a common root. Find the value of monT
Solution: The quadratic formula together with m > 1,n > 1, m # n gives us the following: the first

m+2
' m—1>

Both of these two equalities give us the same result:

. . 2 o
equation has roots * = m and the second equation has roots x = 7, Z—fl Since m # n, then

_ n+2 _ m+2
m="1n= 50

mn—m-n—2=0& (m—1)(n—1) =3.

Since m, n are both positive integers, then we only have two possibilities: m — 1 =1,n—1 =3 or
m—nl :n%,n— 1 =1, whichleadto m =2,n=4 or m =4,n = 2, thus
;?%{E%T;::nﬁ-nm:=42-2hz256

2.65 %% We usually use [] to represent the integer part of the real number x, here we define
{x} = x — [x] which is the decimal part of the real number z. (1) Find a real number = to satisfy

{z} + {i} = 1. (2) Show that all = satisfying the equation in (1) are not rational numbers.

Solution: (1) Let z = m—i—oz,% =n+f (m,n areintegers, 0 < o, f < 1).
{x}—i—{%}: 1<:>04—{—ﬁ:1,thusx+%:m+a+n+ﬁ:m+n+1 is an integer. Let
T+ % = k (k is an integer), that is 2% — kx + 1 = 0 whose roots are £ = %(ki\/!ﬁ —4).

When |k| = 2,
When |k| > 3, z = }(k £ Vk? — 4) which satisfies {z} + {1} = 1.

x| = 1 which does not satisfy the equation {x} + {%} =1.

(2) k* — 4 is not a perfect square (if it is, then k? — 4 = h% ie. k* — h® = 4, but when |k| > 3 the

difference between two perfect squares is not less than 5), thus = is an irrational number.

2.66 %% The equation (22 — 1)(z? — 4) = k has four nonzero real roots, and these roots form an

arithmetic sequence, find the value of % .

Solution: Let iy = 22, then the equation becomes y?> — 5y +4 —k=0.Let o, B (0 < a < ) are
roots of y? — 5y + 4 — k = 0, then the original equation has four roots ++/c, +1/3 . They form
an arithmetic sequence, then /3 — v/a = \/a — (—y/a), then 8 =9a. In addition, Vieta’s
formulas imply o + 3 = 5, then we can obtain o = %, 8= %, thus 4 — k = af = %, therefore

k=4-5=1
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2.67 %% Given a real number d and |d| < 1/4, solve the equation
ot =223 + (2d — )2 +2(1 —d)x + 2d + d*> = 0.

Solution: Rewrite the equation as d? 4 (2x2 — 2z +2)d+ xr — 223 — 22 + 22 = 0 and treat it a
quadratic equation for d , then the quadratic formula implies d = —2* — 2 or d = —2? + 3z — 2.

Both are quadratic equations for . Solve them to obtain four roots of the original equation:
T = *1+V21*4d *1*\?*45’ 3+\/24d+1, 3*\/24“”1. All these roots exist since |d| < 1/4.

Y Y

2.68 % Show that the z, y -dependent equation z> — y* + dz + ey + f = 0 represents two straight
lines if and only if d> — e* — 4f = 0.

Proof: The equation represents two straight lines, then we should have
=y’ t+drtey+f = (x—y+k)(x+y+ks) = 2® =y + (ki +ko)x+ (ky — ko )y + k1 ko
Make the corresponding coefficients equal: k1 + ko = d, k1 — ko = e, k1ko = f . The first two

equations lead to k; = %, ko = %, and substitute them into the third equation: % . % =f>

which is equivalent to d? — €% — 4f = 0.

2.69 % Solve the equation logg(z* + 1)* — log, xy + log, 5 /y? + 4 = 3.

Solution:

logs(2? +1)* —log, zy +1og 5 \/y? + 4 = 3 < logy (2?4 1) —log, zy +logy (y* +4) =
3 & log, (:):2+1:23(Jy2+4) _ 3 (x2+1:23(Jy2+4) —3
Since x,y # 0, we have
Py +Art 4y +4 =8y 2r—y) +(ry—2)P2=0=>2r—y=0,2y —2=0.

Solve these two equations to obtain two solutions of the original equation: (1,2), (—1, —2).

2.70 % Solve the equation \/x +v/z + 7+ 2v/a% + 7Tx = 35 — 2.

Solution:

VIHVT + 74222 + T =35-20 & o+2\/x(x + T)+a+T+V/r+Ve + 7—42 =
0< (Vr+tvr + 1)+ (Vz+vVr + 7)—42 = 0 & (Vo+vVo + T+7)(Vo+vo + 7-6) = 0.

Since z++Vx+T7+7>0, then +/z++x+7=06. Squaring both sides to obtain
2v/x? + Tx = 29 — 2z, and squaring again to obtain 144z = 841, thus = 841/144 which is the

root of the original equation.

2.71 %% % The  -dependent equation x> + p|z| = qx — 1 has four distinct real roots, show that
p+lgl < —2.
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Proof: When = > 0, the equation becomes z? + (p — ¢)x + 1 = 0 (i); When z < 0, the equation
becomes % — (p+ q¢)x + 1 = 0 (ii). We need two positive roots from (i) and two negative roots from

(ii). Hence, the smaller root of (i) is greater than zero, and the larger root of (ii) is less than zero, that is

o VAol Vi \/(21’*‘1)2*4 ~ (0 and ety (pte) -4 \/(21’+‘5’)2_4 < () (obviously both discriminants need to be positive,

(p—q)?>—4>0,(p+q)?*—4>0). Therefore, ¢g—p>+/(p—¢)?—4>0 (i) and
0<+/(p+q?—4<—(p+¢q) (iv). (iii) implies ¢ > p, and since (p— q)> —4 > 0, then
q—p > 2,then p — ¢ < —2.(iv)implies p + ¢ < 0,andsince (p + ¢)> —4 > 0,then p + ¢ < —2.
As a conclusion, p + |¢| < —2.

2.72 Y ¥k Solve the functional equation f(z) + f(*1) =14z (z # 0,2 # 1) (i).

ion: i#h z—1 in (i) z—1 -1\ _ 2z—1 (i s =L
Solution: Replace = with =1 in @: f (T) + f(=) = S (ii). Replace x with =7 in (i):

rz—1
f (x_—_ll) + f(x) = ﬁ—:f (iii). (i)+(ii)-(>i) = f(x) = 752:;—(;:)1 = x;m—;f 2;1, which is the only solution

of the original functional equation (i).

This e-book Y o N
ismadewith SETASIGN

SetaPDF h Y 4

\7\‘ PDF components for PHP developers

www.setasign.com

64 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/Setasign

2.73 %% Solve the equation (\/é)tan v ;i;{i =0

Solution: Let (v/3)%"2% = ¢ (y > 0), then the equation becomes ¥

_9y_\é§:0:>y3;2\/§:0:>y3_9\/§:0:>y:35/6:>(\/g)tan2x235/6:>
ta1122fv:%ﬁtanzngiﬁc:kw%—amtan% (ke]\/’)zﬂnz%’r—i-%arctang(kGN)-

o T 1 5
Hence, the solution set of the original equation is {z|r = 5 + 2 arctan 3 keNY.

2.74 % Solve the system of equations

lgle+yl = 1,
1
lgy —1 = .
Solution: The system is equivalent to
lglz+y| = 1g10,
g = Ig2,
]
which lead to
[z +yl = 10,
y = 2|z|.
y > 0 is always true since ¥y = 2|x| and x # 0.
When x > 0, the system becomes
r+y = 10,
y = 2z,
whose solution is = 10/3,y = 20/3.
When z < 0, the system become
r+y = 10,
y = _21‘7

whose solution is * = —10,y = 20.

We can verify that (10/3,20/3), (—10, 20) indeed are solutions of the original system.
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2.75 % Solve the equation 2z + /= + V& + 2 + 222 + 22 — 4 = 0.

Solution: The equation is equivalent to

T+2/TVT + 242424242 +2-6 = 0 & (Vz+vVz + 2)?+(Va+va +2)—6 =0. Let
Yy=vVZ+Vr+2(y>0)then > +y-6=0= (y—2)(y+3)=0=>y=20ry=—3
(deleted). Hence,

VIFVI+2=2=>Vi4+2=2—r=o+2=4—-4/r+z=Jr=1/2=>c=1/4,

which is the root of the original equation.

2.76 %% Solve the system of equations

rT+y+z 3,
?+yt+ 22 = 3,
2’ 4+ y° + 2° 3.

Solution: 7 +y+2=3x+y=3—2 (i), 22+’ + 22 =3 & 22 + 4> = 3 — 22 (ii).
ry = (%542 — (592 = (357)? — (%32 ({id). ()-(i): 2y = G527 — 32 (iv). (iii) &(iv)

—z z— —2)2 —22
= (352 - (50 =0 -2 23— 1)+ (2 -y =0=2=1a=y
Substitute them into (i) to obtain x = y = 1. Obviously z = y = 2z = 1 satisfies

2% + 9° + 2° = 3. Hence, the original system has the solution z = 1,y = 1,2 = 1,

2.77 %% Solve the equation 4x* + 1223 — 472 + 122 + 4 = 0.

Solution: Obviously = 0 is not a root, so we assume & = 0, then we can divide both sides by 2
42® 4120 — 4T+ 2 + 5 = 0,then 4(2” + 5) + 12(x + ;) — 47 = 0(i). Letz + ; = u , then
x? + ;12 =u?—2.

Substitute them into (i) to obtain 4(u* —2) + 12u — 47 =0 = 4u®> + 12u — 55 =0 = u = 5/2
or u=—11/2. When u =5/2, v+ + =2 =22 —50+2=0= 2 =2 or = 1/2. When

u=—11/2, z + % = —12—1 =22 +1lz4+2=0=>1= % V105 Hence, the original equation
—114v105 . _ —11-V/105
i i

has four roots: © = 2,z = 1/2,x =

2.78 Y% Solve the equation /10 — 2z + v/2x — 1 = 3.

Solution: Let /10 — 2z =a,v/2x —1=0b,thena+b=3. V10 -2z =a = a® =10 — 2z
@). 20— 1=b= b =212 —1(i). ()+G)=>+0=9= (a+b)(a*>—ab+V?) =9=a’ —ab+ V> =3
(iii). Substitute a = 3 — b into (iii): (3 — ) — (3 —0)b+ > =3=0*—-30+2=0=b=1or
b=2.

When b =1, (ii)= x = 1.

When b = 2, (i))= = = 9/2.

We can verify that z = 1, £ = 9/2 are indeed two roots.
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2.79 Y% The real coefficient equation x3 + 2kx? + 92 + 5k = 0 has an imaginary root whose
modulus is /5, find the value of % and solve the equation.

Solution: The equation should have two imaginary roots and one real root: a = bi, c. Vieta’s formulas

and the modulus \/5 lead to
a+bit+a—bi+c = -2k

(a+bi)(a —bi) + (a+bi)c+ (a —bi)c = 9

(a+bi)(a —bi)c = —bk
a+v =5
=
20 +c = —2k
a?+b*+2ac = 9
(a®> +b*)c = —5k
A+ =5

=a==*+1,b=242,c=+2 k=42,
When k = 2, the equationbecomes 7 + 4% + 92 + 10 = 0 anditsrootsare v = —1 & 2i, 2 = —2.
When k = —2, the equation becomes 2% — 422 + 92 — 10 = 0 and its roots are = 1 & 2i, 2 = 2.
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2.80 % Solve the equation = + logy 3” = logy(4 — 5 - 9%).

Solution: The equation is equivalent to logy 9 + logy 3% = logy(4 — 5+ 9%) = log, 33* =
logg(4—5-9%) =3 =4—-5-3. Let 3°=y, then the equation becomes
VP45 —4=0=yP+9y*+42—-4=0= (y+1) (YP+4y—-4)=0=y=-1 or
y=—2(1++v2) or y=2(v/2—1). Since y =3° >0, then y = —1,y = —2(1 + /2) are
incorrect. Hence, y = 2(v/2 — 1) = 3% = 2(v/2 — 1) = o =logy 2(v/2 — 1), which is the only

root.

