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Preface

This book of exercises is a companion to A youtube Calculus Workbook (Part II), which is itself a

companion to a play-list of 109 youtube video lectures covering material consistent with a second semester

long college level Calculus course.

Part I was similarly a companion to a play-list of 94 youtube instructional videos consistent with a

semester long first Calculus course at the college level. This book incorporated exercises and sample tests.
In contrast, the second part is split into the workbook which is a set of extensive notes on the material

covered in the videos, to simplify study from the playlist, and the present book of exercises.

The latter includes, for 31 topics, a worksheet of exercises without solutions, which are typically meant
to be either worked out in class with the help of the teacher or assigned, a homework set consisting
of exercises similar to those of the worksheet, and the complete solutions of the homework sets. It is
organized to mirror the structure of the workbook, which itself references the parts of this exercises book

that can be worked on at various points in your study.

Four Mock Tests with full solutions, as well as a Sample Final with full solutions are included to test
yourself on a regular basis. This is meant for self study, or use in a flipped classroom setting as outlined

below.

I hope that only few errors are left, but some are bound to remain. I welcome feedback and comments

at calculusvideos@gmail.com.
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To the instructor: A brief description
of a flipped classroom model

I have used the material in A youtube Calculus Workbook (Part II) and the exercises in the present book
for a one semester 4 credit-hours college level second semester Calculus course, using a flipped classroom
model. The basic pattern is that students are assigned, for each class period, a set of videos to watch, and
a homework set on the previous lesson. Class time is devoted to questions and to the worksheets. The

homework exercises are very similar to those of the previous worksheet.

During class time, after grading the homework and after possible questions on the videos, I would typically
give a very quick recap of what they have learned from the videos by questioning students. After that,
students work on the worksheet while I would walk around the classroom to help them individually
whenever needed. On regular intervals and when I see that many have been through a couple of
exercises, I would go to the board to go over the solutions of the first exercises. Students then return to
working on the next exercises, and this process is iterated until the end of the class period. Worksheets
often contain more exercises than can be covered in one class period, and exercises of various levels of
difficulties. This way, the teacher may chose a subset of exercises adapted to his/her class and/or his/her

choice of homework exercises.
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Self-graded homework

The homework is self-graded: students take a solution set when entering the class and have 5 to 10
minutes to read the solutions and grade themselves. This is why homework solutions in this book contain

indications of the number of points to attribute to various parts of a question.

When done, they return their work to the teacher with the solutions on which they have entered their
grade. The teacher can then keep track of the grades, and verify the work of the students as needed. My
experience is that the first couple of homework sets may necessitate feedback for the students to adjust
to the expectations for self-grading, but after that, students are typically grading themselves very fairly
and even tend to be harsher on themselves than expected. At any rate, I find this method very fruitful,
for it devotes a specific time every class period to actually read solutions to exercises. This way, students
develop a better understanding of the way to present their work and justify their answers, and of the
expectations in that respect. Questions on whether they should get credit or not for something that

seems different from the solution are not rare but can lead to fruitful discussions.
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Mock Tests

Before each test, the students take a mock test in class, in the conditions of the test (no notes or books).
I encourage them to get prepared for the test for that day, so they can benefit from the mock test the
most. At the end of the class period, they keep their work and pick up the full solutions of the mock
test on their way out. This way they can see what mistakes they’ve made, what they knew and what they

need to review further for the actual test.

The actual test is modeled on the review test. The Mock Test thus also serves the purpose of making

expectations for the test (and for the extent to which answers should be justified) very clear.
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To the instructor: A brief description of a
Exercises for A youtube Calculus Workbook Part II flipped classroom model

Schedule

Expectations and due dates should be clearly explained and spelled out in the syllabus.

Here is a sample schedule for a 15 weeks course organized in 3 class periods per week:

15
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Your flipped classroom

Should you decide to use A youtube Calculus Workbook (Part II) for a flipped classroom course, the
present volume of exercises and what I described above can only be seen as an example. The homework
sets and solutions give you an idea of how they are structured, but you should probably make your own,
if anything because the solutions to those in this book are freely available. You may find that you need
more extensive comments on how to assign credit to your homework sets, for instance using margin
notes in solutions. The present examples are in the format given to my students. Instructions to grade

are minimal as I was present to clarify whenever needed.

You may want to spend more time on part of the material and omit other parts. It is my hope that the

material presented here can easily be adapted to your needs.

Beyond the material, there are many parameters in the outline for the course that you may adapt to your
needs. In particular, depending on the number of students in your class, you may want to have students

work in groups, have them present solutions, etc.
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1 MT1: Natural Logarithm and
Exponential

The Worksheet and Homework set M1A should be worked on after studying the material from sections
1.1, 1.2, and 1.3 of the youtube workbook.

1.1 M1A Worksheet: Natural Logarithm

1. Express the following logarithms in terms of In 5 and In 7:
(@) In(3:);

(b)  1n1225;
() In7/7;
(d) In 351-:-11(;1;1/7);
(e)  In(9.8).

2. Use the properties of logarithms to simplify the expressions:
(@) Insec® +Incosfh;
(b) In(Bz+4)—2In2;
() 3InVe2—1-—In(t—1);

3. Differentiate:
(@)  y=1In(z*);
(b) y=
© y=mn(Y);
(d) y=In(sinz);
(e) y = In(In(lnx));
(f) zlnz .

y= 1+lnz?

© v=m().

4. Use logarithmic dilfferentiation to find the derivative of
@ V=i Dy
B i;/a:(ar—|— 1)(z —2)

(b) (22 4+ 1)(2z + 3)
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Exercises for A youtube Calculus Workbook Part II M1: Natural Logarithm and Exponential

5. Integrate:

0
3
@ [ g
8r

/4 dx
(©) 9 zlnzx

(d) / * ottt

™

4

3sec?t
e —dt
() /6+3tant

STUDY AT

LINKOPING UNIVERSITY, SWEDEN
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Interested in Strategy and Management in International
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1.2

M1A Homework set: Natural Logarithm

. Write

as a single logarithm.

. Write

1
2Inz +5n(x +4) — 5111(902 +1)

 (25)

(@ +1)3

as a linear combination of logarithms.

Vart1(+2) using logarithmic differentiation;

. Differentiate:
(a) f(r)=zlnz;
(b)  f(z) =vInz;
(© y=In(?+1);
@ @)= S
. Integrate
(b)  [tan(2z)dx
(C) 1fsérl§sr dx
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1.3

NAME:
GRADE:

M1A Homework set: Solutions

/13

[1] Write
2Inz 4+ 5In(x +4) — %ln(gc2 +1)

as a single logarithm.

Solution.
2lnz +5In(z +4) — %m(x? +1) = In(2®) +In((z+4)°) —In ((w2 +1)
NG +4)5)
B vz +1
[1] Write
2/ +3
In| —
(x4+1)3

as a linear combination of logarithms.

Solution.

In (L r+3

1
e ) —21nw+§1n(x+3)—31n(x+1).

Differentiate:

@ (1] f(z) =2hz;

Solution. Using the product rule:

1
f'(x):lnx+m~5:1nm+1.

(b)  [1] f(z) = Vinz;

Solution. Using the Chain rule:

1 1
fx) = s =
() [1] y=In(a®+1);
Solution. Using the Chain rule:
dy 2z
der  22+1
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(d [2] fl=) = % using logarithmic differentiation;

IQ X
Solution. Letting ¥ = ﬁ7 we have

1
Iny=2Inz+In(x+1) — 5111(1;2 +1) —In(z® + 2),

so that
y’_2+ 1 x 32
y x x4+1 2241 x3+2
and
, 2 (xz+1) 2 1 T 3a?
v = 22+ 1(z3+2) \z z+1 2241 2342/
. Integrate
2zx+1
@ 2] [ de

Solution. Let u = 2% + 2 + 1. Then du = (2x + 1) dz . Thus
2 1 d
/QLd:c:/—u:ln|u|+C’:1n|:172+:17+1|+C.
ré+x+1 U

(b)  [2] [tan(2z)dx

Solution. Let w = cos 2z . Then du = —2sin 2z dz and sin 2zdx = —%du. Thus

sin 2x 1 [du 1
2 = = —= — =1 32 -
/tan( x)dx /cost dx 5 5 n|cos2z|+ C

(C) [2] sin x dx

1—-5cosx

Solution. Let u =1 — 5cosz. Then du = 5sinz dz and sinz dz = %du. Thus

sinx 1 fdu 1
—de=—- | —=-In|l - .
/1—50081’ v 5 U 5 n| beosz|+C
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Exercises for A youtube Calculus Workbook Part II M1: Natural Logarithm and Exponential

The Worksheet and Homework set M1B should be worked on after studying the material from sections
1.4, 1.5, and 1.6 of the youtube workbook.

1.4 M1B Worksheet: inverse functions

1. Are the following functions one-to-one?

(@) f(x)=22%—1;

(b) fl@)=2"-22-1;
(©  f(x)=Ix;

(d)  f(x) =In(a?);

()  f(z)=2cosz

“I studied
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years but...
...I finally
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speak it in jus
Six lessons”

Jane, Chinese architect
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before and after my

unique course download

"
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2. Are the following graphs of one-to-one functions? If yes, draw the graph of the inverse

function.

(a)

(b)

(c)

3. In the following questions, the function f has an inverse. Without solving for the inverse find
() (@)
(@) f@)=a3+3c+2a=-2;
(b)  flz)=vVa®P+23 +z+2a=V72
© 1

x)

34+Inz;a=23.

4. Are the following functions one-to-one? Find the inverse when it exists.

@ fl@)=2"-4;

b)  fla) =33
(c) flx) = Va2 + 4
(d)  fla)=Va+4
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Exercises for A youtube Calculus Workbook Part II M1: Natural Logarithm and Exponential

1.5 M1B Homework set: Inverse functions

1. Let f(z) = %
(a) Find a formula for f—!;
(b)  Calculate (f~')" directly from (a), and then verify with the formula for the derivative

of an inverse function.

2. Let f(z) =222+ 1 for z > 0.
(a) Find a formula for f=!;
(b)  Calculate (f~')" directly from (a), and then verify with the formula for the derivative

of an inverse function.
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1.6 M1B Homework set: Solutions

NAME:
GRADE:

1. Let f(z) = 2=

(a)

(b)

/10

x—1°

[2] Find a formula for f—!;
Solution. Let y = -2 and solve for x:

r—

(x—1Ny=2z <= z(y—2)=y < x:%.
y—

Thus f~'(y) = ﬁ with y # 2, or, if you prefer, f~!(z) = —%5, with = # 2.
[3] Calculate (f~1)’ directly from (a), and then verify with the formula for the derivative
of an inverse function.

Solution. If f~!(x) = - then

1y 71-(172)71~mii 2
U == = o

On the other hand, we have the formula

71 4 :L’ —_ ]-
U= @)= iy
Here f(z) = -2 so that
oy 2 —1)—2x 2
F@ =" = -y
and 7, = —(”‘2“2 Thus
—1 4 T o 1
U@ = 5wy
o (xig - 1)2
- 2
_ o5
2
(&)
N 2
_ 2
T (@-2p
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2. Let f(x) =222 +1 for z > 0.
(a) [2] Find a formula for f—1;
Solution. Let y = 222 + 1 with > 0. Then 22 = %, which has as only non-negative

solution

so that

(b)  [3] Calculate (f~1)’ directly from (a), and then verify with the formula for the derivative

of an inverse function.

Solution. If f~"(x) = \/%5* then

Here f(z) =22%+1 so that f'(z) = 4z and 7z = ;. Thus

N SV
(f )(w)—4.\/§—4\/ﬁ.
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The Worksheet and Homework set M1C should be worked on after studying the material from sections
1.7, 1.8, and 1.9 of the youtube workbook.

1.7 M1C Worksheet: natural exponential

1. Solve the following equations for ¢:
(a) 6—0.32& — 27)
(b) et =1
(C) 6z262z+1 _ et X

2. Solve for x:
(a)  e2m+5 — 3;
(b) e —5=0;
(c) e¥4+e*—6=0;
(d) InBzx+2)=-1;
(e) 3! <5,

3. Differentiate:
@  fle)=e""
(b)  flz) =%
() f(x) = ze® —e%;
(d)  y= (922 -6z +2)e37;
©  f) = 1
(f) f(z) = cose” 4 €57
(g) y=emt(Int?+1).

4. Find % along the curve

Inzy = "V,

5. Integrate:

(a) / e —3e % dx
® " e

© [a
(d) / €2 cos " da
(o) / < do

(f) / % dt

@ [
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Exercises for A youtube Calculus Workbook Part I M1: Natural Logarithm and Exponential

1.8 M1C Homework set: natural exponential

1. Solve the following equations for x:
(a) ettt =1,
(b) Pt — 9,
(0 In(l1-2z)=2;

2. Differentiate:
(@  flx) =e™;
(b)  f(2)
©  fla)= =
(d)  f(x) =sine® +esin7;

3. Integrate:
(a) /62”” + 337 da

In3
(b) / e** dr
1

n?2

(c) / e’ sine” dx
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1.9 M1C Homework set: Solutions

NAME:
GRADE:

/11

1. Solve the following equations for x:

(a)

(b)

(c)

[1] e**edotd = 1.

4x+4

. 2 2 o . .
Solution. e* e =¥ T42+4 and 1 = €Y, so that the equation rewrites as

2
ez +4x+4 — 60,

which is equivalent to

2 +dr+4=0=(z+2)

because the natural exponential is one-to-one. Thus x = —2 is the unique solution.
[1] &80+ = 2;
Solution.

=2 = br+1l=h2 < z= ln25_1.
[1] In(1 — 22) = 2;
Solution.