2.81 %% % Solve the system of equations

do*
1+ 422 ¥

492 B
1+4y2 =

42>
14+422  ©

Solution: Obviously > 0,y > 0, z > 0. The first equation together with
1+42* = (1 —22)% + 42 > 42 leadsto Yy = 11212 < % = . Similarly, the second and the
third equations lead to 2 < y,x < z. Hence, © = y = z, then 1%; =r=42° — 422 +2x=0

= 2(20 —1)> =0= 2 =0 or x = 1/2. Therefore, (0,0,0), (1/2,1/2,1/2) are the solutions.

2.82 Y% % Find all distinct real roots of the equation (z® —3z% +x — 2)(z® — 2% — 42+ 7)
+ 62% — 152 + 18 = 0.

Solution: Let A = 2% — 222 - gx—i— g,B =22 — ga:—!— g, then the equation becomes
(A-B)(A+B)+6B-9=0=A*-(B-3?=0=(A+B-3)(A-B+3) =
0=A+B—-3=0o0orA-B+3=0.
fA+B—-3=0,thenz®—2> -4z +4=0=(x—1)(z—2)(z+2)=0=z=1o0r
T = £2.
IfA—B+3=0,thena2®—322+2+1=0=(z—1)(2* -2z —-1)=0=z=1or

r=1++2.

As a conclusion, the equation has four distinct real roots: © = 1,2 = £2, 2 =1 £ \@

2.83 %% % Ifa, b, ¢ arereal numbers, ac < 0, V2a + V/3b + v/5¢ = 0, show the quadratic equation

ax? 4+ bx + ¢ = 0 has a root within the interval (%, 1).
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Proof: Let f(2) = ax? 4+ bx + ¢, then f(3) - f(1) = (ga+ 3b+c)(a+ b+ c) = 75(9a + 12b
+160)(a+b+c).Since\/§a+\/§b+\/5020,b:M,then
(9a+12b+16c)(a+b+c):(9a—4fa_4\/_c+16c)(a—§a—@c+c):
(VBT — VO6)a + (V256 — v2H0)d][*%a + 2=Y15¢) = (V81 — v/96)2 + (v/256 —

|
V240)][2= \/éa 4 3= \ﬁ] 0, thus f(2)- f(l) < 0, which implies that one root is within (2, 1).

2.84 Y% % The real numbers a, b satisfy
ar +by = 3,
ar® +by? = 7,
az® +by® = 16,
az + byt = 42,
compute ax® 4+ ay® and 2,y .

Solution 1: We have (az + by)(z + y) = azx? + azy + bxy + by* = (ax® + by?) + (a + b)zy;
(az? 4+ by?)(z + y) = az® + az?y + bry? + by = (ax® + by®) + (az + by)zy;

(az® +by?)(z + y) = ax* + axdy + bry® + by* = (az® + by*) + (ax? + by*)zy;

(ax* 4+ by*)(z + y) = az® + axy + bry? + by’ = (ax® + by®) + (az® + by®)xy.

Substitute the given equations into them:

x+y) = T+ (a+bay (i),
T(x+y) = 16+ 3zy (ii),
16(x +y) = 42+ Tzy (iii),
L2(x+y) = (ax’ +by®) + 162y (iv).

(ii) X 7— (iii) X 3: * + y = —14, substitute it into (ii): xy = —38. Substitute
T4y = —14,2y = =38 into (iv): az® + by® = 42(—14) — 16(—38) = 20.
In addition, z +y = —14, 2y = =38 = 2= -7 — 87,y = -7+ V8T or
r=—T+87,y=—-7—/3T.

Solution 2: Let a,, = ax™ + by", then a1 = 3,as = 7, a3 = 16, ay = 42. Let x,Yy be the two roots
of the quadratic equation t> — pt — ¢ = 0, then 2*> — pr — ¢ = 0 = ax™"? = pax"*™! + qaz"™
Similarly, by"*? = pby™*! + gby™. Add them up to obtain az""2 + by"Jr2 = p(az™™t + by"*l)
+ q(az™ +by") = any2 = pani1 + qan.

When n =1, 7p + 3q = 16.

When n = 2, 16p + 7q = 42.

Solve 7p + 3q = 16 and 16p + 7q = 42 to obtain p = —14, ¢ = 38, thus a,.o = —14a,, .1 + 38a,,.
Hence, az® + bx® = a5 = —14 x 42+ 38 x 16 = 20.

Substitute p = —14,¢ = 38 into the equation 2> — pr — ¢ = 0: 22 + 140 — 38 =0 = 2 = —7 £ /8T.
Substitute p = —14, ¢ = 38 into the equation t* — pt — q = 0: t* 4+ 14t — 38 = 0. Since z,y are
the two roots, then Vieta’s formulas imply z +y = —14, thus y = —14 —2 = -7 F /87. Hence,

the system has two solutions: (—7 + \/@, -7 — \/@), (=7 — \/@, -7+ \/ﬁ)
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2.85 %% Given f(x) =lg(z? + 1), solve the equation f(100% — 10**!) — f(24) = 0.

Solution: The function f(x) = lg(z* + 1) has the domain (—00, +00), and it is decreasing on

(—00,0) and increasing on (0, +00). In addition, it is an even function. Hence,
F100% — 10°H1) — f(24) = 0 & F(1007 — 10°+1) = f(24) < 100° — 107+ = +24.

When 100% — 107+ = 24, we have (10%)2 — 10 - 10° — 24 = 0 = (10° + 2)(10° — 12)
= 0= 107 =12 = z = lg 12 since 10° +2 > 0.

When 100”7 — 10°*! = —24,wehave (10%)> — 10+ 10® + 24 = 0 = (10° — 4)(10* —6) = 0= 10* = 4
or 10" =6=x=1g4 or z =I1g6. Therefore, the original equation has three roots:
r=I1gl2,x=1g4,z=1g6.

2.86 %% The equation x* + ax® + bx? + ax + 1 = 0 has at least one real root, where a, b are

real numbers. Find the minimum value of a? + b?.

360°
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2 to obtain

Solution: © =0 is not a root, so we assume = # 0 and divide both sides by z
(z+2) +alz+2)+b—-2=0 @@ (z+2)?=a>+2+5=(r—1)?+4>4, thus
|z + i| >2.Lety=x+ %,then (i) becomes y? + ay + b — 2 = 0 (|y| > 2) (ii). (i) needs to have
a real root and |y|>2, then 2]+ | Y “2_24(b_2)| > ‘_“i\/ a2_4(b_2)| > 92, thus
\/GZT(Z)—Q) > 4 — |a| . Now we are ready to find the minimum value of a® + b%. Without loss

of generality, assume a > 0.

(1) When a < 4,wehave \/a? — 4(b — 2) > 4 — a > 0, taking square to obtain 2a > b + 2. When
b+2>0,b> -2, 4a> > b* +4b+4, then a® +b* > 1(b? +4b+4) + b* = 2(b+ 2)* + 1.
Hence, a®+ b has the minimum value % when b= —%. When b4+2<0, b< —2, then

5
a?+b0* >0 >4 > 1
(2) When a > 4, we have a? + > > a® > 16 > %.

As a conclusion from (1)(2), a? + b? has the minimum value %.

2.87 %% K %k If a, b aredistinct primenumbers,showthe , i -dependentequation \/z + \/y = Vab

has no positive integer solution.

Proof: We prove the result by contraction. Assume the equation has a positive solution x, y such that
VZ +/y = Vab holds. Taking square to obtain x 4y + 2,/Ty = ab, thus /Ty is a rational
number. xy is a positive integer whose square root is either a positive integer or a irrational number.

Hence, ,/xy has to be a positive integer.

On the other hand, multiply /= + \/y = Vab by /x:x + /Ty = Vabx ,thus Vabx isapositive
integer. Since a, b are distinct prime numbers, then x = abt?, t € N'. Same logic follows for y:

y = abs?, s € N. Therefore, vV + VY = Vab becomes Vab(t+s) =vVab=1t+s=1,a
contradiction to t + 5 > 2. Asaresult, \/= + ,/y = Vab has no positive integer solution.

2.88 %% % The real numbers x, ¥, z satisfy the equations

r+y+z = 2
ryz = 4.

(1) Find the minimum value of the largest one of z, ¥/, z ; (2) Find the minimum value of |z| + |y| + |2] .

Solution: (1) Without loss of generality, assume  is the largest one among , vy, 2, thatis, v > y,x > 2.
The first equation implies that z > 0 and y + 2 = 2 — x, and the second equation implies yz = é,
thus y, 2 are the two roots of the quadratic equation u? — (2 — z)u + % = (. The discriminant
A=2-2)?-4-2>0=2"-42"+42-16 > 0= (2 +4)(z—4) >0=>2-4> 0=z > 4.

Hence, = 4 is the minimum value of the largest one of x, ¥, 2. At this time, y = 2 = —1.
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(2) Since xyz > 0, then x,y, 2 are all positive, or they are one positive two negative.

If x,y, z are all positive, (1) implies © > 4, a contradiction to * + y + 2z = 2.

If z, y, 2 are one positive two negative, without loss of generality we assume x > 0,y < 0,2 < 0, then
lz| +yl+ |zl =2 —y—z2=0—(y+2)=2—(2—2x) =22 —2. (1) implies = > 4, thus
20 —2 > 16. 2 = 4,y = 2 = —1 satisfyall conditions and the equal sign is obtained in the inequality.

Hence, the minimum value of |z| + |y| + |2| is 6.

2.89 %k % a,b,c are nonzero real numbers, solve the system of equations

(x+y)(z+z2) = da* (i)
(y+2)(z+y) = 0°, (i)
(x+2)(y+2) = ¢ (i)

Solution 1: (i) x (ii)/(iii), (i) x (iii)/(ii), (i) X (iii)/({i) =

272
o a'b
(z+y) = 2
a’c?
(l’ + Z)2 = bT
b2 c?
(y+2)* = 2
=
b
T4y = j:% (iv)
r+z = i% (v)
b
y+z = j:gc (vi)

. . - a2 b2 a2 C2 7b2c2
[(iv) + (v) = (vi)]/2 = 2 = izT.

. . L a?bP b2 —a2c?
[(iv) + (vi) — (v)]/2 = y = otre—ac

. . Q22 4h2e2 — 212
[(v) 4+ (vi) — (iv)]/2 = 2z = i%.

Obviously (iv)(v)(iv) should have the same sign on the right hand side. Hence, the original system has two

212,22 322 232,322 2.2 22,322 212 212, 2.2 122 212,32.2_ 22 2,2,12,.2_ 212
. . (et tatct=b et atbi4bct—ac® afct4bict—a’h _atbtatct bt atbi4bict—atct  atct+bict—ath
SOluthIlS.( 2abc ! 2abc ! 2abc )’< 2abc ! 2abc ? 2abc )
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Solution 2: (i) x (ii) X (iii): (z + y)*(x + 2)%(y + 2)* = a®b*c® = (v + y)(z + 2)(y + 2) = +abe
(iv). (v)/(0),(v)/ (i), i)/ (i) = y+ 2 =L, x4+ 2==2% 2+y=+%. The right hand side

should have the same sign, thus

be
ytz = —
a
N ac
r+z = —
b
ab
r+y = —
&

or
be
y+z = ——
a
T+z = ac
- b
ab
r+y = ——
&

They lead to the two solutions same as Solution 1.

2.90 % %%k Nonnegative real numbers , y, 2 satisfy 4V52+9+4z _ 68 x 9v5z+9yt+dz 4 956 — (),

Find the maximum and minimum values of * + y + 2.
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Solution: Let 2V°* 942 = ¢ 'then t? — 68t + 256 =0 = (t —4)(t —64) =0=t =4 or
t=064.

When t = 4, 2Voe+t9y+ds — 4 = 92 — /By + Oy + 42 = 2 = 52+ 9y + 42 = 4.

When t = 64, 2Vo*+H9+ez — 64 = 26 = | /By + 9y + 42 = 6 = Sx + 9y + 42 = 36.

Since x, ¥, z are nonnegative real numbers, 4(x +y + z) < bx + 9y + 4z < 9(z +y + 2).
When 5z + 9y + 42 =36, x +y + 2 < 9, thus  + ¥ + 2 has the maximum value 9, which can be
obtained when z =y = 0,2 = 9.

When 5x + 9y + 4z =4, x + y + 2z > 4/9, thus « + y + 2 has the minimum value 4/9, which can
be obtained when . = z = 0,y = 4/9.

2.91 %% %% Solve the equation z° — [z] = 3.

Solution: = = [z]+ {z} = [z] =2 — {x}, then the equation is equivalent to
P —(r—{z}) =32 —2r=3—{x}.Since 0 <{z} <1,then 2<2®—2<3&2<
(x —1Da(z+1) <3 (0X). When z < —1, (x — 1)z(z + 1) <0, (H) has no solution. When
r>2,2°—x=uz(2*—1) >2(22—1) = 6, 0K) has no solution. When 1 <z < 2, [z] =1,
then the original equation becomes 7> — 1 = 3 = 2% = 4 = 1 = /4, which s the root of the original

equation.

2.92 %% % % The x -relevant equation (a* — 1)(%)2 — (2a + 7)(5% + 1 = 0 has real roots. (1)

T2 __ 3
+ ro—1 — 11>

Find the range of the parameter . (2) If the equation has two real roots 1, 72, and 7,25

find the value of a .
Solution: (1) Let 7“7 =, t # 1, then the equation becomes (a* — 1)t* — (2a + 7)t + 1 = 0.

When ¢? — 1 =0, a = +1, the equation is equivalent to —9¢ +1=0 or —5t + 1 = 0, thus
t=1%ort=1% Whent=1}% ;% = g whoserootis # = —1 When ¢ = %, -%; = ¢ whose root

isx = —i. Hence, the original equation has real roots when a = =£1.

When a # +1, the equation (a* — 1)t — (2a+ 7)t +1=0 has real roots if and only if
A = (2a+7)* — 4(a® — 1) = 28a + 53 > 0 whichimpliesa > —33. Whena = —33,
(a*> — 1)t? — (2a + 7)t + 1 = 0 has two identical roots which are not one. Hence, when a > —

3 the equatlon

28’

the original equation has real roots, that is, the range of a is [— gg, +00).

(2) Since 75, 7227 are the two roots of (a* — 1) t? — (2a + 7)t +1=0, Vieta’s formulas imply

r1—1> z20—
3 W > B 2“” . On the other hand, we have =5 + ﬁ = 11, thus 2a+1 == 3a® — 22a
a

r1—1 xo—1

—80=0= (a— 10)(3a +8)=0=a=100ra = —%.Sincea > 28,thena = 10 isthe only
possibility.

$11
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2.93 %% % Solve the equation 2log, a + log,, a + 3log,., a = 0.

Solution: If @ = 1, then the equation becomes 6 log, 1 = 0 whose solution set is * > 0 but x # 1.

Ifa > Obuta # 1,thenz > 0,z # 1,z # 1,2 # —,andlog, a = log#I,logma = bglzg% =
1 1 _ log, a _ 1 .. " . - ’
THlog, 77 198020 & = 2705 oHlog, o — 24log, o The orlglnal equation is  equivalent to
2 1 3 _ — _ 6t24+11t+4
log, + 1+log, = + 2+log, x 0. Let 1 10ga$ » then 2 + 1_+t + 2_+t 0= t(1+t)(2+t) 0
:>6t2—|—11t+4:0:> (3t+4)(2t—|—1) =0=>t= —% or t=—3% When t=—1%, then
log, z = —3% :> T = a 5. When t = —1 then log, z = —% — 2 = 2.1t is not difficult to verify

4
that r =a 3,2 =a" 2 are roots of the orlglnal equation.

2.94 %% % The coeficients of the last three terms of the expansion of (z'8% + 1)™ are positive integer

roots of the equation 3v*. 9710y . 81-11 — 1. The middle term of the expansion is the root of the
equation 3@ = 0.1"2 4+ v/2m,, find the value of z .

Solution: 3v*.9108.81-11 — 1 & 3v°.37200. 374 — 30 = 4290y —44 = (0 = (y+2)(y—22) =

0 = y = —2 or y = 22. We only need positive integer roots, so y = 22. The coeflicients of the last
three terms are C" "2 + O™~ ! + C" = 22, then C?+ (Ol +1 =2 = @—Fn =21 = n?+n—42
=0= (n+7)(n—6) =0=n=06sincen+7 > 0.

3T =0.172+v2m & 3v2m = 100+ v2m = v2m = 200 = m = 20000. Since n = 6,

the middle term of the expansion is T = Cg(2'8%)3 = %(wlg‘” )3 = 2023'8%. According to the

condition of the problem, we have 2022187 = 20000 = 2318% = 1000 = lgx3'8*
= 1g1000 = 3(lgz)? = 3 = lgz =+1 =z =10 or z = 1/10.

2.95 %% %% Let p be an odd prime number, find all positive integer roots of the equation
2> =y(y+p).

Solution: 72 = y(y + p) & (v + y)(x — y) = py. Since p is a prime number, we have p|z — y or
plr+y.If p|lz — y,then x — y > p (note that > ¥ ), thus we should have x 4+ y < y, impossible.
Thus p|z + y. Let © + y = pn (i), where n is a positive integer, then the original equation becomes
n(z —y) = y,thusn|y andw = -y Hence, z + y = 22y (ii). (i) &(ii) lead to (21 + 1)y = n’p.
Since (n®,2n+1) =1, we have n’[y. (2n+1)-% =p and p is a prime, thus % = 1, then
p=2n+1=n="theny =n? = (1) z ="ty = ntlp? = (n—l—l) e %1:@.

2 2
Therefore, the original equation has only one positive integer root: © = p Ly = (71)2

Download free eBooks at bookboon.com



Elementary Algebra Exercise Book |

2.96 %% % % Consider the real coefficient equations
azri +bxy +c

axs + bry +c

2
azr,_, +br,_1 +c

az? + bx, + c

Equations

T2

xs3

Tn

T

where a # 0, show that when A = (b — 1)? — 4ac = 0, this equation system has a unique solution.

Proof: The system is equivalent to
azxi + (b— 1)z + ¢
azxs 4+ (b— 1)zy + ¢

ar’ |+ (b— 1)z, 1 +c
ar? 4+ (b— 1Dz, +c
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and we can observe that A = (b—1)®> —4ac is the discriminant of the quadratic equation
ar’ 4+ (b—1)z+c=0. When A=0, ar?+ (b—1)z;+c is a perfect square, i.e.
az? 4+ (b—Dz; +c=alz; + 51)? (i=1,2,3,--- ,n).Ifa <0, then a(z; + 52)? < 0, thus

To—21 < 0,23 =22 <0, 2, —xp—1 < 0,21y —2, <0, which is equivalent to
T4 > Xy > X3 >+ > Xy_1 > Ty > T1.Hence,wecanonlychooseequalsigninall theseinequalities,
that is, X1 =29 =123 = =z, = 12;ab‘ If a>0, same logic follows to obtain
TN =Ty =Tz =""+=Tpy = 12a As a conclusion, the equation system has a unique solution when
A =0.

2.97 Yk kK *k Given f(1) == and when n > 1, I (n)) = 2”{7(2;(2;1, find f(n).

Solution: Multiply f(rz )1) = 2”{("210(1”“ by f(n)[l —2f(n)] toobtain f(n—1)—2f(n—1)f(n)

=2nf(n—1)f(n)+ f(n), which is equivalent to f(n —1)—f(n)=2(n+1)f(n)f(n—1).
Divide both sidesby f(n)f(n — 1) to obtain ﬁ — m =2(n+1). Replace n w1th 2,3,---.,n
1.

successively to obtain ﬁ f(l) =2x3, f(3) - ( y = =2x4,--- ’W - f(n—l) = Z(n—I—
Add them wup to obtain W_ ()—2[3—1—4—1- +(n+1)]:2XW:

(n_l)(n‘i‘él).Hence,ﬁ:ﬁ—i—(n Hn+4)=5+n*+3n—4=n*>+3n+1.

1

As a conclusion, f (n) = ——.
’f ( ) n’*+3n+1

2.98 Y%k % % Solve the equation %(aﬂ” +a™*)=m.

Solution: Multiply the equation by 2a” and reorganize it to obtain a** — 2ma® + 1 = 0. Let t = a®
(t>0), then t? —2mt +1=0. When A=4m?> —4>0, ie. m>1 or m < —1, the ¢t
-dependent equation has real roots: ¢; = m — m, to = m + m If m =1, then
t1 =ty =1, thus a® =1, the original equation has a unique root z =0. If m>1,
m + \/m >m — \/m > 0, then a* = m =% m , that is, the original equation has
two distinct real roots: x = log,(m++vm2—1). If m <1, since |m|>+m2—1, then
m<—/m2—1, then m—vVm2—1<m+vVm?2—1<0. a*=m=++vm2—1 has no
solution since a® > (. As a conclusion, when m < 1, the original equation has no root; when m =1,

the original equation has a unique root x = 0; when m > 1, the original equation has two distinct

roots = log,(m + vm? — 1).

2.99 %% % % Solve the system of equations
P+ 2 = 18
iy — yzl/ 2 = -3
22 = 4

to obtain real solutions.
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Solution: Let 2% = u,y = v, 212 = t | then the system becomes

W+t 4+t = 18 (i)
w—vt = =3 (i)
ut = 4 (iii)

@)+(ii) X 2-(ii) x2: v+ + 24 2(uv—vt—ut) =4 & (utv—1)? =4 = utv—t = +2 =
u—t = —v=+2, substitute it into (ii): v> &+ 20 — 3 = 0 whoserootsare v = £1 or v = £3. Substitute

u—t = —3
ut = 4
t—u = -3
ut = 4
3u—3t = —3
ut = 4
3t—3u = —3
ut = 4
Solve them to obtain (u,v,t) = (1,1,4), (—4,1,-1),(4,—1,1), (-1, —1,—4),

(\/ﬁq 3, ﬁﬂ)’(\/ﬁﬂ 3, \/ﬁ—l%(\fﬂ’_&\/i )’(W 1 _3, f+1) Notice that the

second, fourth, sixth, eighth solutions have negative u = 2 which is impossible, therefore all

possible solutions of the original system are

+1 | 42 :I:\/‘/_l i\/@

y| 1 |-1 -3
2|16 | 1 9+V— 9-VI7

2.100 Y% % % Find the polynomial p(z) defined on a set of real numbers such that p(0) = 0 and
p(z® +1) = [p(z)]* + 1.

Solution: Let « = 0 and substitute into p(x? + 1) = [p()]*> + 1 to obtain p(1) = [p(0)]* +1 =1
since p(0) = 0. Choose & = 1,2 to obtain p(2) = [p(1)]*> + 1 = 2,p(5) = [p(2)]* + 1 = 5. Keep
going, we have p(26) = [p(5)]? + 1 = 26, p(26% + 1) = [p(26)]* + 1 = 26 + 1, - - . Hence, the
equation p(x) —x = 0 has infinitely many roots: 0,1,2,5,26,26%+ 1,---. Since p(x) —x is a
polynomial, p(z) — x = 0 always holds, that is, p(z) = .
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3 Inequalities

3.1 Determine the order of the numbers %, log; 2, %

L4 _ 4 1g2 _ 4lg5-9lg2 _ 1g5*-1g2° _ 1g625—1g512 4
Solution: § — logs 2 = § 5 =  9lgs = olgs —  olgs 0, thus 5 > logs 2.

logs 2 — 2 = ig_g —2= 5lg2-2lg5 __ 15321525 - (), thus log; 2 > 2. Hence, 3 > log;2 > 2
g

51gh 51gh
3.2 Solve the inequality Wlo <logg = < 1.

Solution: 100<10g01x<1:>1<10g01x< —1<1Og0.1w<—%:>0.1<x< 0.1
or V10 < z < 10.

33 a,b,c,d are positive numbers, show \/(a + ¢)(b + d) > Vab + Vcd .

Proof: ad + bc > 2V abed < ad + be + ab + ¢d > ab + 2V abed + cd < (a + ¢)(b+ d) >
(Vab+Ved)? & \/(a+c)(b+d) > Vab + Ved since a, b, c,d > 0.

.
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34 % Given —1 <u+v < 1,1 <u—2v < 3, find the range of 2u + Hv.

Solution: Let 2u + Sv = )\1 (U + ’U) + )\Q(U — 2’0) = ()\1 + )\g)u + ()\1 — 2)\2)1} ,
then \; + A2 = 2 and A\; — 2\ = 5. Solve them to obtain A\ = 3, Ay = —1.
Hence, 2u + 5v = 3(u +v) — L(u—2v) € [(-1) x3—-3,1 x3 - 1] = [-6,2].