9 1—e?
In(l-22)=2 <= 1-2z=¢" < = 5

2. Differentiate:

(a)

(b)

(1] f(z) = e™;
Solution. Using the Chain Rule

f(x) =me™.
[1] f(z) = 22e® — &5

Solution. Using the Chain Rule and Product Rule

f'(x) = 2xe” + 2%e” — 2xe™ .
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(c)

(d)

1] fla) = £

Solution. Using the Quotient Rule and Product Rule

(x+1)e"(z+e”) — (1 + ") (ze”)
(z + e®)?

e (2% 4+ + we” + e” — x — ze”)
(x + e%)?

e (m2 + e“’)

(x + e7)?

fla) =

[1] f(z) = sine® + 5275
Solution. Using the Chain Rule

sin

f'(x) = e cos(e”) + cos ze

3. Integrate:

()

(b)

(c)

(d)

[1] [ e** + 3e3* dx

Solution. Using [ e*® dz = Le** + C' (established by substitution), we have

k

2x
/e2m+36375dw = % +e3% 4 C.

[1] i e2e dar

you do not need to

simplify to get credit

Solution. Using [ e** dz = ;e** + C and the Fundamental Theorem of Calculus, we

have

In3 227103
2x €
edr =|— =
In2 2 In2

[1] [e”sine” dx
Solution. By the substitution with u = ¢* and du = e” dz, we have
/e'”sine'” dx = /sinudu = —cosu+ C = —cos(e”) + C.

In9 In4
(e2lr13_621n2):e —€ :§
2 2

| =

(] [ <2 da

T

Solution. By the substitution with v = % and du = —

J - 42 we have

1
2

1
z2
/e dac:—2/6“du:—26“—1—(3':—2652 + C.

3
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2 M2: More transcendental
functions

The Worksheet and Homework set M2A should be worked on after studying the material from sections
2.1 and 2.2 of the youtube workbook.

2.1 M2A Worksheet: general exponential and logarithm

1. Write as a power of E:

@ 5V
(b) xsin x ;
(c) (sinz)®;
GV C
() 3%
)  a*.

2. Evaluate:

(a) log;, 10000;

(b)  log;(0.1;

(c) log, \/5;

(d)  logs 555

(e)  logs 3V7;

(f)  10%810 5+logio 13,

3. Evaluate the limits:
(@) limeo 377
(b)  limy 27

() limy_o+ log, (#2 + 2 — 6).

4. Differentiate:
(@  flx) =5" —a%
(b)  f(z)=47;
(©  glt)=3"%
(d) y=3";
(&)  flx)=2%;
(f) h(t) = (sint)t;
(g) y=a""
(h)  y=(nx)*;
(1) = (lng)sne,
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Exercises for A youtube Calculus Workbook Part II M2: More transcendental functions

5. Find an equation of the tangent line to y = 7* at (1,7).
6. Find % along the curve a¥ = y*.

7. Integrate:

1
(a) / 2t — 242 dt
0

(b) /bg—?’mdm

T

(c) / 759 0560 db

d) /0 Cgorg

3$
() / Frniey

American online

is currently enrolling in the
Interactive Online
programs:

enroll by September 30th, 2014 and
save up to 16% on the tuition!

pay in 10 installments / 2 years
Interactive Online education

vvyvVvyyVvyy

visit to
find out morel

Note: LIGS University is not accredited by an
nationallg' recognized accrediting agency listed
by the US Secretary of Education.

ore info here.

—
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2.2

M2A Homework set: general exponential and logarithm

. Write as a power of e:

@) 3Y7%
(b) :L,tan cc;
() (2*)";
(d zv*

. Evaluate:

(a)  logs125;

(b) logg %;

(c) log, 0.5;

(d) 510g5 3+2logs 7

. Differentiate:

@  flx)=3"—a%
®)  fla) =27

(c)  f(z) = (cosz)®;
(d)  y=(cosz)ne,

. Find an equation of the tangent line to y = 23 at (1, 8).

5. Integrate:

(@) [y 3 +iddt
®) [ gz dr
()  [3°%singdo
d) [ e de

Download free eBooks at bookboon.com



2.3

NAME:
GRADE:

M2A Homework set: Solutions

/24

. Write as a power of e:

(@ [1] 3VT — V73,

(b) [1] mtanx — etanmlnm.
(C) [1] (562)1 _ 6wlnw2 _ 6211111.
(d) [1] pVE = eVelne,
Evaluate:
(a) [1] log; 125 = log; 53 — 3.
1 _
(b) [1] logs 77 = log5(37%) = —3.
(© [ log,0.5=log,(27") = —1.
(d [1] 5logs 3+2logs 7 _ glogs 3 glogs 72 _ g 72 _ 147
Differentiate:

(@ (1] flz) =37 —a%

(b) [1] fla) =27

fl(x) = 2" . 221n2.

(o [2] f(z) = (cosz)® = e*In(c0s2) Thus

fl(x) = e*™mes® . (zlncosz)
= (cosx)” - <1n cosx — xsmx) .
cosx
(d) [2] Y= (COS x)lnw _ elnwln(cos T) . 'Thus
flz) = emenlosa) (ngin(cosz))
~ (cosz)n <ln(cos x) ln:z:sino:) '
x cos

[2] Find an equation of the tangent line to y = 23% at (1,8).

Solution. The tangent line is the line through (1,8) of slope %Iwzl' Moreover,

dy 3
— =2°%.3In2
dz ne
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Exercises for A youtube Calculus Workbook Part II M2: More transcendental functions

so that the line has slope 24In2 and thus equation

y—8=24In2(x —1).

5. Integrate:
@ [2]

e

1 t 471
3 t 2
4 ddt=|—+—| =—
/03+ ln3+4 0 ln3+

(b)  [2] If u = log, = then du = -4, so that

zln2’

1 d
/ dx:1n2/—u:1n2-ln|log2m|—|—C.
xlogy x ]
(¢) [2]If u=cosf then du= —sinfdh so that
sl - u u 30059
3%%ginfdl = — | 3*du=——+C=— +C.

In3 In3
(d) [2]If u = 2% + 2 then du = 2%In2dx so that

9 1 [du 1 1
7(1 = — _ = —— e e e ———] .
/(2w+2)2 v 1n2/u2 w2 T Ty TC

........................................................... sesssssssssssAlCcatel-Lucent @
www.alcatel-lucent.com/careers

¥, N

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
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needs to be “The Shift".
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The Worksheet and Homework set M2B should be worked on after studying the material from sections
2.3, 2.4, and 2.5 of the youtube workbook.

24 M2B Worksheet: inverse trig functions

1. Find the exact value of:

(a)  arcsin(sin §)

(b)  arcsin(sin 2F)

(c) arctan(—1)

(d)  arccos(cos2r)
(e)  arctan(tan 2T)
(f) cos(arcsin

)
)

win NI

(g) tan(arcsin

2. Find the following limits:
(a)  limg_ o arctan(e®)
(b)  lim,_,o+ arctan(ln x)

. 1 3
(c) lim,_s o arccos (3_:’223 )

3. Differentiate:
(a)  f(z) = arctan/z;

(b)  f(z) = varctanz;

(c) f(z) = arcsin(bz + 2);

(d)  f(x) = arccos(e®®);

(e) f(x) = zarcsinz + tan(arccos ) ;
(f)  f(z) = xIn(arctanx);

(g) y=e% 4 arccos(lnx).

4. Find 2 along the curve

arctan(zy) = 1+ z%y.
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5. Find an equation of the tangent line to y = 2arccos(%) at z = 1.

6. Integrate:
@ [T e
y 1 VI
1
4
b =
®) /0 t2+1dt
dz
© / 15922

(d)

-

dt
[ 7=
2 sinz
e JE—
(€) /0 1+ cos?x de

£ arctan x
) / 1+ 22 de

x+9
e

t2
() / A

/
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2.5

3. Find an equation of the tangent line to y = arcsin(

M2B Homework set: inverse trig functions

. Find the exact value of:

(a)  arccos(cos §)

(b)  arccos(cos 4F)

() cos(arcsin 2)

. Differentiate:

(@  f(x) = Varccosz;

(b)  f(x) = arctan(5a? + 2z + 1);
(©  fl)

d  flz)

= arcsin(lnz);
x) = x? arctan x + 22787 ;

5)atx=1.

. Integrate:

(@) [
(b) [ gy dt

© it
(d) fof coszx dx

1+sin? x

dz
@  J o e
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2.6 M2B Homework set: Solutions

NAME:
GRADE: /19

1. Find the exact value of:
(@ [1]
( Z) _T
arccos(cos 6 = 6 .
(b) [1]

4 27
arccos(cos ?) = arccos(cos ?) = —.

(c) [1] cos(arcsin 2). Let = arcsin 2, that is, sin6 = 2 and 6 € [0, 3]:

V5

where we use the Pythagorean to find the missing side in this triangle. Thus

V5

cosf = —.
3

2. Differentiate:

(@ (1] f(z) = arccosz;

1 1
" 2yarccosz 1 — 22

f'z) =

(b)  [1] f(x) = arctan(522 + 2z + 1);

10 +2
1+ (522 + 2z + 1)%

f'(x) =

(c) [1] f(z) = arcsin(lnz);
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(d) [1] f(x) = 22 arctanz + 2e2rccos®;

2 9parccosx

1+22 I-22

f(x) = 2z arctanz +

3. [2] Find an equation of the tangent line to y = arcsin($) at = = 1.

Solution. The point of tangency is

1 7r
Laresin ) = (1,%).
( arCSln2> 6

Moreover,
dy_ 1
do ~ 2T (3
takes the value \/% =¥ at 2 = 1. Thus, the tangent line has equation
T _ V3
Y (-1
y-g=75 (@1

> Apply now

REDEFINE YOUR FUTURE
AXA GLOBAL GRADUATE
PROGRAM 2015

redefining / standards M

o
S
S
17}
=
S
=
S
S
s}
e
o
©

de
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4. Integrate:

(a)

(b)

(c)

(d)

(e)

2]

/t“ dit — /7t dt+/ dt

V1—1¢2 V1—t¢2 V1—t2
1 du .

— _i/ﬁ—&-arcsmt—&-c,

using u = 1 — 2, so that du = —2t dt . Thus

t+1
———dt=—+/1—t2 4 arcsint+ C
V1 —¢2

dt dt
/\/1 — 1662 /\/1 — (4t)?
1 du 1 . c
i ﬁ = zarcsmu—!—

1
= 1 arcsin(4t) + C.

(2] fog Tronz o dz. With u = sinz and du = cos  dx, we have

/g ST g /1 du [arctan u]; i
— aQr = _— = = —.
o l+sin’z o 1+u? 04
2] [ Mim. With v = arctanz and du = xgi—_fl, we have
/d—x:/d—“:ln|u\+0:ln|arctanx|+C.
(14 z2)arctanx u
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The Worksheet and Homework set M2C should be worked on after studying the material from sections
2.6 and 2.7 of the youtube workbook.

2.7 M2C Worksheet: hyperbolic functions

1. Differentiate the following functions:
(a)  f(z) = 3cosh(2z) + 2sinh(3x)
(b)  f(x) = xtanh z + sech (z?)

(c)
(d)

~

sinh x
cosh(z3)

()
(x) = arccosh (2z) — 3z arcsinh
() =

~

T

2. Evaluate the following integrals:
sinh x
(2) / 5 4 cosh x du
(b) /J;2 tanh(z?) dz
(©) / _dr
V4x? —9
erdr

S N

(e) / _dr
VAaz2 +9
e2® dx

) —_—
veir — 16
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2.8 M2C Homework set: hyperbolic functions

1. Differentiate the following functions:
(a)  f(z) = 5cosh(3x) — 7sinh(5x)
(b)  f(z) = tanh(2?) + 2cschx
(©)  fla) = dccosh o)

arcsinh (3z)

2. Evaluate the following integrals:

(@) /idm

sinhx — 5

(b) / z tanh(z?) dz

dx
(© / V1622 + 25
e3*dx
@ v
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29 M2C Homework set: Solutions

NAME:
GRADE: /16

1. [5] Differentiate the following functions:
(a) [1] f(x) =5cosh(3z) — 7sinh(5x)
Solution.

f'(x) = 15sinh 3z — 35 cosh(5z).

(b) [2] f(x) = tanh(2?) + 2cschx
Solution.

f'(x) = 2z sech®(x?) — 2 coshz csch .

(C) [2] f(l‘) __ arccosh (2z)

arcsinh (3z)

Solution.
2arcsinh (3z)  3arccosh (2z)
2—1 9x2+1
f/ T — 4z
(=) (arcsinh (3z))?

2v/922 4 larcsinh (3z) — 3v/4a? — larccosh (2x)
/(422 — 1)(922 + 1) (arcsinh (32)) -

2. [11] Evaluate the following integrals:

(@ [2]
coshz
/ sinhx — 5 du
Solution. Let v = sinhz — 5. Then du = cosh x dz, so that

h d
[ ot da= [ % —tajul+ € = Insinhz - 5] + .
sinhz — 5 u

(b) (3]
/xtanh(xQ)dx

Solution. Let uw = z2. Then du = 2z dz and

1
/xtanh(mQ)dx = E/tanhudu

1 / sinh u
= - du
2 coshu
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Let v = coshu so that dv = sinhudu and

1 dv 1
2 _ L fav _ 1
/xtanh(x)dx = 5/ 21n|11|—|—C
1
= 3 In | cosh(z?)| + C
1
= 3 In (cosh(z?)) + C.
(o [3]
/ dzx
V1622 + 25
Solution. Let u = % and thus du = 3 dz in
/ dxr _ / dzx
— =
V1622 + 25 925 ((%)2+1)
_ 15 / _ du
5 4/ Vuz+1
1
= Zarcsinhu +C
1 4
= Zarcsinh <§> +C.
(d) [3]
e3*dx
Vebr — 4
Solution. Let u = 3e3*. Then u? = % and du = $¢e3* dz . Thus
e3®dx B e3% dx
663', - 4 B eSx 2
v 1((55)" 1)
B g/ du
B 3) Vuz—1

arccoshu + C

6393
arccosh <7) + C.

Wl Wl N~
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3 Rule of De I'Hospital

The Worksheet and Homework set M3 should be worked on after studying the material from sections
3.1, 3.2, 3.3, and 3.4 of the youtube workbook.