3.5 Given |h| < §,]k| < §, show [2h — 3k| < €.

Proof: |h| < & -5 <h<{& —5<2h<3.
k<& —s<k<ie& —5<3k<s.
Hence, —¢ < 2h — 3k < e & |2h — 3k| < ¢.

. .1 3 5 99 1
3.6 Show the inequality 5 - 5 - 5 -+~ 100 < 1o

1_23 _ 4 97 _ 98 99 100 . . i 1.3
Proof: 5 < 5,7 <z, , 55 < 99> 700 < 101~ Multiply all these inequalities: 5 - 5 - - -
2 4 98 100 . L . 1.3 97 99, (1.3 . 97 .
35 99 * o1+ Multiply this inequality by 5 -5 ----- % 100 (373 98

. 1.3 97 99 1 1

Take the square root to obtain 5 * 5~~~ 98 " 100 < Vior < 10-

3.7 Solve the inequality 1g(z? — x — 6) < 1g(2 — 3x).

Solution: The inequality holds if and only if
?—z—-6 > 0
2—=3xz > 0
??—z—-6 < 2-3x

r<-2 or x>3
T < %
—4<r<?2
= —4 < x < —2, which is the solution of the original inequality.

3.8 % a,b are real numbers and a® 4 b® = 2, show a + b < 2.

T 98 100 S
99y2 _ 1
100) <101'

Proof: Suppose a+b>2, then b >2—a= 0> (2—a)® =8 —12a + 6a*> — a® =
a®+ b >8—12a+ 6a*> = 6a>—12a +6+2=6(a—1)2+2>2 , a contradiction to

a® 4+ b = 2. Hence, a + b < 2.

Download free eBooks at bookboon.com



3.9 The rational numbers a,b,c,d satisfy d >c (i), a+b=c+d (i), a+d <b+c (ii),

determine the order of these four numbers.

Solution: (i) = b+ d > b + c. This together with (iii) implies @ + d < b+ d , thus @ < b . (iii)-(ii)
=2d-b<b—-—d=d<b.ii)=b—-—d=c—a,sinceb—d>0,thenc—a > 0,ie.c>a.

As a conclusion, we obtain the order a < ¢ < d < b.

3.10 If the inequality ax? + bx — 6 < 0 has the solution set {z| — 2 < x < 3}, find the values of a
and b .

Solution: The condition implies that the equation az? + bz — 6 = 0 has two roots & = —2, 2 = 3.

Vieta’s formulas imply

QoS

from which we can obtain a = 1,b = —1.

3.11 Given 2z + 6y < 15,2 > 0,y > 0, find the maximum value of 4z + 3y .

Solution: 2x+6y§15<:>y§15g2x:g—§x, thus 4x+3y§4x—|—1—25—x:3x+%.

yZOé%—%xZOéwS%. Hence, 4x+3y§3><12—5+12—5:30, which implies that the

maximum value of 4x 4 3y is 30.

3.12 % Given (m + 1)z? —2(m — 1)x + 3(m — 1) < 0, find all real values of m such that the

inequality has no solution.
Solution: The inequality has no solution if and only if

A=4m—-12-12m+1)(m—-1) < 0

m+1 > 0
=
m*4+m-2 > 0
m+1 > 0
=
m<-—-2 or m>1
m > —1
=m>1
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3.13 The inequality /x > ax + % has the solution set {x]|4 < x < b}, find the values of @ and b .

Solution: /z > az + 2 & a(y/x)? — \/z + 3 < 0. The solution set {z]4 < 2 < b} is equivalent
to {x|2 < \/z < V/b} . Vieta’s formulas imply

1

24Vh = -

a
N
2a

a > 0

3.14 If the inequality 22 — ax — 6a < 0 has solutions, and the two roots x1, 22 of 22 — ax — 6a = 0

satisfy |27 — 22| < 5. Find the range of the real number a .

Solution: The inequality has solutions if and only if A = a’>+24a>0<a>0ora < —24. Vieta’s
formulas imply
T1+To = a

r1x9 = —6a
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|21 — 22 = /(21 — 22)2 = /(21 + 12)% — 42129 = Va2 + 24a < 5, that is
a2+24a—25§0:>(a—|—25)(a—1)§O:>—25§a§1.
As a conclusion, @ has the range: —25 < a < —24 or0 <a <1.

35 % If0 <a<1,0<b<1,0<c<1,showitisimpossible that (1 — a)b, (1 — b)c, (1 — ¢)a
are all greater than 1/4.

Proof 1: We prove the conclusion by contraction. Suppose (1 — a)b > 1, (1 —b)e > 1, (1 —c)a > 1.

Multiply them to obtain Cle(l — Cl)(l — b)(l — C) > 6—14. On the other hand,
0 < (1—a)a < [t=ate ata)? _ i, similarly we have 0 < (1 —b)b < 1, 0 < (1 —¢)e < 1 Multiply

them to obtain abc(1 —a)(1 —b)(1 —¢) < 6 1> a contractions.

Proof 2: Since 0 < a < 1,0 <b< 1,0 <c¢ < 1, we let a =sin*a,b=sin? 3, c = sin® 7, then
(1 a)b-(1=b)c-(1—c)a = abc(1—a)(1-b)(1—c) = sin® asin? B sin® y cos® o cos? f cos? v =

dosin? 2asin? 28 sin? 2y < , thus it is impossible that (1 — a)b, (1 — b)c, (1 — ¢)a are all greater

than 1/4.

3.061f —1 <z <1,—1 <y < 1,show |{7] < 1.

Proof: [ < 1 & (FL)? <1 & (z+9)? < (L+ay)? & 22+ <1+a2%’ &

(x? — 1)(1 — y?) < 0, which is obviously valid since =1 <z <1,—-1 <y < 1.

3.17 %% Given f(z) = M (a € R), (1) f(x) is well defined when = < 1, find the range
ofa,2)if 0 <a< 1,show 2f( ) < f(2x) when x # 1.

Solution: (1) Since 1+2*4+a-4* >0, a > [(i) + (%)‘”] Since (i)x,(%)x are decreasing

functions on the interval (—oo, 1], then —|( i) (%)x | reaches the maximum value — (i + %) =— %

at x = 1, thus a > —%.

(2) Use the inequality #thte < ,/“2“;)2*02 to obtain (1+2°+a-4%)% < 3(1+4"+a?-16%) <

3(1447+a-167) = HAfells o (LE252ed)2 hatis f(22) > 2f ().

3.18 % If a, b, ¢ > 0, show 2(%2 — vab) < 3(£EE — Vabe).

Proof: Z(C‘T*b —Vab) < 3(%”6— Vabe) & a+b—2vab < a+b+c—3vabe < c+2Vab >
3vabe- We only need to show the last inequality ¢+ 2vab = ¢+ \ab + Vab >

3\3/c~ Vab - vab = 3 abc -
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3.19 % Given the function f(z) = %, (1) find the maximum value of f(z), (2) show

fla) <b? —4b+ 1—21 for any real numbers a, b .

2z+3

Solution: (1) f(¥) = {5 = 5uts <, e = 105 = V2, thus f(@)mar = V2.

(2) Since f(a) < V2andb? —4b+ L = (b—2)2+2 >3 > /2, wehave f(a) <V? —4b+ L

for any real numbers a, b .

3.20*Show2(\/n—|—1—1)<1+%+%+~-~+%<2\/ﬁ forany n € N.

Proof:ﬁ:ﬁ>ﬁ\/m:2(vk‘+ —\/E).Letm:1+%+%+...+ﬁ’
then m >2(vV2—14+V3— V24 +vn+1—yn)=2(v/n+1-1),
andm<2(1—0—|—\/§—1+\/§—\/§+---+\/_—\/m):2\/ﬁ.
Hence,2(\/n——|—1—1)<1+%+%+---+%<2\/ﬁ

3.21 % Given a® + b?> + ¢? = 1, show —% <ab+bc+ca<1.

Proof: a’ + b* > 2ab,b* + ¢ > 2bc, > + a*> > 2ca, add them up to obtain ab+ bc + ca <
<a?+0?+c*=1. Since (a+b+¢)*>0, a*+b*+c*+2(ab+bc+ca)>0, then
ab—i—bc—i—caZ—%(a2+b2—|—c2):—%,thus —%galﬂ—bc—i—cagl.

3.22 %% Given a, b, c > O,showaLH, + ﬁ + > %

cta —
¢ 4 _a 4 b _ atbtc | atbtc | atbtc 9 _ A o 1, 1y _ 3
Proof: +b + btc + cta ~  a+tb + b+-c + cta 3= (CL +0+ C)(a+b + b+c + c+a> 3=

sla+b)+b+e)+(c+alG+m+2)—3 > 5 -3 (a+b)(b+o)(c+a) -

3/ 1 1 1 _o9_9_ a9_3
3 a+b bt+c cta 3_2 3_2'

3.23 Solve the inequality +/2z +5 > x + 1.

Solution: To make the square root valid, we need 2z +5 >0 & x > —g. When z + 1 <0, ie.
r < —1,wehave v/2x +5 > 0 > x + 1, thusthe original inequality has the solution —g <z < -l
When x > —1, the original inequality has the solution —1 < z < 2. The union of these two solution
sets provides the solution of the original inequality: {z| — % <z <2}

3.24 % Solve the inequality z'°8.% > ”34‘;72\/5 (a>0,a#1).

Solution: When a > 1, take the log with base a on both sides to obtain

(log, )* > § log, v —2 = 2(log, z)* —9log, z+4 > 0 = (2log, z —1)(log, z — 4) >
0=log,z <4 orlog,z>4=0<z<yaorz>a" When0<a<1,

(log, z)? < 2log, x — 2 = (2log,x — 1)(log,z —4) < 0= 1 <log,z <4 = a* <

T <+a.
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325 %%k Given a > 0,b>0,¢>0,a+b+c=1,show (1+ 2)(1+ §)(1+ 1) > 64.

Proof: Since a,b,c>0,a+b+c=1, then 1+%=1+—a+2+622+%22+27\/&2

> 9,/9. 2V _ 4, /Vbe. Similarly we can obtain ] + P>4y/ \/f, 1+ 1> 4, /@. Multiply these

three inequalities to obtain (1+ %)(1 + %)(1 + %) > 44/ @ .4 @ 44/ @ — 64.

3.26 % Show ¢ + ;i +gs o+ 2 > Lforn € N,on> 2.

Proof 1+ -+ -t o+ > b by Lol

327 % Given > 0,y > 0, show 3 (z 4+ y)? + T (z + y) > z,/y + y/x.

+yle+)+ @+ )] >
+VY) =y +yve

Proof: %(:): +y)? + i(x +y) = %(37 + Yl +y) + %]

Vaylle + ) + (v + )] = vayl

[\
<
NI

)

_|_

[\
<_ B
=
<

1

328 % Show § < 572t < 3,

Proof: Let ¥ = ii;;ﬁ,then yrP+yr+y—a*+r—-1=0&(y—-12*+ (y+az+y—1
= 0. Consider the discriminant A = (y+1)?—4(y—1)? = —=3y?+10y—3 > 0 = 3y?’—10y+3
<0=(By—-1)(y-3)< 0=>3<y<3.
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329 % a,b,x,y are positive numbers and satisfy @ +b =10, ¢ —l—g =1, and z +y has the

minimum value 18, find the values of a, b .

Solution: The conditions imply that x+y = (9+9)(x+y) = a—HH—%—i-b—x = 10—1-%4—17—z >
1042, /?y b2 — 10+ 2v/ab . Since = + 1 has the minimum value 18, then 10 4 2v/ab = 18 =
vab=4= ab = 16. Solve

a+b = 10
ab = 16
toobtain a =2, b =8 ora = 8,b= 2.

+
3.30 % If x,y > 0, find the maximum value of %
T+y+2 2 2
Solution: f(z,y) = f;ﬁé_, fA(a, ): iﬂ,\ﬁ*l*‘ Ig<1+ §_2,thus flz,y) < V2,
which means the maximum value of Yotyy is \/_

vV
N[Ot

3.31 %% Given x > 0, show = + % + mi

8 |+

Solution:Let f(x) = = + %(x > 0),thenx % 2.Let2 < a < f3,then f(a) — f(8) = (o + i)
—(B+ %) =(a—p)+ (é — %) — (a=p)(af—1) 21(;‘5 ) < (), that is, f(x) is an increasing function on
2, 400). Hence, f(z+ 1) > f(2) =2

3.32 % Real numbers a, b, ¢ satisfy a + b+ ¢ = 0, abc = 2, show that at least one of a, b, ¢ is not
less than 2.

Proof: Obviously at least one of a,b,c is positive. Without loss of generality, let @ > 0, then
b+c=—a,bc=2/a, thatis, b, c are the two roots of the quadratic equation z* + ax + % = 0.
Consider the discriminant A > 0 = a? — % >0=a*>8=a>2.

3.33 % |2% — 4] < 1 holds whenever |x — 2| < a holds, find the range of the positive number @ .

Solution: Let A = {z: |z — 2| < a,a >0}, B={z: |[2* — 4] < 1},
then A ={z:2-a<r<2+a,a>0},B={z:—Vb<z<—V3V3<z<V5}
Since A C B, we have
2—a > —V5
24a < —V3
or
2—a > V3
24a < V5
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a < 2++5
a < —2—\/§

or

a < 2—+3
a<\/5—2

which implies 0 < a < \/5 — 2 since a > 0.

3.34 Solve the inequality v2? — 3z +2 > x — 3.

Solution: The inequality is equivalent to

r—3 <
2 —=3x+2 > 0

or
r—3 > 0
2 —3r+2 > (v-—3)*
=
r < 3
r<1 or z2>2
or
r > 3
r > T7/3

==zr<lor2<zx<3orz>3.

3.35 %% Given |a| < 1,|b| < 1,|c| < 1,show (1) |1 —abc| > |ab—¢|;(2)a+ b+ ¢ < abe + 2.

Proof: (1) The given conditions imply 1 — a?b* > 0,1 — ¢® > 0. Multiply them together to obtain

1+ a?b*c® > a’h® + % = 1 — 2abe + a®b*c? > a®b? — 2abe + ¢ = (1 — abc)? >
(ab —¢)* = |1 — abc| > |ab — |-

2 (a=1)b-1)>0=a+b<ab+1 (). (ab—1)(c—1)>0=ab+c<abc+1 (i).
(D)+@G)= a + b+ c < abc + 2.
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3.36 The smaller root of the quadratic equation 22 — 51 logg k + 6logs k = 0 is in the interval (1, 2).
Find the range of the parameter k.

Solution: The parabola opens upward, and the smaller root is within (1,2), then

f1) >0
< 0

loggk >1/2 or logghk <1/3
2/3 <loggk <1

= 2/3 <loggk <1=4<k<8.
3.37 % The inequality az? 4+ bx + ¢ > 0 has the solution set {z|a < x < S} where 0 < a < f3.
Find the solution set of the inequality cz? + bx + a < 0.

a+p=-bla>0
Solution: The given condition implies that af3 =c/a >0 and let the quadratic equation

a<0

cx? + bx + a = 0 has two roots 1, T2. Then $1+$2=—%=%=$+%;
x1$2:2:$:é'%.0<&<5:>%<i,inadditionc<O,thencx2+bx—|—a<0has

C
the solution set {z|z < % or x > é}
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3.38 % Real numbers a, b, 7,y satisfy a® + b?> = 1, 2% + y? = 1, show |az + by| < 1.
Proof 1: (Ja| — |z[)> > 0 = a® + 2% > 2|ax|. Similarly we have b? + y? > 2|by| .
Therefore, a® + b? + % + y? > 2(|az| + |by|). Since a® + b* = 1, 2% + ¢y =1,
then 2 > 2(|az| + |by|) > 2|ax + by

, thus |az + by| < 1.

Proof 2: Since a? +b* =1, 22 +y> =1, let a =sinf,b = cosf,x = siny,y = cosy, then
ax + by = sinfsin ¢ + cos f cos p = cos(6 — ). Thus |ax + by| = | cos(d — ¢)| < 1.

3.39 % If a, b, ¢ are distinct positive numbers, show % + % + % > ﬁ + \/% + \/%.

_ betcatab—(av/betby/catcvab)  2(be+catab)—2(av/be+by/ca+cv/ab)

Proof 1: %—i—%—l—%—(ﬁ—i—ﬁ_‘_ﬁ)

abe 2abc
(Vab=vbo)*+(vbe—vea)’ +(vea—vab)®
abc :
Proof2: L+ t+1> L L L o boraad o ovbetheredth o ey ooq +ab >

av'be + by/ca + cv/ab < 2(be + ca + ab) > 2(avbe + by/ca + cv/ab) & (Vab — Vbe)? +
(Vbe — \/ca)? + (y/ca — v/ab)? > O which is obviously valid.

Proof 3: Since a, b, ¢ are distinct positive numbers, then (\/(7 - \/%)2 >0, (\/(7 - \/a)2 >0,
(v/ca — v/ab)?> > 0. Add them up to obtain 2(ab+be+ca) —2(avbe+by/ca+cvab) > 0 =
ab+be+ca > avbe+by/ca+cvab = 5+ 5+ 1 > ﬁ + \/% + \/ﬁ :

3.40 % Real numbers x,y, 2 satisfy the inequalities |z| > |y + z|, |y| > |z + x|, |2| > |z + y| -
Show x +y + 2 = 0.

Proof: If one of Z,Y, 2 is zero, without loss of generality, assume = = 0, then |y + Z| =0, thus

y + z = 0, which implies © + y + z = 0. If T, Y, 2 are all nonzero, then there are four possibilities:

1) If x,y, z are all positive, then y + z < z, 2+ x < y,x + y < z, impossible.

2) If ¥, Y, 2 have two positive one negative, without loss of generality, assume
x>0,y>0,2<0. ly+z|<z=-2r<y+z<z=2x+y+ 2> 0.0n theother
hand [z +y| < |z| =2 +y < —2= 2+ y+ 2 < 0.Asaconclusion, z + y + z = 0.

3) If x, y, z have one positive two negative, without loss of generality, assume
r>0,y<0,2<0- ly+z2|<x=>y+2>—-x=2+y+2z>0.0n the other
hand, |z +y| < |z| =24+ y < —z= 2+ y+ 2 <0.Asaconclusion, z +y + 2z = 0.

4) If ¥, Yy, 2 are all negative, then t <y +2< —zr,y<z+zr < —y,z<r+y< —z,
thenx +y+ 2 < 2($ +y+ Z), thus © 4+ y 4+ 2z > 0, a contradiction to the assumed

negativity condition.
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341 % If 7 >y > 0, show /22 — 42 + /22y — y%> > ¥

Proofl:x >y > 0 = ay > 9%, 22y — 4% > 2 = 22 — 9% > 22 — 22y + 4% = (z — y)?
Vi — 2 > —ypand 25y — 2 > g, thus /2 — 2+ 2oy — 2 > —y+y=1.

Proof2:z >y>0=y>-—y=zct+y>c—y=2>—y’>@x—y = V/2—y > —y
Q). 2zy > 2y = 22y — % > y? = /22y — y? >y (ii).
()+()= a2 —y? + /20y —y?> > x.

Proof3:\/a2 — 42+ /22y — y2 >z < 2% — > +2/(22 — y2) 22y — y?) + 22y —y® > 2?2 &
\/ (22 — y2) 22y — y?) > y? — xy. The left hand side is greater than zero, while he right hand side

y? —zy =y(y —x) <0, thus /(22 — y2)(22y — y2) > y? — 2y always holds.

3.42 % Given © > 0,y >0, 3+ = 1, show z +y > 12.

6
Proof:Since:E>0,y>0,wehave%+§22 %'%Z%.Since%—i—%:l,wehave \/_@Sl,

which is equivalent to /ry > 6. x +y > 2,/xy > 12.

3.43 % a,b, c are real numbers and a + b + ¢ = 1, show a® + b? + ¢* > %

Proof : a +b+c=1=c=1—a—b, then a’>+b0*+c?—3 = a®>+b?+(1—a—b)*—3 =
@*+0?+14+0°+b* —2a—2b+2ab—; = 2(a®+ V*+ab—a—b+ 1) = 2[a>+(b—1)a+ (251 )2~
(522402 —b+ 1] = 2[(a+851)2 4+ U7 > .

Proof2:a+b+c=1= (a+b+c)) =1=a>+0*+c*=1—2(ab+ bc+ ca) (i).
a® + b* > 2ab, b*> + ¢ > 2bc, ? + a® > 2ca, add them up to obtain 2(a? + b* + ¢2) >
> 2(ab + be + ca) (ii).

O)+Gi)= 3@+ +) >1=a®+ 0¥+ > 5

3.44 Y The function f(z) is defined on [0, 1], and f(0) = f(1). For any distinct x1, 22 € [0, 1],
(z2) = fz)] < 5

we have |f(ZL‘2) — f(371)| < |l’2 — l'1| . Show

Proof: Let 0 < z1 < x9 < 1. We consider two cases:
1
| <oz — @] <

1)
f(1) we obtain |f($z) )| = [f(z2) = F(1) +
|f(0) — f(z1)|. Hence, (1 — z3) + (1 — 0) =

D Ifxy —a1 < 2,then |f($2) (
2) If 2 — 1 > 4, then from f(0) =
f(1

FO) = flz)] < [f(x2) = fF(D] +

1—(m2—x1)<%.
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3.45 Y The equation |z| = ax + 1 has one negative root but no positive root, find the range of the

parameter a.

Solution 1: Let * bethe negative root of the equation |z| = az + 1,then —z =ar + 1 =z = a_Tll <0,
thus a + 1 > 0. Equivalently, when @ > —1, the equation has a negative root.
Suppose the equation has a positive root 7, then © = az +1 = 2 = 7=~ > 0, thus a < 1.

As a conclusion, the condition that the equation has one negative root but no positive root is equivalent
to a > —1 holds but ¢ < 1 fails, thatis, ¢ > 1.

Solution 2: Another approach is to plot the functions ¥y = |x| and y = ax + 1 on the Cartesian plane.

This will directly give us the same conclusion.

22 —4x—23

3.46 Solve the inequality 2 g > 2.

2 2 —
% >2 & % >0& % > (0. This inequality is equivalent to

(x +3)(x + 1)(z — 3)(x — 5) > 0 whose solution set is (—o0, —3) U (—1,3) U (5, +00).

Solution:

3.47 % Consider the inequality = + 2 > m(x? — 1), (1) if the inequality holds for any real number
x, find the range of m; (2) if for any m € [—2, 2] the inequality holds, find the range of .

Solution: (1) x +2>m(z? = 1) & m(2?> —1)— (z+2) <0 & mz? —z —m —2 < 0. This
m <0 {m<0

inequalityholdsforanyrealnumber x ,then{ A=1+4m(m+2) <0 A2+ 8m+1<0

m < 0

@{ A bame 148 © 1-Lam< -1+,
(2) For any m € [—2,2] the inequality holds. Let f(m) = (z* —
function of m, and f(m) < 0 should hold for any m € [—2,

2
—2(z*—-1)—(z+2) <0 22+ 2 >0 z>0o0rz<—1
202 = 1) — (z+2) <0 202 —p—4 <0 <91

0<37<1+T\/§0r1_1/§<1‘<

N

3.48 Y x,y,z are positive numbers, and zyz(z +y + z) = 1. Find the minimum value of
(x4 y)(z+ 2).

Solution: The given conditions imply that (z+y)(z+2)=yz+z(z+y+2)>
2\/yz -x(z+y+2) =2. When = /2 — 1,y = z = 1, the equal sign is reached in the above

inequality, thus the minimum value of (z + y)(z + 2) is 2.
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3.49 Y Real numbers a, b, ¢ satisfy a? + b? + ¢ = 1. Show that one of |a — b, [b — ¢|, |c — a
y

is not greater than §

Proof: Without loss of generality, we assume a < b < c, and let m be the minimum one of
la—0b[,|b—c|,|c—a|] . Thenb—a>m,c—b>m,c—a=(c—0b)+ (b—a) > 2m.On one
hand, (a —b)2 + (b—¢)? + (c — a)? = 2(a® + V* + ) — 2(ab+ bc+ ca) = 3(a® + b* + *) —

(a+ b+ ¢)? < 3.Ontheotherhand, (@ — b)* + (b — ¢)* + (¢ — a)® > m® + m® + (2m)* = 6m?
(@—0)2+ (b—c)*+ (c— a)®> > m? +m? + (2m)? = 6m>. Hence, 6m? < 3 = m < 2.