3.1 M3 Worksheet: Rule of De I'Hospital

Evaluate the following limits:

r—o00 €T

. Inz
2. lim —

r—00 x

. tanx
3. lim

x—0 x€X

sin x

4. lim ——

z—n— 1 —cosx

. x+sin(2z
5. Jim 21 SI0(20)

20 T — sin(2x)

et +e T —x? -2

6. lim 5

z—0 sin

T —x2

7. lim 2°Inz
r—0+

8. lim (1 — tanz)sec(2x)

Just
Ty

. 1
9. limecscx — —
x—0 X

10. lim z5in®
z—0t

11. lim z2%e®
Tr——00

12. lim |Inz|”
z—0t

13. lim g7
x—1

14 In(sin x)

m )
et In(tan x)
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3.2 M3 Homework set: Rule of De I'Hospital

Evaluate the following limits:

. sinx
3. lim ——
z—n— 1+ cosx

. CoS2x — coSx
4. lim —
z—0 sin“ x

5. lim csc(mx) Inz
z—1

6. lim cscx —cotx
x—0

7. lim (sin:c)ta“z
r—0+

8. lim z%¢”
Tr—r—00

Need help with your
dissertation?

Get in-depth feedback & advice from experts in your
topic area. Find out what you can do to improve
the quality of your dissertation!

Get Help Now

Rule of De I'Hospital
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3.3 M3 Homework set: Solutions

NAME:
GRADE: /13

Evaluate the following limits:

1. [1] ,
. 2 H 2
xll{lgo eTx B xll{lgo 2e2x z—00 42 =0
2. [1] 2 -
lim — = lim — = lim 22" = oo
z—oo Inx z—o0 T—00
3. [1] _
lim Sy f lim co.sx = 400,
z—n— 1+ cosx z—r- —sinx

because cosz ~ —1 for t ~ 7 and —sinz -0~ as ¢ — 7.

4. [2]
. cos2x —cosx g .. —2sin2zx+sinx g .. —4 cos2x + cosx
lim ———— =lm-——F————— =1lim -2
z—0 sin® z—0  2sinxcosx x—0 —2sin” x + 2 cos?
5. [2] 1
. . Inx g . = 1
lim csc(mz) Inz = lim — =lim —%— = ——.
a1 a1 sin(rz) o1 7 cos(wx) T
6. [2]
. . 1 cos T
lim cscx — cotx lim [ — - —
z—0 xz—0 \ sInx sinx
. 1l—cosx g, sinx
= lim ——— = lim =0.
z—0 sinax z—0 COS T

N W

7. [2]  lim, o+ (sinz)®™** It is an indeterminate form of the type 0°. Since

(sinz)tan® = etan@n(sinz) we need to find

In(sin x
lim tanz-In(sinz) = lim In(sin )
z—0+ z—0+ cotx
COS T
= lim % = lim —sinzcosx =0,
z—0t — == z—0t
sSin< T
so that
lim (sinz)™® =¢% =1
z—0t
8. [2]
2
. . ¢ g .. 2r g ..
lim z%e® = lim = lim = lim =0.
T——00 r——oc0 e~ T r——o00 —e 7T r——oc0 e~ T
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4 M4: Integration review and
Integration by parts

The Worksheet and Homework set M4A should be worked on after studying the material from sections
4.1 and 4.2 of the youtube workbook.

4.1 M4A Worksheet: Review of integration
Evaluate:
1 / 2¢+1
' V22 + 22 —
/ ut2 du
u+1
-3
3. [ 22
/332 a dx
4 / dx
z+ 2z
5. / i | sin 22| dx
0
/cothdx
/2 V2 —2cos2x dx
0
2t
8. e
/ 9 4 ett at
1
o [
ty/1— (Int)?
10, / 20+ 3
V1-— 4x2
11./ 2+ 3Int i
ty/1— (Int)?
4
12, [ ———
/ 22 +4x + 8 du

ot
-9+ 10z — 22

N

o

N
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4.2 M4A Homework set: Review of Integration

Evaluate the following integrals:

1-/%

4
2. [ 4
/x2—8x+17 x

3. /6 V1 + cos b6z dx
0
1022 4+ 3z + 1
4, St il Mk
/ 5 — 1 dx
5t + 3
5. ——dx
V1— 22

(]
B By 2020, wind could provide one-tenth of our planet's

ra I n p O W e r electricity needs. Already today, SKF's innovative know-

how is crucial to running a large proportion of the

world’s wind turbines.
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nance. These can be reduced dramatically thanks to our
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43 M4A Homework set: Solutions

NAME:
GRADE: /11

1. [2] Letting u = 1+ \/z , we have du = %, so that

dx du w2 1
[ marm =l 5= S o=t

2. [2] By completing the square, we see that
2 —8r+17=(z—4)? +1

so that, letting u = 2 — 4, we have:

4 4
/mdx:/mdu:4arctan($—4)+0

3. [2] Using the double angle formula, we have /1 + cos6z = v/1 +2cos?3z — 1 = V2| cos 3| .
Moreover cos3z > 0 if x € [0, Z]. Thus

ol

fud % 1 %
/6\/1—|—cos6xdas:\/§/ cosSxdx:\/i[gsin?)x} =
0 0

0

4. [3] By long division, we have:

so that
1022 + 3z + 1 9 + 14
el
5r—1 br — 1

and

1022 + 3 1 d 2
W+ ovt 1 dx:/2x+1daz+2/ i =22 +x+ -In|bz -1+ C.
or — 1 5r —1 )

/5“3@ - 5/de+3/d7x
V1— 22 V1— 22 V1— 22
5 [ d
= ——/—u—l—Sarcsinx—l—Cusingu:1—:52 and du = 2x dz
2/ Vu

= —54y/1—22 4+ 3arcsinz + C
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The Worksheet and Homework set M4B should be worked on after studying the material from sections
4.3, 4.4 and 4.5 of the youtube workbook.

44 M4B Worksheet: Integration by parts

Evaluate

1. /xlnxdx

2. /(x + 1)e*" dx

3. / 223" dx

4. / Inz? + 1) de
5. / x? sin(2z) dx
6. / x arctan x dx

9. Let n be a positive integer. Evaluate

2
/ zsin(nx) dx.
0

10. Let R be the region of the plane bounded by the curve y = Inx, the x-axis, and « = e. Find

the area of this region.
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Exercises for A youtube Calculus Workbook Part II M4: Integration review and Integration by parts

4.5 M4B Homework set: Integration by parts

Evaluate

[a—

1
/ ze>® du
0

2

2% cosz dx

4, (x+2)d

arcsm 21:

-/

3. [ e sinGan) d
/e

-/

185 countries all
r graduates great
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4.6

NAME:
GRADE:

M4B Homework set: Solutions
/16

1
/ ze®® dx
0

Integrating by parts with u = ., dv = ¢°” dz, we have du = dz and v = 1e°*; thus

1 1 5 5271
1 1 xe e 4 1
S5 S5 S5 5
de = |- - = de = — = =z + —.
/0 xe T |:5.%‘6 :|0 5/6 T |: 5 25:|0 256 55

[4: 2 for each integration by parts]
/ 2% cosz dx

Integrating by parts with v = 2% and dv = cosxz dz , we have du = 2z dr and v = sinz; thus

/x2cosxdx:xQSinfo/xsinxdx.

Integrating by parts again with v = 2 and dv = sinz dz, we have du = dx and v = —cosz,

/xzcosxdx = xzsinx—Z(—xcosx+/cosxdx>

= a%sinz + 2z cosz — 2sinz + C

so that

[5: 2 for each integration by parts; 1 for solving for I

/ e** sin(3x) dx

Integrating by parts with u = ¢** and dv = sin 3z dx, we have du = 2¢?* dv and v = — cos 3z,

so that

1 2
/ e*® sin(3z) do = — ge% cos 3z + 3 /62“” cos 3x dx.

Integrating again by parts with u = €2* and dv = cos 3z dz , we have du = 2¢*” and v = 1 sin 3z,

so that
1 2 /1 2
/62"” sin(3z)dr = _562;1; cos 3x + 3 (362I sin3x — g/ezz sin3xdx>
1 2 4
I = —562"’” cos 3z + 562”” sin 3z — §I7
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where I = [e**sin3z dz is the integral we want to calculate. Solving for I, we obtain:

1, 2 ..
I(1+ 5) = —ge% cos 3z + §e2¢ sin 3z,

that is,

2

9 2
I = —Ee * cos3x + Eez

*sin 3z.

/ln(x +2)dx

Integrating by parts with u = In(z + 2) and dv = dx, we have du = 2% and v = z + 2 (we can,

of course, choose a constant of integration that fits our situation), so that

dx

/ln(x—|—2)da§:(x—l—2)ln(x—|—2)—/(m—|—2)w+2 =(x+2)In(z+2)—z+C.

. [3: 2 by parts; 1 for last integral]

/ arcsin(2z) dzx

Integrating by parts with « = arcsin(2z) and dv = dz , we have du = \/% and v = z, so that

2z
arcsin(2z) dr = x arcsin(2z) — / —dx.
V1 — 4x?

Using the substitution v = 1 — 422 in the remaining integral, we have du = —8z dx, so that

1 d 1
/arcsinm dx = x arcsinz + 1 / \/—li = zarcsin(2z) + 5V 1—4z22+C.
u
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Mock Test 1

You should give yourself two hours to do the following test on your own, then, and only then, move to the

solutions to evaluate your work. Show all your work to get credit. You should not need a calculator.

1. Evaluate
(a) log; V5

(b)  arccos(cos 3F)

2. Differentiate

(a) f(z) = sin(e”)
(b)  flz) =In(z®) + 3@

(z)
(C) f(x) — 9cosT
d)  flz) =2
()  f(x) = arcsin(x) + logs(z2 + 1)
(f)  f(z) = arctan(Inz)
(g) f(x) = z3arcsinh 3z
(h)  f(z) = cosh(sinx) — 2 sinh(cos x)

3. Evaluate the following limits:

. Inz

(a) lim
z—=1ax —1

(b) lim ze™®

r—r+00
1
(c) lim (Sm)'
x—0 X
—1
(d)  lim =222
x—0 x

4. Evaluate the following integrals:

(a) / 1 (3" +4¢%) dt
0

e:L’
O [ i

(©) /2 cosx e
0

1+sin?z

T

—d

@ [
33

Vi

(e)

Download free eBooks at bookboon.com



Exercises for A youtube Calculus Workbook Part II Mock Test 1

1 1
O [ T e

(g) / xsin(3z) dx

(h) / ’ arctan(2z) dx
0

] /5 dx

Y A TR
_ dt

U NS

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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Mock Test 1 Solutions

1. Evaluate
(a) logs V5= 10%5(5%) = %
(b)  arccos(cos 2F) = arccos(cos ) = I because cos 3T = cos Z and % € [0, ).

2. Differentiate
(a)  f(z) =sin(e?)

f'(x) = cos(e”)e”.

(b)  f(z) =In(a®) + 2@ = 3Inz + 23, so that

(€ flz) =207

f(x) = —2°"In2sinz.

(d)  f(z) =2 =e*"In7 5o that
f/ (I) — er Inz (3?2 In JZ‘)/
= v (2zxlnz+ ).

(e)  f(x) = arcsin(x) + logs (22 + 1)

1 2z
V1 — 22 * (22 +1)In3’

f'(x) =
(f)  f(z) = arctan(lnz)

(g)  f(z) = 2arcsinh 3z

f'(z) = 3z”arcsinh 3z + 323

1
VorZ+1

(h)  f(z) = cosh(sinx) — 2 sinh(cos x)

f'(x) = sinh(sin x) cos z + 2 cosh(cos z) sin z.
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Exercises for A youtube Calculus Workbook Part II Mock Test 1 Solutions

3. Evaluate the following limits:

. Inz g .. %
@ oy g
. _ . T g . 1
(b) lim ze = lim — = lim — =0.
x—+00 r—o0 et x—00 T

. 1
© i (7)) = tim e

x—0

and, in view of

sinz g CcoSx

lim = lim =1,
z—=0 X z—=0 1
we conclude that
In(sine) . T zcosv_sing rcosx —sinx
lim (55 m lim Sioz z = lim ——————
Jm - 250 1 2—0 rsinx
H .. COSx —xsinx— cosT
= hm -
z—0 SINX + T CcosSx
—sinx — xcosx 0

Iz

lim ———— = —=0.
z—0 2cosx — xrsinT 2

This e-book Y o N
ismadewith SETASIGN
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Thus,

z—0

1
. sinx \ * . 1 sinz
hm( ) = lim ez (*%%) = 0 = 1.

. Evaluate the following integrals:

1 t 1
3 3 1 2
a 30+ 4t3) dt = =—— 41— =
(@) /0 (37+4#%) [1 3+ ]) ln3+ In3 ln3+

(b)  Letting u = e%, we have du = e® dz and u? = €27, so that

e’ du 1 U 1 e
/md(ﬁz/m = Earctan(i) +C: 531'(3“311(5) +C

(c) Letting u = sinz, we have du = coszdz, so that, taking into account sin 0 =0 and

sin 5 = 1:
z 1
2 cosx du m
/ ———dr = / —— = [arctan u](lJ = arctanl — arctan0 = —.
o 1l+sin“z o 1+u 4

(d)  Letting u =4 + 2%, we have du = 2z dz so that
X
——dx = =Vu+C=vV4+22+C.
/ V4 + 22 \/_ =V
(e)  Letting u = e3%, we have du = 3e3” dz and u? = (¢3%)% = €%, so that

At | A

= arcsinu + C = arcsin(e®”) + C.