3.50 % Let o, 3 be real numbers, show log, (2% + 27) > O‘TH + %

Proof: To show log, (2% + 2°) > O‘TH + %, we only need to show 2% + 27 > 2 a+§+2, we only need

to show 22¢ 4 20HA+1 4 928 > gatB+2 e only need to show 20=F=2 4 9=l 4 9F=a=2 > 1 we
only need to show 277 +2 + p%ﬁ > 4, we only need to show (20%[3 — —5)? > 0 which is
272

obviously valid.
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3.51 %% Given the function f(x) = az? — ¢ that satisfies —4 < f(1) < —1,-1 < f(2) <5
Find the range of f(3).

Solution: From f(z) = az? — ¢,weknow f(1) = a —¢, f(2) = 4a — ¢,thusa = 3[f(2) — f(1)],
2 W@ ). T 1) =0 =310 — )10~ 400 = /00

- 3F(1).Hence, § x (=1) + (=) x (=1) < f(3) < § x5+ (=3) x (=4) ,thatis, =1 < f(3)
< 20.

3.52*Givenrealnumbersa>0,b>0,c>0anda+b+c:1,showé+%+% > 9.

. iy . > . a+b+c 3 1 3 —
Proof 1: The conditions together with Cauchy’s Inequality imply “2+¢ > +/abc = Tt > e =93

. . . 1 1
Apply Cauchy’s Inequality again to obtain s +s+c < 3/1 1 1 _ 1
3 — a b ¢ Yabe =
Proof 2: 1 +1 + _ 9 — betactab _ g _ (atbi-c)(betactab)—9abe a2 c+ab4b?ctab’+ac?+bc?—6abe
a - abe - abe - abe -
a(b—c)2+b(c— a) +c(a b) > (.
abc —

3.53 %% Leta > 0,b>0and a +b =1, show (a+%)2+(b+%)222—5.

Proof 1: 1:a+b22\/ab:>\/ab§%éabgiﬁé > 4.
(a+21)24(b+4)? ati4btiig
And T > y b]2_ i(1+%+%)2:i(1+$)22%’
1 1 25
thus (@ + £)? + (b+3)* > 2.

2, then

Proof 2: Let a = sin® o, b = cos
(a+2)2+(b+3)* = (SiIlQOz—I-CSCQ a)?+ (cos? a+sec @)? > 3 (sin® a+csc? at-cos? a+
sec? ) = (1—1— + =) =1(1+ =11+ 25) 5(1+4cesc?2a)?

sinfa | cos?a
1144 =

sin (NCO%Q )

3.54 % Let a,b,c,d, m,n be positive real numbers, P = vab + ved, Q = v/ma —i—ncw% %

Compare P and @ .

Solution:  P? = ab + cd + 2vabed, Q* = (ma +ne) (2 + ¢) = ab+ cd + ™ + ™ Gince

n

%bc + mad > 9, /%”C . mTad = 2v/abed , then P? < (Q%. Because P, () are positive, we have P < Q.

n

3.55 %% Show the inequality (a + b)® < 128(a® + 0°).

Proof: (a — b)* > 0 = a® + b* > 2ab. Similarly we have a* + b* > 2a20?, a® + 0® > 2a"b*. Add
a® + b2, a* + b*, a® + b® to the above three inequalities respectively to obtain 2(a? + b%) > (a + b)?,

2(a* + b)) > (a® +1*)2,2(a® + b®) > (a* + b*)2. The last inequality leads to 128(a + %) > 64(a*
+ 54?2 = 16[2(a + b)]2 = 16[(a? + 82)*2 = {[2(a® + B} = {[(a+ b)**}* = (a +b)"
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3.56 %% Given the function f(z* — 3) = log, Gf% (a > 0,a # 1) that satisfies f(z) > log, 2z .
Find the domain of the function f(x).

Solution: Let 22 — 3 = t, then x? = 3 + t . Substitute it into the function: f (t) = log, %, thus

f(z) = log, ;’f—i Then the inequality f(z) > log, 2z is equivalent to log, gf—; > log, 2z .

3+z
3. >0

Ifa>1,then ¢ 22 >2r = z€(0,1)U[-3,3).

z >0

3+z
§<0

If0<a<1then{ <2 = zell,d).

x>0

3.57 %% Given a < —1, and = satisfies 2> + ax < —z, and 2 + ax has the minimum value

—%, find the value of a .

Solution: a < —l, 22 +ar<—z=zlz+(a+1)]<0=0<z<—(a+1). Let f(z)=
22 tar=(z+ 22— 2

If —(a+1)<—5 << —2<a< —1,then f(x) reaches its minimum value f(—a —1) =a+1

atz=—(a+1),thusa+1=-1=a=-3

If —(a+1)>—5 < a< -2, then f(x) reaches it minimum value —% at ¥ = —37, thus
—% = —% = a = ++/2 both of which violate a < —2.

As a conclusion, a = —%.

358 %% aj,ag,---,a, are positive numbers and satisfy ajaz---a, =1, show

2+ a)2+az)---(2+a,) = 3"

Proof: Use an arithmetic mean-geometric mean inequality a + b + ¢ > 3V abc (a,b, ¢ are positive
numbers) to obtain 2 +a; =1+ 1+a; >3¥a; (i=1,2,---,n). Then (24 a1)(2+ az)---

(24 a,) > 3" Yajas---a, =3".

3.59 %%k %k If a, b, ¢ are side lengths of a triangle, show a?b(a — b) + b*c(b — ¢) + c*a(c —a) > 0

and determine when the equal sign is reached.
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Proof: Let a = y + 2,b = 2z 4+ x,c = x + y where x,y, 2 are positive numbers. Substitute them into
the inequality: (y + 2)*(z + 2)(y — 2) + (z + 2)*(x + y)(z —y) + (z + y)*(y + 2)(z — 2)
> 0 <:> a: z+ 3w+ 23y — vyz(x +y + 2) > 0. Divide both sides by .’EQyz to obta12n
o -f- += “>a+ Y + 2 which can be proven by the 1nequa11t1es 2 4 y>2z,L +22>2,%
+ x Z 2Z.

These inequalities have the equal sign if and only if © = y = z, that is, the original inequality has the

equal signifand onlyif a = b =c.

la+b| |al 1]
3.60 %% a,b are real numbers, show THpog = 1+‘a| + -
. b| 14|a+b|—1 1 1
Proof: Since |a + b] < , we have latb] =-1---1r <711
ja+ THatd] — THatbl — &~ Tjars = 1~ Trarsm
_ _la+]b] a < _la| bl
= i = e T T S mra + -

3.61 %%k Given 0 < a < 1,2° +y = 0, show log,(a” + a¥) < log, 2 + §.

Tty

Proof: a® + a¥ > 2v/a"a¥ = 2a">". Since 0 < a < 1, we have log, (a* + a¥) < loga<2azT+y) =
log, 2 + 2 = log, 2 4+ 222 = log, 2 + +x(1 — z) < log, 5(*57%)* =log, 2+ 5.
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3.62 %k % The system of inequalities
V2 =22 —8 < 8—u
> +ar+b < 0
has the solution 4 < z < 5, find the conditions @ and b should satisfy.

. 22 —2x—-8>0 r< —2orax>4
Solution: /42 "9, —§<8—1={ 8—2>0 =<{ <8 =x < -2
2t =20 -8 < (8—1x) r< P

or4§x§3—76.

The solution of the inequality ° + ax + b < 0 should have the form o < & < 3. Since the solution
of the inequality systemis 4 < x < 5,then f =5, —2 < a < 4.Since f = 5,then 25+ ba +b =0
Since a + 3 = —a, then 3 < —a < 9, thatis, =9 < a < —3. As a conclusion, @, b should satisfy

-9<a< -3
5a+b+ 25 =0.

3.63 %k If 7,y,2 > 1, show (22 — 2z + 2)(y* — 2y + 2)(2* — 22 + 2) < (2yz)? — 2zyz -
+ 2.

Proof: Since # > 1,4y > 1, we have (22 —22+2)(y* —2y+2) — [(zy)? — 22y + 2] = (—2y+2)z*+
(6y —2y> —d)a+ (22—  4y+2)=-2(y—1)z*-2(y—-1(y—-2)+2(y—1)> = -2(y — 1)
22+ (y—2)z+1—y] = =2y — D(z — 1)(z+y — 1) <0, then (2? — 22+ 2)(y* — 2y + 2)
< (zy)? — 2xy + 2(i). Similarly, since xy > 1,z > 1, we have [(zy)? — 2zy + 2](2® — 22 + 2) <
< (zyz)* — 2wyz + 2(ii). From (i) and (ii), we can obtain (2? — 2z + 2)(y* — 2y + 2) (2% — 22 + 2)
< (zyz)* — 2xyz + 2.

3.64 %% Given natural numbers @ < b < ¢, m is an integer, and % + % + % =m, find a,b, c.

Solution: Since a, b, ¢ are natural numbersand a < b < c¢,wehave a > 1,0 >2,¢>3,0<m <
%-i—%—l—%:l%. Since m is an integer, we have m =1 and a# 1. If a >3, then
1,1, 11,1, 1_ 47 1,1, 1 _ _ 1,1 _
E—l—g—i-gSg—i-z—l—g—@<1.Hence,a—|—5+g%m—l.Therefore,a—2."l'hen5+E—

1—%:%.Isz4,then%+%§i—i—%:%<%,thusb:3.Then%:1—%—%:é,thus

c=6.
3.65 %k %k Given 1 <a <2,z >1,and f(z) = %,g(x) = % (1) Compare f(z) and
g(z). @) Let n € N,n > 1,show f(1)+ f(2) +---+ f(2n) < 4" — 5.

. x —x x —x 2z 2x x 2T T __ 92 T __ T T_9T\(QT T __q
Solution: (1) f(z)—g(z) = © +2a 2 +22 _ %(aa:rl_22j1) _ 2%a +221+1iza a® _ (a 2z)+(1af ).

Since 1 < a < 2,x > 1, then 2%7¢* > 1,a” < 2%, thus %

thatis, f(z) — g(x) < 0. Hence, f(z) < g(x).

<0,
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(2) Since f(x) < g(z), then f(1)+ f(2)+---+f(2n) < g(1)+g(2)+---+g(2n) = $(2+2?
Foe 243+ At m) = (1424274 422 1)+%(1 22,1)<4” 1+
1— o =4"— .

a b c
3.66 %% a,b,c are real numbers,and a +b+c < 0,show | b ¢ a | > 0.

c a b

Proof: a? + b? > 2ab, b? + ¢ > 2bc, ¢ + a® > 2ca, and add them up to obtain
2(a* +b* + ¢*) > 2(ab + be + ca), thus (ab + be + ca) — (a® + b* + %) < 0.

a b c a+b+c b c 1L b c 1 b ¢
b cal=|at+tbtc c a|=(a+bt+c)|1 ¢ a|=(atb+tc)| 0 c—b a—c|=
c ab a+b+c a b 1 a b 0 a—b b—c

(a—l—b+c)[—(b—c)2—(a—b)(a_c>] = (a+b+c)|(ab+bc+ca) — (a® + b* + ¢*)] > 0.

2
=2 —-2>0
3.67 %% % If the system of inequalities { 222 + (5 + 2k)x + 5k < 0 has only one integer solution

—2, find the range of k .

Solution: The solution of 7> —z — 2 > 0 is x < —1 or & > 2. The second inequality is equivalent to
(22 +5)(x+ k) <0. When —k < —3, ie. k> 2, the second inequality has the solution
—k<x< —g, in which —2 is not included. When —k > —g, ie. k< g, the second inequality has

. . . . . -1
the solution —2 < x < —Fk, then the solution of the inequality system is v or
2 —2<r<—k

x> 2
{ _§ < 1 < —k - To have only one integer solution —2, we should have —k < 3 and —k > -2,

that is, —3 < k < 2. When —k = —5, ie. k= g the second inequality has no solution. As a

conclusion, k € [—3,2).