(f) Letting u = arctanz , we have du = H_IQ,

and arctan1 = 7, we have:

/1 : de = /Z _du [arctanu]% = arctan(z)
o (1+22)(1+ (arctanz)?) ~  J, 1+u2 0 - 1)

so that, taking into account that arctan0 = 0

(g)  We proceed by integration by parts with u = 2 and dv = sin(3z) dx , so that du = dz

and v = —3 cos(3z) and

1 1 1 1
/xsin(Sx) dz = —3% cos(3x) + 3 /cos(Sx) dz = —3e cos(3z) + 0 sin(3z) + C.
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(h)

()

We proceed by integration by parts with u = arctan(2z) and dv =dz, so that

_ 2 _
du = 177 dz and v =2 and

1 1 T 92
/0 arctan(2z) dz = [z arctan(2z)]¢ —/0 1+ 422 d.

For the remaining integral, we proceed by substitution with u =1+ 4z? so that
du =8z dr and 2z dz = | du. Thus

3 2
2 1 1 d
/ arctan(2z)dr = |x arctan(2x)]é _ 7/ au
0 4 1 u
1 T 1
= §~Z—7[1nu]1:§—zln2.

Letting u = Inz, we have du = %2, so that, taking into account that In1 = 0 and Ine = 1,

we have:

. 1 . . ™
= [arcsinu|, = arcsin1 — arcsin0 = 7

so that, letting u = % and du = %, we have

t
= arcsinhu + C = arcsinh 3 +C.

/ dt _/ du
VitZ 4+ 4 vuz +1
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5 MS5: Trigonometric integrals and
trigonometric substitutions

The Worksheet and Homework set M5A should be worked on after studying the material from sections
5.1, 5.2 and 5.3 of the youtube workbook.

5.1 M5A Worksheet: Trig integrals

Evaluate the following integrals:
1. / 5 cos(3z) — sin(2z) + cot(5x) dx
2. /COS2(3{E) dx

cos® x sinz dx

cos?(2x) sin®(2x) dx

sin® x da

sin(2x) cos(2z) dx

o
— — — — —

cos(mx) cos(4dmx) dx

co

. Given two different integers k and n, calculate

/ sin(nx) sin(kx) dx
0

9. What if n = k in the previous question?

10. /tan2(3x) dz.
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5.2 M5A Homework set: Trig integrals

Evaluate the following integrals:

1. /2 cos(2x) — 3sin(4x) + tanx dx
2. /0053 xsin® z dx
3. / sin®(2z) dz

4. /cos(?x) sin(5x) + 2sinz sin(8z) dx

www.sylvania.com
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53 M5A Homework solutions

NAME:
GRADE: /12

1. [3 (1 for each piece)]

sinx

dx

3
/2 cos(2z) — 3sin(4z) + tanz dx sin 2z + 108 do + /

COosST

3 d
sin2x+icos4x—/—u for u = cosx
u

3
= sin2z+ Zcos4x —In|cosz|+C

2. [3: 1 for u; 1 for form, 1 for integral] Letting v = sinz (and thus du = cosz dz ) and

observing that

3 2

cos® 2 = cos’ z - cosz = (1 — sin®

x) - cos,
we have

/ cos®xsin® xdr = /(1 —sin® x) sin® x cosx dx

/(1—u2)u5du:/u5—u7du

-6 .. 8
s x s x
= - +C.
6 8

3. [4: 2 for each iteration] When powers are all even, we use the double angle formulas, namely

here,
1 —cos4
sin?(2z) = ﬂ,
2
so that
1—cosdz\?
/sin4(2x) de = / (#) dz
1 2
= cos” 4x — 2cosdx + 1dzx.
Since
cos? dx = 1+ CQOS 8m,
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M5: Trigonometric integrals and

Exercises for A youtube Calculus Workbook Part II trigonometric substitutions
we obtain
1 /1 3
/Sin4(2x) de = - / —cos8x — 2cosdx + — dx
4/ 2 2
1 1 3
= & sin 8x — 3 sin4x + gx + C.

4. [2: 1 for each piece] Using the formulas

1
cosasinb = 5 (sin(b — a) + sin(a + b))
1
sinasinb = 5 (cos(a — b) — cos(a + b)),
we have
. . . 1 . 1 .
/cos(2x) sin(5z) + 2sinz sin(8z)dx = / 5 sin 3z + 5 Sin Tx 4 cos Tx — cos 9z dx
1 1 1 1
= ~5 cos3xr — 7 cosTx + - sin7x — 9 sin9x + C.
360°
thinking.
[ |
Deloitte.
Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affiiated entities.
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The Worksheet and Homework set M5B should be worked on after studying the material from section
5.4 of the youtube workbook.

5.4 M5B Worksheet: Trig substitution

Evaluate

1 / V25 — 422
. Td-r

) / dx
“ ) 216 + 922
/Ldaj
) V2r — 22
2
(0—a2)%
/ T e
) vz +1
/ dx
(22 +9)?

/ dx
(22 +z+1)2

o

N

Download free eBooks at bookboon.com



M5: Trigonometric integrals and
Exercises for A youtube Calculus Workbook Part II trigonometric substitutions

55 M5B homework set: trig substitution

Evaluate

1. /Ld:c
vVaz+9
/\/m2—4

. Tdm

\S]

W

/ vz +4
. —dx
x

dx
4. /(x2+9)3

SIMPLY CLEVER SKODA
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5.6 M5B homework set solutions

NAME:
GRADE: /18

1. [2] There is no need for trig substitution, for we can use the regular substitution u = 22 +9,
with du = 2z dx, to the effect that

x
————dzr = — =Vu+C=+vz2+9+C.
[ 7= R
2. [4:2till tanf — 6 ; 2 to go back to x] We use the trig substitution x = 2secf on the interval
[2,00) for x, that is, for 0 < 6 < Z. Then dz = 2sinfsec?§df and

Va2 —4 VA4(sec?6 —1)
/Ldm = / (sec QSlnesec 0do and sec’ — 1 = tan’46
T

2sect

= /2|tan9| 2sinfsec?Hdh and 0 < 0 < 5
2sech

= 2/tan29d9:2/sec29—1d9

= 2(tanf —0)+C

adjacent,

andcosf = 2 = ——0——
~ hypothenuse

so that the opposite sideis +/z? — 4 by the Pythagorean Theorem,

and tan § = Y= =1, Moreover, 6 = arccos(2). Thus

Va2 —4 2
/dex =vz?—4- 2arccos(;) +C
n [2,00).

3. [6: 2 till [sec? B cschdf, 2 by parts, 2 going back to x] We use the trig substitution
xz=2tanf for —Z <60 < Z, so that dz = 2sec® 9 df and

/\/x2+4dx B /\/ 4(tan? 6 4 1)
x

2 sec?0df and tan?60 + 1 = sec? 0
2tand

2| sec )| 9 oo
= /m-2sec 6df and 0 € (=%, %) sosect >0

= 2/sec200509d9.
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Integrating by part with u =cscf and dv =sec?0df, we have du = —cosfcsc?0df and

v =tanf , so that

ow)
/ x +4d:1c 2csc9tan9+2/tan@cos@csc26‘d6‘
T

= 2sec€+2/csc€d9
= 2secf+2In|csch —cot |+ C

using

/cscxdx:ln|cscxfcotx| +C.

Since tanf = £ = %, we conclude that the hypotenuse has length +/22+4 and

secl = ””;H, csch = 7”;”4 and cotd = %, so that

VaZ+4 vVrZ+4-2
/ R dx:\/x2—|—4—|—21nL +C.
T T

. [6: 2 till [ cos*@db, 2 for function of 6, 2 to go back to x] We use trig substitution with
r=3tanf and —% <0 < %, so that dz = 3sec?fdf and

d 29
/ e = 3 / SRS A
(2% +9) (9tan?6 + 9)
3 20
- = / e g
9 (sec?0)
1 4
= 93 cos™ 0df
1 1 2
=L [ (Leos0)) T
243 2
! 2
= 9 1+ 2 cos(20) + cos*(20) do
- ; 1 + cos(46)
~ o2 (59 +sin(20) + gSin(49)) +C
= Lt L n cost+ 2 sin(20) cos(20) + C
= gag T agg SnY cost A 7 sin{2b) cos
0 1 1
= i + 186 sinf cosf + 551119 cosf(2cos20 — 1)+ C
Moreover, tan = 5 = % 5o that sin g — ﬁ and cosd \/m?;ﬁ‘ "

/ dx 1 arcta (m) n 3x 1 n 9 1 LC
o 2 = o n|_- —t+ = — = .
(22 +9)% 648 3 22 +9\486 22+9 2
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6 M®6: Partial Fractions

The Worksheet and Homework set M6A should be worked on after studying the material from sections
6.1 and 6.2 of the youtube workbook.

6.1 M6A Worksheet: partial fractions; non-repeated linear factors

Evaluate

622 —|—11x—1d
T
2+ 1

—5z% — 1722 4+ + 27

d
22 +4x+3 v

dx

322 -2
—b5x — 16 e
522 + 5z — 10

19x +2x —11
V(22 — 1)(3x + 2)

-/
s
-/
/23:4—23: —22% + 62 — 2
Pt
=
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Exercises for A youtube Calculus Workbook Part II Mé6: Partial Fractions

6.2 M6A Homework set: partial fractions; non-repeated linear factors

Evaluate

1522+ —6
1. - -
_/ 3x—1 du

x + 23
2. [ 222 g
/x2—3x—10 v

3 /4x3—5m2—15x—3

d.
2 -1 -6 v

The Graduate Programme

I jOj.ned MITAS because_ . for Engineers and Geoscientists
I wanted real responsibility www.discovermitas.com

]
Ved 0 & & &
i &

I was a construction
SUPErvisor in

the North Sea
advising and

ern  Nelping foremen
solve problems
MAERSK
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6.3 M6A Homework set: Solutions

NAME:
GRADE: /16

1. [4: 2 for long division, 2 for integral]

/15x2+x6
— —dx
3r—1

Solution. By long division

b + 2
358—1) 1522 +z—6
— 1522 + 5z
6x — 6
—6x + 2
—4
we have
1522 +2—6 4
—er e r 9
30— 1 R
so that
1522 +2—6 5 dx
—d = 2249224
/ 301 F gt T /3x—1

4
= §x2+2x—7/d—uwhereu:i’)x—l, du = 3dzx
2 3 U

4
= gx2+2x—§ln|3x—1|+0.

2. [5: 1 for form of decomposition, 1 for each coefficient, 2 for integral]

/ T + 23 .
2 —3x—10

Solution. Since

0423 a+2 A B
2—-3r—-10 (r+2)(z—5) 2+2 x-5

and A = —3, B = 4 are easily obtained by the handcover method, we conclude that

T+ 23 -3 4
S dr = —-31 2| +41 — .
/x2—3x—10 x / +2+x—5 x 3lnjz +2[+4ln|z — 5[+ C
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3. [7: 2 for long division, 1 for form of decomposition, 2 for coefficients, 2 for integral]

dx

/4x3—5x2—15m—3
22— —6

Solution. By long division
4z —1

1’271'76) 423 — 522 — 152 — 3
— 43 + 422 + 24z

—x2 49z -3
22 —x—6
8r—9
we have
4723 — 5x? — 152 — 3 4 14 8 —9
=4z — ——
22— —6 22— —6
Moreover
8r —9 8r —9 A B

2—z-6 (v+2)(x—23) 7a:+2+a:—3’

and A =5, B = 3 are easily obtained by handcover method. Thus

423 — 522 — 152 — 3 5 3
der = doe — 1+ —— d
/ 2 —x—6 v /x +x+2+x—3 v

= 227 —r+5mn|z+2[+3njz - 3|+ C.
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The Worksheet and Homework set M6B should be worked on after studying the material from sections
6.3 and 6.4 of the youtube workbook.

6.4 M6B Worksheet: partial fractions (repeated linear factors; non-repeated
irreducible quadratic factors)

Evaluate

5a% + bx + 27

d
3 + 9z v

W

da* + 323 + 522 + 5 + 1

dx
3 +22 42 v

A=
SE=
-/ 2;1213
-/
e

x3+x2+x+ 1)
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6.5 M6B Homework set: partial fractions (repeated linear factors; non-repeated
irreducible quadratic factors)

Evaluate
3x+1
1. ——d
/x2—|—4x+5 v
4xr+ 8
2. ——d
/x2+4x+5 *

/ 64z + 64
——dx
x4 + 1622

.
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6.6 M6B Homework set: Solutions

NAME:
GRADE: /12

Evaluate
1. [4pts: 1 for completing the square, 1 for splitting, 1 for each integral]
/ 3z +1 dae
x2+4x+5

Solution. Note that 22 + 4z + 5 has discriminant —4 < 0, so that it is irreducible. Thus we

complete the square:

P tdr+5=(x+2>*—4+5=(x+2)*+1,

and
/ 3z+1 de — / 3z+1 o
2 +4z+5 B (x+2)2+1
3(u—2)+1
= /%iduforu:x—&—Q
u® +1
u du
= 3] —du—5[ ——
/u2+1 Y /u2+1
3
= §1n(u2+1)—5arctanu+0
3
= 5ln(ar;2—|—437;—&—5)—5arctan(m—&—2)—|—0.
2. [2 pts]

/ 4 + 8 dar
22 +4x+5

Solution. We can proceed by substitution with v = 22 4 4z + 5, so that du = 2z + 4dz and

4 8 2d
/L x = —u—Zlnu+C’=2ln\x2+4x+5\+C’.
x2+4x+5 u

3. [6pts:1 for long division, 1 for form of decomposition, 2 for coeflicients, 2 for integrals]

/ 64z° + 64
- dx
x4 + 1622
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Solution. By long division

64z
a* +162%)  64a° + 64
— 64z° — 102423
— 102423
we see that
642° + 64 64 — 102423
- =64+ ———.
x4 + 1622 x4 + 1622
Moreover
64— 10242° _ 64-10242° A B Cz+D
2t + 1622 22(22+4+16) x 22 22416
_ Ax(2? + 16) 4+ B(2? + 16) + Ca® 4 Da?
B x2(z? 4 16) ’
so that

64 — 10242° = (A + C)2® + (B + D)2* 4+ 16 Az + 16B,

and, identifying the coeflicients of same degree, we have

A+ C=-1024 A=0
B+D=0 B=4
<
16A=0 C =-1024
16B = 64 D=—-4
Thus,
b 4 1024z + 4
———dx = 64 — =
/x4—|—16x2 * / x+:1c2 2+ 16 o
4 du dz
= 2_2_51 7_4/7f. _ .2
32z . 52/u 22+ 16 or u =x"+ 16

4
= 3222 — — — 512In(z? + 16) — arctan (%) +C.
x
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Exercises for A youtube Calculus Workbook Part II Mé6: Partial Fractions

The Worksheet and Homework set M6C should be worked on after studying the material from section
6.5 of the youtube workbook.

6.7 M6C Worksheet: partial fractions (repeated irreducible quadratic factors)

1. What is the form of the decomposition into partial fractions for

2z +1 9
(22 +2—-6)(22 —2—-2)(22+x+1)2°

Evaluate:
3z
3 / 4o + 8 _do
(22 +4x +5)
/‘70_4—3 d
(x2 + 4z + 5)?

/ dx

5. —

(422 +9)

/7:1:5 — 2zt +112% — 322 4+ 2z + 1
(zt—=1) (22 +1)

b

o

dzx
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6.8 M6C Homework set: partial fractions (repeated irreducible quadratic
factors)

1. What is the form of the decomposition into partial fractions for

20 +1 o
(2 4+2—6)(22 —a—-2)(22+x+1)2°

Evaluate:
6x — 6
. —d
2 /(x2—2a:+5)4 v

/ S S
© ] (42?1 16)?

/ 3zt + 2923 + 13922 + 309z + 324 da
(22 + 6z + 18)?

w

b
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6.9 M6C Homework set: Solutions

NAME:
GRADE: /19

1. [2pt] What is the form of the decomposition into partial fractions for

2z +1 o
(22 +2—6)(22 —2—2)(22+2x+1)2°

Solution.
2z+1 _ 20 +1
(2 +2—6)(22 —2x—2)(22+x+1)2  (2-2)(x+3)(z—2)(z+1)(z2+x+1)2
_ A, B, C D BaiF
-2 (x-2)2 z+3 z+1 22+ax+1
Gx+H
(22 + 2 +1)2
Evaluate:
2. [2pt]

/ 6z — 6 .
(22 — 2z +5)4

Solution. Let u = 22 — 2z + 5. Then du = 2z — 2 so that 6z — 6dx = 3du and

6x — 6 du 3 1 1
e B e v A

3. [6pts: 1 for right substitution; 1 till [ cos? 6 df, 2 for explicit function of 6, 2 for back to x]

| G
(42 +16)2 "

Solution. Let = 2tan§ for —% < 6 < Z. Then dz = 2sec? #df and

/ 1 de — 1 / dz
22 +162 " = 16/ @2+4?
1 2sec? §
_ 1 sec b
16 (4(1 + tan?9))
1 sec?

128 | (sec?6)?
= L cos? 0 df
128

1

= ﬁ 1 + COS(QG) d9

1 1 1
= _ —sin?2 = — 1 .
556 (9+ 5 Sin 9) +C 556 (6 +sinfcos ) + C
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Exercises for A youtube Calculus Workbook Part II Mé6: Partial Fractions

To express this as a function of x, note that tanf = £ and 6 € (—%, %), so that § = arctan (%),

and moreover, we can represent the situation in the triangle:

Thus,

2x

fsinf = ———
COS U S1n x2+4

and

1 1 T 2x
_de=— (arctan (D) + =) 1 c
/(4332—1—16)2 T 256 (am an<2)+x2+4)+C
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RANKED AMONG TOP 50 UNIVERSITIES UNDER 50
Interested in Strategy and Management in International
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4. [9pts: 1 for form of decomposition; 2 for coeflicients; 1 for completing the square; 3 for

[ =25 da (1 splitting, 1 for each integral); 2 for [ Gzrtigz dz ]

dx

/ 3z + 2922 + 13922 + 309z + 324
z (22 + 6z + 18)°

Solution. The form of the decomposition into partial fractions is

3zt + 2923 + 13922 + 309z + 324 A Bx+C Dz + E
z (22 —|—6;l:—|—18)2 x  2?2+6x+18 (224 62+ 18)2
A(z? + 62 +18)2 + (Bz + C)z(2* + 6x + 18) + Dz? + Ex
z (22 4 6z + 18)°

)

so that, identifying the numerators and reordering terms on the righthand side, we have

3zt + 2923 + 13922 + 30924+ 324 = 2*(A+ B)+2®(124+6B+C)
2% (72A + 18B + 6C + D) + z (216 A + 18C + E) + 324A,

so that, identifying the coefficients of same degree, we have

A+B=3 A=1
12A+6B+C =29 B=2
T2A+18B+6C+D =139 <= (C=5
216A + 18C + E = 309 D=1
324 A = 324 E=3

Thus

/3x4+29x +139x2+309x+324d _/l+ 2+ 5 N x+3

(22 + 62 + 18)* )z 22462 +18 (22 4 62 + 18)2

Completing the square, we have

2> +6x+18=(24+3)2—9+18=(z+3)°+9

and, letting u = z + 3, we have:

/3x + 2922 + 13922 +309:c+324d _ /dm / (x+3)—1 o / z+3 .
x (2 + 62 + 18)° x +3)? ((z +3)2 4+ 9)

= ln|m|+/2—udu—/ du +/ Y du
B u?+9 u?+9 (u?+9)?

dv

1 1
= ln|m|+ln(u2+9)—§arctan (%) +§/F’

where v = u? + 9 and dv = 2udu
1 x+3
= Inl|z| + In(2? 4 62 + 18) — 3 arctan 5

1

-+ C.
2(z2 + 6z + 18) *
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7  M7: Improper Integrals

The Worksheet and Homework set M7A should be worked on after studying the material from section
7.1 of the youtube workbook.

7.1 M7A Worksheet: improper integrals, type |

Are the following convergent or divergent? If convergent, find the value.

L. / ze~ da
0
2. / xe 2 dx
0
o5} 1‘2
,—d
3. /1 S5

4. /0 _dz
oo B2 +5

b
—
3
=
e
QU
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7.2 M7A Homework set: Improper Integrals, type |

—31 dx

—

oo

y
L
¥

1 x4+10

=~

/Oolnsc
1

>,
0 16+x4

6.
/0 x2—|—4x+4
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i

"
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7.3 M7A Homework set: Solutions

NAME:
GRADE: /20

1. [3: 2 for integral, 1 for limit] Using integration by parts with « = 2 and dv = e 3% dx so

that du = dz and v = —3e 3", we obtain:
00 t 1 t 1 t
/ ze 3 dr = lim e 3 dr = lim |—=ze 3% 4+ —/ e73 dx
0 t—o00 0 t— 00 3 0 3 0

t
1 1

lim |—=ze 3% — Z¢737

t—o00 9 0

: Lo 15 1 1
dm —gte ™ —ge T 5=y

2. [4: 2 for each part] Letting u = —2? and du = —2x dz , we have

[e%} 5 t R 1 —¢?
/ ze ¥ dr = lim ze ¥ dr = lim ——/ e" du
0 t—oo [ t—oo 2 0
1
= lim —= (e*tz—1> = —.
t—o0 2

Similarly,

e dr e tim -2 [ evdus tm R (et 1) = -]
e et G A

oo —12

so that

R 2 0 2 R 2 1 1
/ ze * d:c:/ ze * d:v+/ ze ¥ de=—=+=-=0.
—00 —00 0 2 2

3. [3: 2 integral, 1 limit] Using v = 2* + 10 and du = 423 dz , we have

o0 ZCS t ZCS
—d = 1 —d
/1 10 tir?o/l A +10"
1 t4+10 du
= lim - —
t—oo 4 11 U

1 1410
= i g

= lim E (ln}t4+ 10’ flnll) = 00,

t—o00 4

and the integral is divergent.

Download free eBooks at bookboon.com



. [4: 2 for integral, 2 for limit] We proceed by parts with « = Inz and dv = % so that

du= % and v =—31;:

Wc
o 1 t 1 1 t 1 t d
/ B = dim [ e dim e | 4o [ 2
1 x t—oo /1 @ t—00 20 1 2 1 .’E3
] Inx 117"
TSk 222 422,
B Int 1 1
T otooo 22 42 4
and
Int 1
lim nta lim + =0
t—oo {2 t—oo 2t
so that

/°° Inx 4 . Int 1 n 1 1
—dr=1lim —— — —+-=".
1 a3 t—oo 22 442 4 4

. [3: 2 integral, 1 limit] Let u = 2. Then du = 2z dz and

[t =t = e )]
R = im — — = l1Im - I n\—
o 164 a* v t=o02 [y 16 +u? t—8 eyl

. [3: 2 integral, 1 limit]

/°° dx B /°° dr  y=z+2 /°° du
o 24+4r+4  Jo (z+2)2 [y w?
. 11" 1 1 1
= lim |[——| =1lm - —-=—.
t—o0 ul, t—oo 2 t 2
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The Worksheet and Homework set M7B should be worked on after studying the material from section
7.2 and 7.3 of the youtube workbook.

7.4 M7B Worksheet: Improper integral type Il and comparison

Are the following integrals convergent or divergent? If convergent, find the value.
/() d_x
O
/ secT dx
0
1 z
(&

. d
3 /0 e
s/ S dx

0o VT
5 / b de
0o V1—22
1
/ 2?Inxdx
0

|, 7

L

o

dzx

(Hint: use v = \/z )

For what value of p are the following integrals convergent?

1
g, [ =
o ¥
1
9. /xplnxdx.
0

Are the following convergent or divergent? You do not need to find the value when convergent.

* cos? z
10. ——d
0/1 T2 x

11./5 du
o Tsinz

(Hint: show that sinz < = for 2 > 0)

1 .
12_/ | sin z| A
o VI
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7.5 M7B Homework set: Improper integral type Il and comparison

Are the following integrals convergent or divergent? If convergent, find the value.

" de

3 X

3
d
2,/27%
0o T*+x—2

2
d
3. / S —
1zt =2z +1

4 /de
0o VZ
5 Iy vy
’ 0 1/1_623c

o [
0 x

Are the following convergent or divergent? You do not need to find the value when convergent.

o0 4
/ e * dx
0

> dx
8.
o ZTCOST
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7.6 M7B Homework set Solutions

NAME:
GRADE: 123

Are the following integrals convergent or divergent? If convergent, find the value.

1. [2pt]
L%
_3 X
Solution. The only discontinuity on [-3, 0] is 0. Thus

0 t
d d
/ ' lim ' im [ln|x\]t_3 = lim In|t| —In3 = —oo0,
3 T t—=0-J_3 T t—0— t—0—

and the integral is divergent.

2. [3pt: 1 for discontinuity, 2 for integral]
/3 dz
0 2+x—2
Solution. Since x* +x-2 = (x—1)(x+2), the only discontinuity on [0, 3] is 1. Moreover

1 A N B
(x—1)(z+2) x—1 xz+42

using handcover method. Thus

1
dx o1 1
/0 m = tlﬁl}r{lig[ln‘w*]w 71H|1'+2”0

1
lim - (In|t—1] —In3+1n2) = —oco,
t—1- 3

so that fol and thus also f03 22— is divergent.

dz
x24x—2"

3. [3pt: 1 for discontinuity, 1 for integral]
/ 2 dx
g r2-2r+1

Solution. Since x* —2x+1 = (x—1)?, the only discontinuity on [-1, 2] is 1. Moreover

Yode _ 1] _ 11
= lim |- =lm ———--=x
(=12 is1- | x—1] , t=1- t—1 2
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is divergent and thus, so is [ | T

4. [2pts]
do
0o V&

Solution. The only discontinuity is at 0. Thus

7711 /f—hm 2vz]’ :tlirgl+2ﬁ—2ﬁ:2\f2.

t—0t t—0+

5. [3pts:2 for integrals, 1 for value]

3 erdy
0 V1—e2®
Solution. The only discontinuity is at 0 and
In % z ] In % x
/ N T _C W
0 1—e2® t—0% Jy 1—(e®)?
o4
= lim 7712 for u = e”

t—0t Jot 1—u

1
- L 3
Jim [arcsin u] 2,

. 1 .
= lim arcsin — — arcsin e’
t—0+t 2

o)y
oy
w3

= arcsin 5~ arcsinl =

6. [3pt: 1 to split, 2 for integral]
/=
0o °
Solution. This integral is improper for two reasons: the function 2% is discontinuous at 0, and
o 2 Jo a2 1 x?

While [ 9 is convergent (p > 1),

the interval is not bounded.

— = lim — = lim
0o T t—=0t J, T t—0t

L de . L da . {

is divergent, and thus, [, % is divergent.
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Are the following convergent or divergent? You do not need to find the value when convergent.

7. [3pt: 1 to split, 1 to compare, 1 for integral]

o0 4
/ e * dx
0

Solution. For x > 1, we have x4 > x and thus

e "> 6_14 > 0.

Since

/ e *dxr = lim [—e*x]j = lim 1 1 _ 17
1

t—00 t—oo e et e

we conclude by comparison that [, e~ dz is also convergent. Since fol e~ dz is finite,

o0 4 1 4 o0 4
/ e ” dx:/ e ” dx—!—/ e ® dx
0 0 1

the integral

is convergent.
8. [4pt: 1 to split, 2 to compare, 1 for integral]

2 dx
0 TCOST

is discontinuous both at 0 and 5 Let us consider [,*

dz
T cos x

1

T cosxT

1 <cosz<1sothatl < - <2and

jus 1
37 co.

. For

Solution. Thee function

0<z<

1 1 2
=< < Z.
T X COST X

z . . . 3 dz .
\' 2L s, ver,
Thus [ —%_ is convergent if and only if [;° F* is. Moreover.