+btc

3.68 %%k Let a,b, c are positive numbers, show a*b’c® > (abc) ™

Proof: Without loss of generality, let @ > b > ¢ > 0. To show a®b’c® > (abc) T we only need to

—b pb—a cc—a
show a303°c3 > (abc)?t**¢, we only need to show Zc - Igc 7%=z > 1, we only need to show

@B 5 ] Sincea—b>0,b—c>0,a—c>0, wehave ¢ > 1,2 > 1,2 > 1, thus the

pa— bcb c ga—c

last inequality holds.

3.69 kK If a,b,c,x,y, 2 are all real numbers, and a® + b? + ¢ = 25, 22 + y? + 2% = 36,

ax + by + cz = 30, find the value of %zii
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Solution: Cauchy’s Inequality implies 25 X 36 = (a® 4+ b* + ¢2)(a? + y? + 22) > (ax + by + cz)?
= 30%. The equal sign is obtained since 25 X 36 = 30?. Thus there exist A, ¢t (not both zero) such that
Aa = px, \b = py, \c = pz. Therefore \(a? + b? + ¢2) = p?(2? + y? + 2%) = 25\% = 36>

= 5\ = +6u . However, ax + by 4+ cz = 30, thus 5>\=6u=>§=%=>;¢ziz=§=%.

3.70 Yk ok Letr, s, t satisfy 1 < r < s <t < 4,findtheminimumvalueof (r — 1)* + (£ — 1)* +
(L—1P2+(3 -1~

Solution: (r —1)2+ (¥ —1)24 (Lt =1)*+ (2 —1)* > [(T_1)+(%_1);(§_1)+(%—1)]2 = Al(r—1)24 (5 —
D24+ E =12 +C-1) 2 [r—D)+C-D+E-D)+C-1)P =[(r+2+L+2) 42
Cauchy’s Inequality implies that 7 + £ + £ + 4 > 4(/r. 2. L. 2 = 47/,

thus 4[(r — 1)+ (2 =12+ (L =12+ (2 = 1) > UVA—4P = (r— 1)+ (2 —1)* +
(-1 -1 24 (Va1

The equal sign is obtained if and only if » = \/ﬁ, s=2,t= 2\/5 .

12+ (2 =1)is 4(vV2 - 1)%

Hence, the minimum value of (r — 1)* + (2 — 1)* + (¢ —
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3.71 %% % Real numbers ay,ay satisfy a? + a3 < 1, show that for any real numbers by, by,
(a1by + agby — 1) > (a? + a3 — 1)(b3 + b3 — 1) always holds.

Proof: If b2 + 03 —1 >0, since af + a3 <1, we have (a? + a3 —1)(b? + b3 — 1) <0, then
obviously (a1 + asby — 1)? > (a? + a2 —1)(0? + b3 — 1).1f b + b3 — 1 < 0, Mean Inequality
implies that a1b; < + L agby < a2 % Thus arby + ashy < (@i +a3+0i+03) <1=1-

a —aQ 2
aiby — aghy > 4= aj— “2);‘(1 bi=b3) (1 — arby — ashy)? > [(1 i 2);( —bi—b3 )] > 1[(1—

af —a3)?+ (1 =07 =03)°] > (ai + a2 — D)2+ 02 —1).

3.72 %k ok Let A = {z|1 + log - log - < 0}; B = {z|(3)*18s2 < (1)*le=atD) g € R}, find

the range of @ such that A C B.

Solution: 1+10g1m logx<0:>1—|—10g963—210gm5<0:>loggt <log, ™' Thus z > 1,

thent > 2 thenl < x < 2.Hence, A = {z]l <z < 2} ( )aloss 2 < (%)x(x_“fl) = »31°g327a

< 9-wlz—atl) — 9-a Q—w(x—aﬂ) = —q < —r(@—a+1)= (z—a)(z+1) <0 ().
When a = —1, (") has no solution.

When a > —1, ("X) has the solution —1 < x < a.

When a < —1, (") has the solution a < x < —1.

¢ (a=-1)
Hence, B={ {z|-1<x<a} (a>—1) from which we know that when a > %, ACB.
{zla <z < -1} (a<—1)

x 3 3 P 3
3.73 %% %k x,y, 2 are positive numbers, show ( J;l) + (ytl) + 21) > %.
Proof: Since x,y, z > 0,Mean Inequahty implies that (“1) —i— Y+ { >3 (le)a . 2—27 . % =
Z(z+1) = % > 2l(x — y) + 2. Similarly, we can obtain + K >T(y—z)+ 2 (ZJ;U

> % (z —x) + %. Add them up to obtain the aimed inequality.

3.74 %% %k M, n are positive numbers, show /m + 1 > /n holds if and only if for any = > 1,
mx + £ > \/n.

Proof: m,n > 0,2 — 1 > 0, then max+%4 = mr— m—l—m+x 1“ = [m(:c—l)+ﬁ]+m+1 >
2v/m+m+1 = (v/m+1)2. If and only if m(z—1) = pro 1, je. t=1+ ﬁ, mx + —*5 has the
minimum value (y/m + 1)%. Hence, mz + %5 > /n for any z > 1 ifand only if (y/m + 1)? > n,

ie. VM4 1> /.
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3.75 %% % Given f(x) =az?+bx,and 1 < f(—1) < 3,2 < f(1) < 4, find the range of f(—3).

Solution: f(—1)=a—"0b,f(1)=a+b, f(—3) =9a—3b. Let f(—3)=mf(—1)+nf(1)
where m,n are parameters ready to be determined. 9a — 3b = m(a — b) + n(a + b) = (m + n).
m+n =

a— (m —n)b. Comparing the coefficients to obtain m_p_3 T M= 6,n = 3. Thus

f(=3)=6f(—1)+3f(1).Sincel < f(—1) <3,2< f(1) < 4,wehave 12 < 6f(—1) + 3f(1)
< 30, then 12 < f(—3) < 30. Therefore the range of f(—3) is [12, 30].

376 %kk Given 0 <b<1,0<a<7%, and z = (sin)' 8" y = (cos o)'o8 @ 7 =

(sin a)'°80 %@ determine the order of , ¥, 2

Solution: 0 < b < 1,thus f(z) = log, = isadecreasingfunction.0 < a < F,thus0 < sina < cos
< 1. Therefore, log, sin & > log, cos & > 0, then (sin a)!°& 5% < (sin a)logb 8 je x < z.And

(sin v)1o8b 5@ < (cos )08 5@ je. » < y . Hence, we obtain the order 7 < z < y.

3.77 %% % Consider a triangle with side lengths a, b, ¢ ,and its area is 1/4, the radius of its circumcircle
is 1.IfS:\/5+\/l_)+\/E,t: %—F%—}-%.Compares and ¢ .

Solution: Let C' be the angle whose opposite side length is ¢, and the radius of circumcircle R =1,
then ¢ = 2R sin C' = 2sin C'.Inaddition, absin C' = 1. Therefore abc = 1. Thent = I4i4+i=

HE+D G+ +i+h > fh+ ﬁ — el Vst Vb o=,

a c Vabe

The equal sign can only be obtamed ifa=b=c=R= 1 which is impossible. Hence, s < t .

3.78 %% % a,b, c are positive numbers and a + b+ ¢ < 3, show% < a—_IH + bJ%l + CJ%l < 3.

Proof: Since a, b, ¢ > 0, we have ;17 < 1,517 <1, .17 <1, then a+1+le+c+1 < 3. Mean

Inequality implies 15+ 5+ .47 =3

o1 = o m,(@‘i‘l)"’(b‘i‘l)"’(C“‘l 23\7 Cl"’l b‘i‘l)(C"’ 1)

Therefore, ( +1+b+1+c+1)[(a+1)+(b+1)+(c+1)] >33 m-?ﬁ/(a +1)(b+1)(c+1) =

9 9 _ 3
9.Since 0 < a+ b+ ¢ < 3, then a+1 ‘|‘b_Tl‘|‘CJTl e P W (T W ) > 313 — 9.

3.79 %% % Given a,b,c,m,n,p>0,and a+m=b+n=c+p= R, show an + bp + cm
< R?.
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Proof: Construct an equilateral triangle ABC' with side length R . Choose points D, E, F' on sides
AB, BC,CA respectively such that AD =a,DB =m,BE =c¢,EC =p,CF =b,FA=n.
In this way, three side lengths are @ + m,c+p,b+n,anda+m =c+p=b+n = R . Connect
D with E/, connect E/ with F',and connect F' with D .Let Saapr = S1, SABpDE = S2, SACEF =
S3,Saapc =S . Then S;+ Sy + 55 = %ansin 60° + %cmsin 60° + 1bpsm 60° = ‘/_(cm +
cm+bp). S =1Rsin60°=2R2 S =S+ S+ S5+ Sapsr > Si+ S+ S5 thus
V3(an + em + bp) < Y2 R, thatis, an + bp + em < R?.

2
3.80 %% %% Let z1, %9, - ,, are positive numbers, show —L + + e e S

Ty + o+ T,

Proof 1: Since =1, 2, - - - , T, > 0, we can do the following: (1 — $2)2 >0= JU% + JU% > 2x179 =

x2 x3 z2 1 x

= T @2 2 271, Similarly, we can obtain 2 + Z3 = 222, -+, = + T = 2T, x—’j’ +x1 2> 22,
22 22 a2 o2

Addthemuptoobtain (7 + 72 + -+ + %= + 1) + (21 + 29 - Tn) > 2(x1 4+ 22 +

ctxn) > 2w F et = x1+ 2 - +$"—1+">a:1+x2+ Ty,

Tn x
In

Proof 2: Mean Inequality implies that —|— Ty > 2@/ - Ty = 2x1. Similarly, we have

2

2
% +xg > 20, e, o > 20, 1o -I— r1 > 2T,. Add them up to obtain the result.
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Proof 3: % + i_? + % + + + o —% = +w1 + $1+w2 ot S 1+mn > 2(11% + 572
I +wn;ﬂ) — 2(3{1 + Ty A+ - - + ajn) Wthh 1mphes the result.

2
n

Proof4:

i_i + i_g IS Th1 + 22 _ [x2—(z2—21)]? + [x3—(z3—22)]? 4ot [mn—(m;;xn_l)]Q 4 -

Tn xr1 2 x3

—@oel’ (g gy b b ay) — 22 — T Ty — Do Ty — Ty + 21 —

1

wy) 4l Ll Gl B (g gy o, + 2200

x2 xrs3 Tn x1 x2

—xz9)? T1—Tn
%+-~-+%>x1+x2+ 1y,

Proof 5: Since 1, Xo, -+ ,xp, > 0,leta; = \/ai_g,az = \/373, yAp—1 = /Tp,Anp = \/33_17171
= %7b2 = f—;—B,bs = f—i, o = \ﬁa % Cauchy Inequality implies that
(@2 +az+---+a)(b3+b3 4+ +b2) > (a1b1+a2b2+ -4 anby,)?, then [(\/$2)2+(\/$3)2
+---+<\ﬁxn>2+<\rm1>2]-[(ff;gm(ﬁ) P (B (I 2 VR VT
+\/ﬁ’”" : \/x_x—"]2:>(x2+x3+~~+xn+x1)(5+g+ '-'+;—n1+m—yz(:ﬁ1
—l—:L“g—i- -+ T, 1+xn) . Divide both sides by z; +22+ -+ 2,1 +2, >0 to obtain

x2 z2 x2
w2 P T T S g g e Dy D

Tn T1

3.81 kK %k If 2,y are real numbers, and y > 0,y(y + 1) < (x + 1)?, show y(y — 1) < 2?
Proof: If 0 < y < 1, obviously y(y — 1) <0<z%Ify > 1, then y(y+1) < (z +1)2 = ¢y> +
y+i<(@+1?+l=s @+ <@+1)?+i=1< y<fle+1)2+5—3  The

inequality to prove y(y—1)<x Sy-—y+i<P+ise (-3 < +1 <:>y<\/x2+—
+3& ,/x+1 I 1<./x2+ +3 @,/x+1 ig./xwr +1e (z+1)°
+Z§ x? +Z+2\/£L‘2+Z+1<=>IL‘ +2x+11§x +2,/:p2+1+114:)x§,/x2 Z

which is obviously valid.

3.82 %% % % If real numbers x, y, z satisfy 22 + y* + 2% = 2, show x + y + z < zyz + 2.