T Ccos T

/3 9 i i fe)f = lim T —lnt = oo
o T  t—0t t—0+ 3

is divergent. Thus [° 72, and hence [’ -2 is divergent.

xcosx’ rcosx’
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Mock Test 2

You should give yourself two hours to do the following test on your own, then, and only then, move to the

solutions to evaluate your work. Show all your work to get credit. You should not need a calculator.

Evaluate the integrals in questions 1 through 7:

1. [5]
/cos3wsin29ndm
2. [10]
/4
/ cos* x dx
0
3. [10]
/\/4—962
3 dx
T
4. [10]
3
T
/x2+x—6d$
5. [10]
32241
=t
6. [10]
2 _
/3m i m+9dl_
z° + 9x
7. [10]

/2 2dx
-3 372 + 6x + 10
8. [5] Give the form of the decomposition into partial fractions (you do NOT need to find the

coefficients) of

22 +3
2?2(x —1)(22 +4)? (22 + 2 — 2)
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9. [5] Is the following integral convergent or divergent? If convergent, find its value

o0 2
/ re " dx
1

10.[5] Is the following integral convergent or divergent? If convergent, find its value

/ < dx
1 3z +5
11.[10] Is the following integral convergent or divergent? If convergent, find its value

2
2z

—d

/_1:c3+212 .

12.[10] Are the following improper integrals convergent or divergent. Justify your answer

) /1 V3 + a8 ’
(b) / 1+ |sinx| i
1

T
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Who are we?
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Mock Test 2 Solutions

1.
/cos3 zsin? z dx
Solution. Let v = sinz then du = coszdz and
/ cosPxsinxdr = /COS2 xsin® z cosz dx
= /(1 — sin® x) sin® x cosx dx
= /(1 —u?)u? du
3 5
2 _ 4 u u
= —urdu=———+C
/u U au 3 5 +
.3 .5
sinx  sin°x
= — C.
3 5 +
2.
/4
/ cos* x dx
0
Solution. We use the double angle formula cos? z = <20+ .
3.

Solution. Let = 2sinf where —7 <6 < 7. Then dz = 2cosfdf and

V4 — 2 4 4
/%dw = / sin” 2cos¢9d9
T 4sin% 0
2
0
= / cos ) —————— —sin do
4sin% 0
/cosQ\/cos2
sin“ 6
2 _
:/059 /1 sm@da
sin“ 0 sin? 0
= /CbC 0—1d0 = —cotl—0+C.
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Moreover, sinf = 3

cot§ = ¥4=22 Thus

x

3
X
—d
/ 22+2-6 o
Solution. The degree of the numerator is not less than that of the denominator, so that we need

to start with long division

rx—1

x2—|—x—6) x3
— 2% — 22+ 62

— 22 + 6z
22 +x—6
Tx —6

Thus
x3 Tx —6
=[z-1
/x2+x—6dm /J: + 2+x—6dx
and
Tr—6 T —6 _ A n B
24+zr—-6 (r—2)(z+3) -2 =x+3
Using for instance the hand-cover method, we find A = % and B = __—257 Thus
/x3d_/1+81+271d
2+ —-6 vz . 5 -2 5 x+3 v
1‘2

8 27
7—m+gln|m—2|+gln|m+3|+0

3 2
/ﬂdm
s (x—1)3

Solution. The decomposition into partial fractions is

2 +1 A B C

@_1P -1 @12 @1
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To find A, B and C, we identify the numerators after rewriting the left-hand side with

denominator (x — 1)3:

2?4+ 1=A(x—-1)*4+ Bz —1)+C,

and we set x = 1 to the effect that 2 = C. Differentiating, we obtain

2x =2A(x — 1) + B,

and we set x = 1 to the effect that 2 = B. differentiating, we obtain

2=2A
to the effect that A = 1. Thus
3 .2 3
e+ 1 1 2 2
Ry d
/2 @1 /2 o R s AL P N
3
= {lnx—l— 2__ ! 2}
-1 (z—-1)2],

/3x2—x—|—9dx
3 + 92

Solution. The decomposition into partial fractions is

3%2—x+9_3x2—x+9_é Bx+C
3 +9r x(2+9) oz 2249

Identifying the numerators of fractions with denominator z(z? + 9) we have

322 —x+9 = A(@*+9)+B2?*+Cx
2*(A+ B) 4+ Cz + 94
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so that the equality holdsif A+ B=3,C=-1and 94 =9.Thus A=1,B=3—- A=2 and
C = —1. Therefore

322 -z 49 1 2x—-1
WP e = [ 242y
/ 3 + 9z v /w+x2+9 v

2x dx
1 2 g | &
n|x|+/w2+9dw /w2—|—9

1
In|z| + In(x? 4+ 9) — 3 arctan(%) +C.

/_2 2dz
3 22 +62+10
We complete the square at the denominator:
2?2 +62+10= (2 +3)? -9+ 10 = (z +3)* + 1,
so that
/—2 2de 2/—2 dz
g 2246z +10 T ) 5 (z+3)2+17
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Letting v = = + 3, we have

-2 1
2d d
/ 27w:2/2—u:2[arctanu]é:2.zzz.
3 x%+6x+ 10 o us+1 4 2

8. Solution: Give the form of the decomposition into partial fractions (you do NOT need to
find the coeflicients) of

20* +3 B 20* +3
22z — 1) (22 +4)2(22 +2-2)  22(z—1)(22 +4)2(z — 1)(z +2)
é B C D E Fr+G Hx+1

x+ﬁ+x—l+(x—l)2+x+2+ 2 +4 +(:Jc2+4)2

9. Is the following integral convergent or divergent? If convergent, find its value

o0 2
/ ze * dx
1

Solution. By definition

©0 2 t 2
/ rze ¥ dr = lim ze * dz.
1

t—o00 1

In this definite integral, we use the substitution v = —2? so that du = —2z dz and we have
> 2 t 2
/ re ¥ dr = lim re " dx
1 t—oo [y
2
1 —t
= lim ——/ e du
t—o0 2 1
1 2 1 1 1
= lim ——[e“]_t = lim — — — = —.
t—oo 2 t—oo 2¢  2et 2e

10. Is the following integral convergent or divergent? If convergent, find its value

/°° dx
1 3z +5
Solution. This integral is divergent because
/OO dx . /t dx
= lim
1 Sz +5H t—oo [ 3x+5
u=3x+5 . 1 /3t+5 du
= lim — —
t—oo 3 s u

.1
= tlinolog(ln|3t+5|fln8)foo.
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11. Is the following integral convergent or divergent? If convergent, find its value

2
2
/_Tﬁﬁx
_q 23+ 222

Solution. This is an improper integral because z®+ 22 =u1?(z+2) so that 21— is

discontinuous at 0. Moreover

2 0 2
2x 2z 2z

R R . R =Ty

[1x3+2x2x /,1303—1—2302 er/O 23 4202

is convergent if and only if both integrals are convergent. Since

2x é E C

¥ +22 x 22 x+2
we see that

2x = Az(x +2) + B(z + 2) + C2°.

Setting x = —2 gives —4=4C and C = —1. Setting z =0 gives 0 =2B and B =0 ().

Differentiating, we have

2=A(x+2)+ Az + 2Cx,

where setting « = 0 yields 2 =24 and A = 1. That is

2 2
2 1 1
/ L _dr = lm [ - ——ds
0 Z°+2x t—0t+ ), x xT+2
= lim [In|z| —In|z 4+ 2|7
t—0+
= OO7
because lim; o+ In |t| = —oco. Thus the integral is divergent.

12. Are the following improper integrals convergent or divergent. Justify your answer

() [wﬁiﬁw

Solution. We use comparison: 3 + 28 > 28, so that /3 + 28 > 2% and

0o o7 _ 1
T3S Tt

ZE2

. . . oo .
Since [*° 2z is convergent, we conclude by comparison that [, —=—s d« is convergent.
1 =z 1 /3+z
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(b) / 1+ |sinx| d
1

T

Solution. Since 1 + |sinz| > 1 we conclude that

1+ |sinz|

0<<
X xr

for all z > 1, so that, by comparison [ W dz is divergent, because [ 2 is divergent.

x
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www.alcatel-lucent.com/careers

"', L S
-

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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8 MBS8: Parametric Curves

The Worksheet and Homework set M8A should be worked on after studying the material from sections
8.1, 8.2, and 8.3 of the youtube workbook.

8.1

. At what point does the curve {

. For which value of ¢ is the curve {

M8A Worksheet: parametric curves

. . . r=t'+1
. Find an equation of the tangent line to at t = —2.
y=1t>+1
. . . = in 2
. Find an equation of the tangent line to T 0 sin 20 at 0 = 7.
y = sin @ + cos 20
. . . . . =sint . .
. Verity that (0,0) is a point of self-intersection of * S.m .. Find an equation of the
y = sin (¢t + sint)

tangent lines at (0,0).

. Find the points of the curve where the tangent is horizontal or vertical, then sketch the

curve
x = cos 30
y = 2sinf

x=1—2cos%t

(tant) (1 — 2 cos> ) cross itself? Find the equations of
y = (tan — 2cos

the tangents at that point.

T = cost
,0 <t <7 concave up?
Yy = cos 2t
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8.2 M8A Homework set: parametric curves

— 43 _
1. Find an equation of the tangent line to {x - ; ?Q)t for t = v/2 and for t = —/2, then

sketch the graph and the tangent(s).

. . . . x =14 2cost
2. Find horizontal and vertical tangent lines to .. then sketch the curve.
y = —2+4 3sint

x = sin(2t)

3. At what point(s) does the curve
Yy = cost

cross itself? Find the tangent lines at this

point, then sketch the curve.

. . = 2sint
4. For which value of ¢ is the curve {m Sutl ,0 <t <7 concave up?
Y = Cos

/
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8.3 M8A Homework set: Solutions

NAME:
GRADE: /29

1. [8pts: 1 for formula for 42, 2 for the equations of tangent lines, 2 for variations, 2 for special

points, 1 for sketch] Find an equation of the tangent line to {x - t2

_, ;t for t = v/2 and for
t = —/2, then sketch the graph and the tangent(s). v

Solution. The points of parameters /2 and —+/2 are the same:

(+(v2)y(v2)) = (0,-1) = (a(~v2),y(~V2)) .
Since

dy _ y'(t) 2t

dr /()  3t2 -2’

the slope of the tangent line at (0, —1) for t = /2 is 2/2 = ¥2 while the slope of the tangent

at (0, —1) for t = —/2 is —*2. The two corresponding tangent lines have equations

2
y+1:§xandy+1:f§x.

To sketch the curve, we first study the variations of z(¢) and y(¢):

)

y'(t) = 2t

8
~
—
~
=

so that the variations can be represented in the chart:

where
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is a local maximum for x,

)=

is a local minimum for x, and y(0) = —3 is the absolute minimum for y. Hence, the important

following points are important features of the curve:

0,—1) (self-intersection)

0,-3) (y is minimal)

(local min for x)

(
(
2
3
2
\/>, ;) (local max for z).

T
3

Following the variations of x and y, we obtain the following sketch:

2. [8 pts: 1 for 2, 2 for horizontal tangents, 2 for vertical tangents, 2 for variations, 1 for
sketch] Find horlzontal and vertical tangent lines to {33 =1+42cost  then sketch the

curve. y = —2+3sint

Solution. We only need to consider ¢ € [0,27] as x and y are both 27 -periodic. The slope of
the tangent line at the point of parameter t is

y'(t) 3cost
' (t) —2sint’
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so that the curve has an horizontal tangent when cost¢ = 0, that is, for ¢ = 7 and t = 27, and
a vertical tangent when sint = 0, that is, when ¢ = 0 or ¢ = 7. The horizontal tangent lines

go through

(w(g),y(g)) =(1,1) and (w(%),y(%)) = (1,-5)

and have therefore equations y = 1 and y = —5. The vertical tangent lines go through

(x(O),y(O)) = (3,—2) and (x(ﬂ),y(r)) =(-1,-2)

and have therefore equations = = 3 and = = —1. To sketch the graph, we may either recognize

an equation of ellipse centered at (1, —2), or study the variation of z(¢) and y(¢):

us

2

Thus x has an absolute minimum of -1 when ¢ = 7 and y has a maximum of 1 when ¢ =

and a minimum of -5 when ¢t = 37”, and we obtain
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3. [9pts: 2 for self intersection point; 2 for tangents; 2 for variations, 2 for special points, 1 for

= sin(2¢
sketch] At what point(s) does the curve {x Sm(t ) cross itself? Find the tangent lines at
9y = coS

this point, then sketch the curve.

Solution. We can restrict ourselves to ¢ € [0, 2x]. The curve crosses itself if

sin(2t;) = sin(2t2) sin(t1) cos(t1) = sin(t2) cos(tz) — cos(t1) (sinty —sints) =0
cos(t1) = cos(tz2) cos(t1) = cos(t2) cos(t1) = cos(t2)

that is, if cos(t1) = cos(t2) = 0 or if both sin¢; = sint, and cost; = costy which means t; = ¢,
if we restrict ourselves to ¢ € [0, 2x]. Thus the only self intersection correspond to ¢t = 5 and

t = 37 both of which give the point

(+(3):¥(3)) = ©.0).

The corresponding tangent lines have slope

Z(E)_M_ladl’(ﬁ)__Sin(%)__l
2 27 2cosm 2 H 2’ 27 2cos3wr 2

> Apply now
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and have therefore equations y = £ and y = —%. To sketch the graph, we study the variations
of z(t) and y(¢):

Thus the curve has the following important points:

(0,1) where y is maximal
V2 : .
( o where z is maximal
(0,0) where the curve self-intersects for ¢t = Z; 22
2
( -1, g where z is minimal
(0,-1) where y is minimal
( 7) where z is minimal

We obtain this way the following sketch:
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4. [4pts: 2 for %, 2 sign and for interpretation in terms of concavity] For which value of t is

= 2sint
the curve { © = “®™* g < ¢ < & concave up?
Yy = cost

Solution. Since

Py _ 1 d(yQ)
dz2  a2/(t) dt \2'(t)
- 1 i —sint
"~ 2cost dt \ 2cost
1
= 1 sec3 t,
we conclude that
d2
d—xg < Oon (0, %)
d2
d—xg > Oon (3,7)

so that the curve is concave down on (0, %) and concave up on (%, 7).
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The Worksheet and Homework set M8B should be worked on after studying the material from sections
8.4, 8.5, and 8.6 of the youtube workbook.

8.4 M8B Worksheet: length and surface areas

1. Find the area bounded by the curve

S RS [

and the line y = 3.

2. Find the arc length of

— 1 2
{x_ P+E) .
y = arctant

3. Find the arc length of

T = 2C-OSQ+C-0829+ 1 00,27,

y = 2sin6 + sin 26
4. Find the length of one arch of the cycloid

, 0 €10,2n].

x=a(f—sinb)
y = a(l — cosf)

5. Find the surface area of a sphere of radius r.
6. Find the surface area generated by rotating the curve y = 2%, 0 <z < 1 about the x-axis.

7. Find the surface area generated by rotating

0 €0, -]

z=3cos 0 T
y=3sin>0 2

about the x-axis.
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8.5 M8B Homework set: length and surface areas

1. Find the area bounded by the curve

xr =sint s
i e
y=e 2

and the lines x =1 and y = 0.

2. Sketch the curve and find the length of the curve

{x(t) = 3£ 0.1

about the x-axis.

Need help with your
dissertation?

Get in-depth feedback & advice from experts in your
topic area. Find out what you can do to improve
the quality of your dissertation!

Get Help Now
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8.6 M8B Homework set: Solutions

NAME:
GRADE: /17

1. [5pts: 2 for setting up integral, 3 to calculating it] Find the area bounded by the curve

T =sint s
{ e e fo.1]
y=e 2

and the lines z =1 and y = 0.

Solution. Sketching the region, we obtain:

Thus, we see that the curve
=sgint
Lo el
y = € 2

is traversed once with (0, 1) corresponding to ¢t = 0 and (1,e2) for ¢ = Z. The area under the

curve is thus
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which we evaluate by integrating by parts twice:

x
—/ etsint dt
0

/5 etcostdt = [etsint]
0

= 3
= [et sint — e’ cos t] N / el costdt,
0

(=R

so that, solving for the desired integral:

13

™

2 1
/ et costdt = = [et sint — et cos t]
0 2 ¢

ez +1

N
|

[8 pts: 5 to sketch the curve; 1 to setup the length, 2 to calculate it] Sketch the curve and
find the length of the curve

z(t) = elcost
. ., telo,m].
y(t) = e'sint

Solution. To sketch the curve, we need to find the intervals of increase and decrease of both

z(t) and y(t). Note that

2'(t) = e'(cost—sint)
y'(t) = e'(cost +sint)

so that 2/(t) is of the sign of cost —sint, and y/(¢) is of the sign of cost + sint . As easily seen

on the trig circle, if ¢ € [0, 7] then

cost > sint <— O§t<£,

and

. 3T
sint < —cost <= e <t<m.

Thus we have
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with an horizontal tangent for ¢ = 2T because y/(27) = 0 and #/(27) # 0 and a vertical tangent
for t = Z where 2’ =0 and y’ # 0. Note that
(2(0),(0)) = (1,0)

CRY
) -

(x(m),y(m)) = (=€7,0).

>J>I>1

OJ

Following this information, we obtain the following sketch:

(]
B By 2020, wind could provide one-tenth of our planet's

ra I n p O W e r electricity needs. Already today, SKF's innovative know-

how is crucial to running a large proportion of the

world’s wind turbines.

Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
jcation. We help make it more economical to create

Therefore we'need the best employees who can
eet this challenge!

Tr)_af Power of Knowledge Engineering

'-r:-‘%.i

o
Plug into The Power of Knowle‘nglneering.

Visit us at www.skf. com/know1ed" .

115 Click on the ad to read more

Download free eBooks at bookboon.com



http://www.skf.com/knowledge

To find the length of the curve, we apply the formula:

L = /\/:c’ ()2 dt

/ Ve2t(cost — sint)2? + e2t(cost + sint)2 dt
0

U
/ \/th (2 cos2t 4 2sin’t — 2sintcost + QSintcost) dt
0

V2et dt

0

V2 [e']T =V2(e" — 1).

0

. [4pts: 2 to setup integral, 2 to calculate] Find the surface area of the surface of revolution

obtained by revolving the curve

{x(t) = 3t 0.1

about the x-axis.

Solution. We apply the formula

A = o / YOV @R T DR dt

0

1
- 27r/ 3t2/(3 — 3t2)2 + (6t)2 dt
0

1
= 67r/ £21/9 + 9t4 — 1842 + 362 dt
0
1
- 67r/ t24/(3 + 3t2)2 dt
0

1
= 67r/ t2(3 4 3t%) dt

GW/:
o

3t2 4+ 3¢t dt
+ t5 =

6m- - = —.
} 5 5
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O Polar curves

The Worksheet and Homework set M9A should be worked on after studying the material from sections
9.1 and 9.2 of the youtube workbook.

9.1 M9A Worksheet: polar coordinates

1. Plot below the following points given by their polar coordinates: a) (2,0); b) (1,7);
o (—2,%5);d) (1,5);) (—1,%).

2. Find 3 different pairs of polar coordinates for the point of Cartesian coordinates (—+/3,1).

3. Find Cartesian coordinates for the points of polar coordinates (2, %), (0, ), (2, §) and

4. Find Cartesian equations for the following polar curve and sketch the curves:
@ r=3
b)) 6=-%

(c) r=2cosb
(d) r=4sinb
5. Find polar equations for the following Cartesian curves:
(@ 2?2+y*>=16
(b) 22+y*=z
(c) z=2
(d)  y=4
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6. Sketch the polar regions on the polar grid below
(a 0<r<3
(b) 0<6<ZTand0<r<3

Vouwro Touexs | Resanr Toocks | Macs Toveks | Vowo Buses | Vowo Cowsteucnion Esumsest | Wowo Pesm | Vowo Aeno | Wowo IT
Vowo Fimswcer Sepnces | Vowo 3P | Vowo Powerream | Vowo Pasrs | Vowo Techwowoer | Wowo Loasncs | Busisess Anes Asie
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9.2 M9A Homework set: polar coordinates

1. Plot below the following points given by their polar coordinates: a) (1,0); b) (0,1);
C) (_13 g)’ d) (17 —§)§ e) (_L 2?”)

2. Find 2 different pairs of polar coordinates for the point of Cartesian coordinates (—1,1).

3. Find Cartesian coordinates for the points of polar coordinates (2, §), (0, {5), (2, %) and

( A 377‘-) .
4. Find Cartesian equations for the following polar curve and sketch the curves:
(a) 0=7%

(b) r=3cosb

5. Find polar equations for the following Cartesian curves:
@ 2*+y’=y
(b) y=-1
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9.3 M9A Homework set: Solutions

NAME:
GRADE: /20

1. [5pts: 1 for each point] Plot below the following points given by their polar coordinates:
a) (170)a b) (07 1)! C) (_17 %)a d) (17 _g); e) (_17 2%) .

2. [2pts] Find 2 different pairs of polar coordinates for the point of Cartesian coordinates

(—1,1).
Solution. As tanf = £ = —1, the point is located on the line 6 = % and r = /22 + 42 = /2.

Thus, polar coordinates for this point are

(\/5, %) or (—v2,-Z).
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3. [4pts: 1 for each] Find Cartesian coordinates for the points of polar coordinates (2, §),

(0’1#_2), (27 %) and (17_3?7")'

Solution. Using
T =r71cosf
y=rsinf
we obtain

« for the Cartesian coordinates of the point of polar coordinates (2, §):
T =2cos§ = V3
y=2sing =1

+ any point with » = 0, in particular (0, 75) is the origin (0, 0) of the Cartesian system.

« for the Cartesian coordinates of the point of polar coordinates (2, % ):

x:2cos§:\/§
y:2sing:\/§

« We note that the half ray § = —2Z, » > 0 is the positive y-axis. Thus the Cartesian

coordinates of the point of polar coordinates (1,—27) are (0,1).

EXPERIENCE THE POW
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4. Find Cartesian equations for the following polar curve and sketch the curves:

(@) [2pt] 6 =3

Solution. This is the line through the origin of slope tan § = \/ig = %, that is, y = %3z

(b)  [3pts] r =3cosb

Solution. Note that the origin, or pole, is on the curve for cos 5 = 0. On the other hand,

for r # 0, the equation r? = 3rcosf is equivalent, and rewrites interms of x and y as

P4y’ =3z — (2*-32)+y*=0

2
3 9
— <:13 — 5) 1 + 4% = 0 by completing the square
— 3Y’ 422
T — = = -
2) "V Ty
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5. Find polar equations for the following Cartesian curves:
@@ [2pts] 2 +y? =y

Solution. x> +y? = r? and y = rsinf so that

r? =rsinf <= r(r —sinf) =0 <= r =sinf

because the pole r = 0 is on the curve r = sin6 .

(b)  [2pts] y =1
Solution. Since y = rsinf , a polar equation is

rsinf = —1,

which we may rewrite

1
r= “snd = cscl
(thus obtaining a curve of the form r = f(#)) because values of 6 making sin = 0 do

not correspond to points on the curve (0 # —1!).
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The Worksheet and Homework set M9B should be worked on after studying the material from sections
9.3, 9.3, and 9.50f the youtube workbook.

94

M9B Worksheet: polar curves

. Consider the polar curve r = sin36 .

(a)  Find the slope of the tangent at § = 0 and at § = 7.
(b)  Find all the points of the curve where |r| is maximal, and show that at these points the

tangent line is perpendicular to the radius joining the pole to the point.

. Find the slope of the tangent line

(@) tor=cos20 at § =
(b) tor=sin4d atd =
(c) tor=4sinf atf=0andatf=7%.

ERESE]

. Find the arc length of

(@) r=-cos30
(b) r=06,0<0<m.

. Find the area of

(a)  the region bounded by r = 2cos@
(b)  oneleaf of r = cos 30
(c)  theinner loop of r =1 — 2cos6

(d) the region inside of » = 2 and outside r = 2 — 2sinf .
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9.5

M9B Homework set: polar curves

. Consider the polar curve r = 2+ 4sin 26 .

(a)  Find the slope of the tangent at § = 0 and at § = 7.
(b)  Find all points where |r| is a (local) maximum and show that the tangent line at such

points is perpendicular to the radius connecting the point to the origin.

. Find the slope of the tangent line to r = cos36 at ¢ = £ andat § = % .
. Find the arc length of

(@) r=4foro<f<n

(b) r=+1+sin20 for 0 <6 <+2r

. Find the area of the region

(a)  inside the cardioid r = a(1 + cosf), a > 0
(b)  shared by the cardioids »r =1 + cos# and r =1 — cos@.
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9.6 M9B Homework set: Solutions

NAME:
GRADE:

/25

1. Consider the polar curve r = 2 + 4sin26 .

(a)

(b)

dy

[4pts: 2 for each] Find the slope of the tangent at # = 0 and at 6 = Z.

Solution. The slope at the point of parameter 6 is

dy r'sinf+rcosf  8cos20sinf + 2cosf + 4sin 26 cos 0
dx  r'cosf —rsinf  8cos20cosf — 2sinh — 4sin 20sinf’

so that

and

B 8cos g sin § + 2cos § + 4sin § cos § B 24++3+3 _ 543

Ew:g o 8cos§cos%7251n%f4sin§sin% o 2v/3-1-+3 N \/5—1'

[4: 2 for finding points, 2 for slope and perpendicular] Find all points where |r| is a
(local) maximum and show that the tangent line at such points is perpendicular to the

radius connecting the point to the origin.

Solution. |r| isalocal maximal whensin 26 = +1,thatis,when 20 = 7 + k7 ,equivalently,

0=7Z+kZ, thatis Z, 2, 5% and Z=. When 6 = Z or 6 = 2%, the radius is carried by

the line y = 2 of slope 1, and the slope of the tangent is

dy 3v2 dy =32

hat:4 =Y —_1 d % =
drjo==  —3v/2 and o=z = 32

so that the tangent line is perpendicular to the radius (as the product of the slopes is
~1). Similarly, when 6 = 23X or § = ZZ, the radius is carried by the line y = —z of slope

-1, and the slope of the tangent is

dy  _ -3V2
dz =2z —3v2

S

_ dy _ 3
=1 and d;c|0:%’ 3

=1

S

of that the tangent line is perpendicular to the radius (as the product of the slopes is

-1).
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2. [4pts: 2 for each] Find the slope of the tangent line to r = cos36 at § = % and at 6 = 7 .

Solution. The slope at the point of parameter 6 is

dy r'sinf+rcosf  —3sin36sin6 + cos 30 cosd

dr ~ r'cosf —rsinf  —3sin30cosf — cos360sinf’
so that
@y _-3-%_
drjp=z -3+4+1

On the other hand, for § = £ we have » = cos § = 0, so that the line # = % of slope tan z=

“IS

is the tangent.
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3. Find the arc length of
(a) [2pts] 7 = \% for0< 0 <m.
Solution.

N RGEGR

™ 20 26
/wi+iw
, V2T

= / e’ do = [ee]g:e”—l.
0

(b) [3pts] » =+/1+sin20 for 0 <6 <+2r

Solution.

b{
Il
S
9

r2 + (r')2 df

2 cos 26 )2
24/1 + sin 26

2
cos §29) a0
1+ sin 26

1+ sin 26 + (

Il
S
9

1+ sin26 +

Vam 1 4 25in 20 + sin(26) + cos2(26)

1+ sin 260
Ven iy V2r
:/‘\@Qgg@w:ﬂ/ 6 = 27,
0 1+ sin 26 0

4. Find the area of the region

do

I
S— S
9

(a)  [3pts] inside the cardioid r = a(1 + cosf), a > 0

Solution. Since 7(0) = r(27) the curve is a closed curve and it encloses a region of area

1 21 1 2T
A = _/ r2d9:—/ a? + a® cos? 0 + 2acos b db
2 0 2 0

2 27 27
= a_/ 3+ cos(260) d9—|—a/ cos 6 df
4 Jo 0

because cos? 6 = H%S(%). Thus

1 27
P9+§$n%} +alsing))" =
0

2

a 3ra?
4

2

A:
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(b)  [5pts:2forsetup, 3 for calculation] shared by the cardioids r = 1 + cos @ andr = 1 — cos 6 .