Proof: If one (or more) of x,y,z is not positive, without loss of generality let 2 < 0. Since
vy < 2022 +y2) < 222+ y? +22) = 2,0y < L2 +y?) < L(a?+yP+2%) =1, then
24ayz—(x+y+z2)=2—(r+y) —z2(xzy —1)] >0, thatis, z + y + z < zyz + 2.

If x,y, z are all positive, let 0 <z <y < 2.
When z2<1, 24+ayz—(z+y+z2)=1l—-ax—y+ay+l—ay—z2+ayz=(1-2)—y

(I-2)+ (I-2y)—z2(1-zy)=(1-2z)(1-y)+ (1 —-zy)(l—2) >0, thatisz+y+2z
< xyz+ 2.
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When z>1, 2 +y+2 <22+ (z+9)3 =202+ 2zy) =2/T + oy <2+ 2y <2+
TYz.

As a conclusion, z + y + 2 < xyz + 2 holds.

3.83 %% % % Given the function f(z) = ax? + bz + ¢ (a > 0), and the two roots of the equation
f(z) —x =0 satisfy 0 < 7 < 29 < i (1) When = € (0,1), show x < f(z) < 1; (2) Assume

the curve of the function f(z) is symmetric about the straight line x = 2, show ¢ < %

Proof: (1) Let G(x) = f(x) — x . Since &1, T are the two roots of the equation f(x) — z = 0, then
G(z) = a(r — x1)(z — 22). When z € (0,2;), since 1 < z2,a > 0, then G(x) = a(x — x1)
(x—29)>0=f(x)—x>0= f(z)>z. v1— f(x) =01 — [+ G(z)] =21 — v —a(r —
1) (% — 22) = (z1 —2)[1 +a(z —x3)]. Since 0 <z <z <21, we have z;—x>0,1+
a(x —x9) =1+ ax — axs > 1 — axy > 0, thus 21 > f(z).

2) xg = —%. Since 1, x5 are the roots of the equation f(z) — x = 0, that is, 1, T are the roots
of the equation ar? + (b—1)x+c¢=0. Vietds formula implies =z + o = —bTTl, thus
b=1—a(x+1xs), then z9=—-2L = “(‘”1222)_1 = ontar2=l - Gince awzy < 1, that is,

awy — 1 <0, then my = #8E8R—] < oL — 21

3.84 %%k k%% Let a,b,c are positive numbers, show a+ b+ c < a22tb2 + b22tlc2 4 £

2b
a3 b3 c3
STt w

Proof: Without loss of generality, assume a > b > ¢ > 0, then a® > b* > ¢? 1>
2. 1,322 1, 21 21,32 1, 2.1 2 1,12 1, 21 2
a E_i_b Z+C .ZSG E+b E+C .E’a E_i_b Z+C .ZSG .

1
C
these two inequalities up to obtain a + b+ c < a?+b? + b24c? + c+a? 3 > >3 L >
1

1
2c 2a 2b 7 be cazab’

3.1 3.1 4 3.1 3.1 3.1, 31 3.1 3. 1 4 .3, 1 3.1 3.1 4 31

then a bc+b ca+c abza ab+b bc—l_C ca’a bc+b ca+c abza' ca+b ab+c be*

Add these two inequalities up to obtain g + g + 2—2 > ath?  DPhe? | 24a?  Hepce,

- 2c 2a 2b
a +b )2 +c C2+112 a” 715 c”

3.85 %% % %k %k Solve the inequality logy (2% + 3219 + 528 + 325 + 1) > 1 + logy(z* + 1).

Solution: The inequality is equivalent to log,(z'? 4 320 4 52% + 32% + 1) > log,(22* + 2) &
22 43210 + 528 +32° +1 > 204+ 2 20t +1 < 22 + 3210 + 528 + 326, Obviously
x = 1 does not satisfy the inequality, thus we can divide both sides by :° to obtain x% + :%6 < 254 32% +

22 +3 =28+ 320+ 322+ 1422242 = (22 +1)3+2(22 +1) & (F)* +2(F) < (&* +1)°
+2(x% 4+ 1). Let g(t) = t* + 2t, then the inequality becomes g(Z5) < g(z? + 1). Since g(t) =
3 + 2tis an increasing function, then the inequality is equivalent to x% <2*+1& (¥ +
22 — 1 > 0 whose solution is 2% > @ (the other part % < —@ is deleted). Hence, the original
inequality has the solution set (—oo, —\/ @) U (\/ @7 +00).
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3.86 %k %k kK Let a, b, c are integers and at least one of them is nonzero, and their absolute values
are not greater than 106, show la + b2 + C\/§| > 1072,

Proof: When b = 0, ¢ = 0, the conclusion is obviously valid. When one of b, ¢ is nonzero, we consider
the following four numbers: ¢; =a+ W2+ V3t =a+bvV2 —cV3,t3 =a—bvV2 +
C\/g, ty = a—bv2 — V3. They are all irrational numbers, and t = ¢,t5t5t, = [(a + b\/ﬁ)2 — 302]
[(a —bV2)? —3¢%] = (a® +2v2ab + 2b* — 3c?)(a® —  2/2ab + 2b* — 3c?) = [(a® + 2b* —
3¢2) + 2/2ab][(a2 + 20% — 3¢2) — 2v/2ab] = [(a2 + 202 — 3¢?)? — 8a2b?] € Z. Thus |t[ > 1,
which implies that t] > m In addition, since 1+ v/2+ /3 < 10 and |al, |b], || < 105,
we have [t;| < (14+v/2++/3)-10° < 107, thus [t1] > = 10724,

1
107-107-107

3.87 dk Kk kK For k € N, sh0w16<27<17

Proof: FromVk — 1 < Vk < Vk+ 1, wehaveVE +vVk — 1< 2Vk < VEk+1+VEk. ke N,
1 1 1 1
then Jiirvi < m,<f+ = = 2VEHT-VR) < o <2(VE-VE-T) =

2V +1— vm) < Zi<2\r Vm =1y where 1 <m <n, andmnGN.Choose

n=80,m=1, then16<z_ Choose n = 80, m = 2, thenl+Z—<2(\/@—l)+
kl\/% 80 \/_

1
1<2\/_1—1—17 Hence,16<27<17
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3.88 %k %K% For n € N',n > 1, show n! < (i)

Proof 1: (applying mean inequality)

=1-2..... Eooon. (n—1)-n @),
nl=n-(n—1)----- m—k+1) - 2 -1 (ii)
@) x @i): (n)2=1-n)2n—1)]----- k(n—k+1)]----- [(n—=1)2](n-1). Since 1 - n <

(42— 1) < (B = (5 K k1) S (SR = (B
n—1)2< (”71”)2 = (H—”)Q,n 1< (H—”)Q There are n terms. Thus (n!)? < [(HT”)Q]" &
+1

(n!)? < (21)* & nl < (%)™ Since n > 1, then n! < (%34)".

Y

Proof 2: (applying mathematical induction)
When n = 2, LHS= 2! = 2, RHS= (ﬂ) The inequality holds.

Assume the inequality holds for n = k , that is, k! < (%2)F. Then k!(k + 1) < ()" (k + 1)

& (k+ 1)1 < (BEYr(k+1). (BF1)F(k+1) < (B = (MR (AL < [ o

2(%)“1 < [(k’+;)+1]k+1 - 2< [(k+;)+1]k+1(i)k+1

(L4 ) =14 (k+ 1)+ > 2 Thus (B5)F(k + 1) < [$EDER holds, Hence,

. Binomial theorem implies that

n—l—l)

the original inequality n! < ( holds according to mathematical induction above.

3.89 %k % k% Let ay,as, - ,a, be a permutation of 1,2,--- ,n,show%+§+---+"7_l
i S

—a2 an

Proof: Since aj, as, - - - ,a, is a permutation of 1,2,--- ,n, we have

(a1 +D(ag+1) -+ (@ + 1> (1 +1)(24+1) - (n—1+1)=ajay---a,. Thus
a1y ap . . y@n-1 1 1 jan1 11 1 _ 1, a4l axtl an-1+1
ottt ottt Attt T, T T 2
n{l/(a1+1>(a2212>.~.~.;:an71+1> > p - Inaddition, n = (§ + 3 + -+ 4) + (5 )

Hence,%+§+"'+n1<al+a2+ +an—1.

— a2 an

3.90 Y% % % % If real numbers a, b, ¢ satisfy a + b+ ¢ = 3, show

1 1 1 1
5a2—4a+11 + 562 —4b+11 + 5c2—4c+11 — 4-

Proof: If a,b,¢ are all less than 2, then we can show s i1 < 913 —a) (). Actually
(H) & (3—a)(5a*—4a+11) > 24 < 5a®> —19a*+23a—9< 0 & (a—1)*(5a—9) < 0
a < % Similarly, we can obtain m < i(?) —b), m < 214 (3—c). Add these three

inequalities up to obtain 5a27ia+11+5b2,}1b+11+502 411c+11 hS 24(3 a)+ i4(3 b)+ (3—0) =
59— (a+b+c)] = L[9—3] =1
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5’

5a? —da+ 11 =5a(a—2)+11>5-2- (2 =)+ 11 =20. Thus sz < 5. Since

502 —4b+11>5-(3)2 —4- (5)+11:11—5>1O,thenm<%. Similarly, we have
1 1 1 1 1 11,1 1

52 —dcr1l <~ 10- Hence, 50511 + 502 —4b+11 + 52 —dcril < 20 titin =1

If at least one of a,b,c is not less than without loss of generality, assume a > 9, then

3.91 %% %% % Given a natural number n > 1, show C} +C2 + C3 + ... + C" > n x 2",

Proof: According to Binomial theorem, we have 2" = (1 + 1)" =1+ C! + C? + ... + C?", thus
Cr4+C2+C%+--- 4+ C" = 2" — 1. On the other hand, the geometric series with first term 1 and

common ratio 2 is Sp, = 1.(11:2271) =2"—1,ie2"—1=1+2+224+23+ ...+ 27! Therefore,
2"—1 __ 1424224234401 > C/l X 9 % 22 X 03 % ..xon1 _ \7721+2+3+...+(n,1) _

n n

\/27"(" L) _ 9”5 thatis, 2" — 1 > n X 2"z .Hence, C} +C? 4+ 3 +---+C" >n x 25+

3.92 ***** Positive numbers %, 2 satisfy 22 + y? + 2% = 1, find the minimum value of
1— ac2 + 2 + 1— 22

Solution: (applying mean inequality)

2 >33 —=x2 — 43

—=x? =xz°.

0t gt =0 gttt st ECRaE e
Similarly, we can obtain y° + %yQ >3, 25 + %zQ > 23,
Add these three inequalities up to obtain x° + 3° + 2° + %(IQ +y? 4+ 22 >+t + 2
Since % +y* + 2° = 1, then 2° +y° + 2° + 22 > 2% + ¢ + 2%,

then 2(1 — %) + (1 — y?) + (1 = 2%) < %5 (@),

[x3(1 2)4—y3(1 v+ 23(1 — zQ)](l ot e ) > (Vad(l - a?)
1—y T —1—\/231—22‘/ =224y 4+ 2=1. Thuslm2+1y2+ = >

B1—22) 15 (1 v+ 23 (1 22y (ii). From (i) and (ii), we obtain 7 g 2 + 15> M

3f

When =y = 2 = f, T T yz + 1= reaches the minimum value

3.93 Y% % % % Positive numbers a1, as, -+ ,a, and by, by, -, b,
satisfya1+a2+--~+an< 1,bl—l—b2+--~+bn§n,

show (5= + ) (5 +35) (o +50) > (n+1)".

an
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Proof: The given conditions together with Mean Inequality resultin a;as - - - a,, < (w "< —

(), and byby---b, < (Wibetotbey — i) In addition, 1 L _ 1 1 1

a; bl pai naij bl

1 " 1 n terms
(n+1) "*i/(a) (b_) (i=1,2,---,n) (iii).

From (i),(ii),(iii), we can obtain

LIN(LL Y (1
a b1 a2 bg Ay, bn

v

1 1 " 1
" ntl . .
(n+ ) \/(n”)” (alaz---an) blbgbn

> (n+1)" \/ﬁ -(n)m- 1
= (n+1)"

> Apply now
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