Solution. Sketching the curves, we obtain:

Because

1 —cos(m —6) =1+ cosb,

the two curves are reflection of one another about the y-axis, and they intersect on the
y-axis (at the pole, for # = Z and for 6 = 37). Thus, by symmetry, we see that the desired
area is 4 times the shaded area, which we can interpret as the area of the region bounded

by the angular sector 0 < # < 7 and the (blue) polar curve § = 1 — cos#. Thus

1 2
A = 4~—/ (1 —cos6)*db
2Jo

= 2/2 1—2cosf+ cos®0db
0

™

1+ cos(20)

= 2/21726089+
0 2

1 3
= |:39 —4sinf + = sin(20)| = — —4.
2 0 2
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Exercises for A youtube Calculus Workbook Part II Mock Test 3

Mock Test 3

You should give yourself two hours to do the following test on your own, then, and only then, move to the

solutions to evaluate your work. Show all your work to get credit.

1. [30] Consider the curve

(a)  [10] Find the points on the curve where the tangent is horizontal, and those where the

tangent is vertical.
(b)  [10] What are the intersection points of the curve and the x-axis? Show that one of them

is a point of self-intersection of the curve and find the tangent lines at this point.

(c) [10] Sketch the curve.

360°
thinking

Deloitte

Discover the truth at WWW.dClOitte,CalcareerS © Deloitte & Touche LLP and affiliated entities.
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2. [20] Consider the parametric curve

{x(t) = 3(t—sint)

y(t) = 3(1— cost) t € [0, 2n].

(a)  [10] What is the length of the curve?

(b)  [10] What is the area enclosed between the curve and the x-axis?

3. [10] Find the surface area of the surface of revolution obtained by revolving the curve
{a:(t) = QSin‘?t ‘e [O, z}
y(t) = 2cost 2

about the x-axis.

4. [20] Consider the curve of polar equation
r= 302.
(a)  Describe the tangent lines at the points of parameter

0=0,

5, .

(b)  Sketch the curve.
3T

(c)  Find the area enclosed by the curve and the angular sector ranging from 6 = 0 to § = <.

(d)  Find the length of the part of the curve corresponding to the same angular sector.
5. [20] Consider the curve of polar equation
r = sin (36).
(a)  Describe the tangent lines at the tip of each “petal” of this curve.

(b)  Sketch the curve.

(c)  Find the area enclosed by one petal.
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Mock Test 3 Solutions

1. [30] Consider the curve

t € [0, 27].

xz(t) = cos2t
y(t) = 2sin3t

(a)  [10] Find the points on the curve where the tangent is horizontal, and those where the
tangent is vertical.

Solution. The slope of the tangent line to the curve at the point of parameter ¢ is

dr  2/(t) —2sin2t

dy y'(t) 6 cos 3t
x

The tangent is horizontal whenever %% = 0, that is, whenever cos 3t = 0 and sin 2t # 0.
Note that

57 Tm 3w 11
cosgt:oﬁgt:;kﬂ:w:g%g@te{f,ﬁ,_ﬂl_ﬂ_ﬂ},

and

. s T 3
sin2t =0 < 2t =kn <— t:k§ = te{o,g,w,—,%}.

2

At 0 = 3:
. dy . 6cosdt g .. —18sindt 18 9
hm—:hmi. =lm —=— = -,
t—= dr t—>I% —2sin2t t—>% —4cos2t 4 2

. dy . 6cosdt g .. —18sindt —18 9
lim == lm ——— = lim ——— = .
t—3z dr 153z —2sin2t  +-3z —4cos2t 4 2

Thus, the tangent is horizontal for t € {Z, 3% Ix LT} that is at the points

1 1

o) 2 [ P -2.

2 2
On the other hand, the tangent is vertical when sin2¢t = 0 and cos 3t # 0 that is for
t = 0,m, 2, that is, at the point (1,0).
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(b)  [10] What are the intersection points of the curve and the x-axis? Show that one of them

is a point of self-intersection of the curve and find the tangent lines at this point.

Solution. The curve intersects the x-axis if y = 2sin 3t = 0, that is,

s T 2T 47 Bnm
=kt <= t=k, <~ M o
3t=k b=l te{0,3,3, 530 }

For ¢t = 0, 7, 27, we obtain the same point (1,0) but it is not a point of self-intersection

for the tangent line is always the vertical line = 1, as seen in the previous question.

For t = 7,27 4% 5% we obtain the same point (—3,0). The latter is a point of self-
41

intersection, for the slope of the tangent line is different for ¢t = % and ¢ = 47:

dy =6 iy .
%lt:%——_ﬁ—%/gand H|t:‘%'__—\/§__2\/§.
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Exercises for A youtube Calculus Workbook Part II Mock Test 3 Solutions

(c)  [10] Sketch the curve.

Solution. We study the variations of z(¢) and y(¢):

and thus we obtain the following sketch:

2. [20] Consider the parametric curve

z(t) = 3(t —sint)
{y(t) = 3(1 — cost) t € [0,2n].

134
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(a)  [10] What is the length of the curve?
Solution. The length is given by

- [ V@ ) dt

0
27
/ \/3 3cost) 2 1 9sin?tdt

= \/9+90082t—|—981n t — 18costdt
0

2m
/ v/ 18(1 — cost) dt.
0

Using the double angle formula cost = 1 — 2sin® £ so that

27 t 27 t
L:3\/§/ \/2sin’ <7>dt:3\/§~\/§/ sin‘dt.
Moreover, if ¢ € [0,27] then £ € [0,7] and sin (£) > 0. Thus,

2 t ¢ 27
L:6/ sin —dt =12 | —cos = = 24.
0 2 2],

(b)  [10] What is the area enclosed between the curve and the x-axis?

Solution. Since y(t) > 0 for all ¢, and the curve is traversed once as ¢ increases from 0

to 2m, we have

A = /0 y(t)-ac'(t)dtz/o 3(1 —cost) -3 (1 — cost) dt

27
= 9/ 1 —2cost + cos? t dt
0

1+ cos2t

27
= 9/ 1—2cost+——dt
0 2

3 ' 1 ) 27
= 9|=t—2sint+ —sin2t = 27m.
2 4 0

. [10] Find the surface area of the surface of revolution obtained by revolving the curve
t)= 2sin’t
x(t) sm3 ‘e [O, z}
y(t) = 2cos’t 2

about the x-axis.
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Solution. In this context,

x
A = 27r/ yVz'? +y?dt
0

z
= 27 / 2 cos® t\/36 sin* t cos2 t + 36 cost t sin® ¢ dt
0

%
= 471'/ cos® t\/36 sin®t cos? t (sin2 t+cos?t) dt
0

™

2
= 247T/ cos®t - sintcost dt
0

24
= 247r/ cos” t sint dt.
0

Let w = cost. Then du = —sintdt and

0 571
A= —247r/ u' du = 247 [u—} = 24m
. 5], 5
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4. [20] Consider the curve of polar equation

(a)  Describe the tangent lines at the points of parameter
s

0=0, —

) 2 )

.

Solution. For § = 0, r = 0 so that the line § = 0 is also the tangent line to the curve. On

the other hand, the slope of the tangent line at 0 is given by

dy r'sinf +rcosf gsin@-l—i—QCOS@

dx  r'cosf —rsinf gcose— %sin@’

so that for 0 = dy:—%:—% andfor0 =7, % =9 —

T a4y
22 dx de — 2

B

(b)  Sketch the curve.

Solution. r is an increasing function of 6 for 6 € [0, 2], so that the curve is a spiral.

Including the points for # — 0,7, for which we have the slope of the tangents, we

obtain:

(c)  Find the area enclosed by the curve and the angular sector ranging from 6 =0 to

— 3m
6= 3.

Solution. The area is

3

1 [2 1 5 opa 1 3 24375
A:f/ r2d9:f/ O gp= L [p)F = 28T
0 0

2
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(d)

Find the length of the part of the curve corresponding to the same angular sector.

Solution. The length is given by

o

s

2 dr\?
2 — | df
e (da)

3

= 94 92

Il
S— S—
+

o

Il Il
S— S
m‘ﬁ;’
OIS
~| ]
SN
H;| S B N
+ NS
N +
<> —
: S~
.
I

1

. [20] Consider the curve of polar equation

()

r = sin (36).

Describe the tangent lines at the tip of each “petal” of this curve.

Solution. Note that |r| < 1 so that r is maximal when sin(30) = +1, that is, if

S~

v
3 thT 6266 2" 6

k
9 +

i —
3

S

6[0,271')06 {7r 7 bt Tm 3w 117r}

Moreover, that corresponds to only 3 “tips of petals’, for (%) =1 and r(77) = —1

represent the same point, (%)= —1 and r(2F) =1 represent the same point, and
r(3) =1 and r(4*) = —1 represent the same point. At any of these points, the tangent
line is perpendicular to the radius joining the pole to the point, for this radius has slope

tan @ while the tangent has slope

dy r'sinf+rcosf  3cos(30)sin 6 + sin(30) cos 0

dx ~ 1'cosf —rsinf  3cos(36) cos — sin(36) sin f

= —cotd
whenever cos(3¢) =0, which happens at each one of these points. Thus, for

9 {%, 3, I Lx} the product of the slopes is -1 and the two lines are perpendicular.

At Z and 27, tan 6 is not defined, but the radius is vertical and the tangent horizontal.
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(b)  Sketch the curve.

Solution. The variations of r as a function of 0 are as follows:

In particular, r = 0 for 6 € {0,%, 2%, 7, 4% 2Z 27}, which gives us the direction of the

tangent lines at the pole.

Taking all this into account, we obtain:

(c)  Find the area enclosed by one petal.

Solution. We see that all 3 petals are identical. The area enclosed by the first petal

corresponds to

1 (3
A = = / sin?(36) d
2 Jo
1 5 1 — cos(66)
- 2/0 0
1 . 3o
= 4[9—511169]0 T
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10 M10: Sequences and Series

The Worksheet and Homework set M10A should be worked on after studying the material from sections
10.1, 10.2, and 10.3 of the youtube workbook.

10.1  M10A Worksheet: Sequences

1. Write the first 5 terms of the sequence {a,}> , if

(a) an = ig;%

b))  an=(-1)"o

ay =2
(C) {an+1 = \/2"_\/@

2. Find the limit of the sequence {a,}°, if

(a) an = %
2
(C) an = 2::_;:%2

(d) ay = (Inn)?
(e) Ap = sin ((11171:,)2)
(f) an = stn

@) an=(1" 3
(h)  a,=5-(3
D an=5-(3)"
0 an=G5

& an = {5

3. For each sequence {a,}22, below, say if its bounded above? below? (eventually) increasing?
(eventually) decreasing? Justify your answers.

(a) ap = nts

n+2
®) =2
©  an = g0
(d)  ap,=en
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10.2  M10A Homework set: Sequences

1. Write the first 5 terms of the sequence {a,}>, if
O D =

(b) {al ., 3n—1

— _3
On+l = 33a,

2. Find the limit of the sequence {a,}5°, if

@ an =2

3
(b)  an = 3573

(c)  an = sin (arctan (;’L—z))

. " cos(%)—l
(d =D L0y
(e) an = enzm
(f) an = 1,2!"

3. For each sequence {a,}5°, below, say if its bounded above? below? (eventually) increasing?
(eventually) decreasing? Justify your answers.

(a) ap = gzt;

(b)  an = ety

In(n+1)

.
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10.3 M10A Homework set: Solutions

NAME:
GRADE: /21
1. [5] Write the first 5 terms of the sequence {a,}3°, if
n 2n+4
(@)  [25=05x5]a, = (~1)"+! . 2t
Solution.
8 5 12
= = — — = — = — — = 1.
ay 37 az 570’3 4,0,4 11,@5
b)) [25=05x5]41 73
n+1 = 334,
Solution.
a 34 3 3 a 3 15 a 3 39 a 3
1 =9, d2 = = -, a3 = 3 = 190 %= 15 = 440 45 = 39
2+3 5 2+2 13 2+ 15 41 2+ 2
2. [10] Find the limit of the sequence {a,}5°; if
(@) (1] a = f2
. 3549 oo . .
Solution. {na—jl}”:l is divergent because
lim 3n° +2 = lim 32° +2 =00
n— oo ’n,3—|—]_ _m—>oo LE3+1 o
(b) [1] a, = 3oL
Solution.

5n + 1 . h+1 5

m —— = 11m —— = =

n—oo 2n3 —_ 3 T—00 2%3 — 3 2
(c) [2]a,, = sin (arctan (Z—;))

Solution. Since
lim ¢ - lim ¢ i lim il lim e—”:oo
T—00 I z—00 21 z—00 2

n—o00 N

and lim, _, arctanz = 7, we conclude that

. . e” LT
lim sin | arctan — =sin— =1.
n 2

n—oo
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. cos 7—1L)—1 . cos ;1,)—1 cost—1 g .. —sint 0
lim — :hmf: im —— = lim =-=0,
n— 00 sin (—) T —00 sin (—) t:% t—0 sint t—0 cost 1
we conclude that lim,,_,, |a,| = 0 and thus lim, . a, = 0.
2’71
(e) [2] an e“+3n
Solution.
. on . 27y . 2°In2 g . 2%(In2)°
lim = im = lim = lim ———
n—oo e" 4+ 3n z—oo e¥ +3x z—ocet 4+ 3  z—oo et
2 xr
= lim (In2)*- <—> =0
r—00 e
because 0 < 2 < 1 so that lim, . ( )T =0
) [2]a, =12
Solution. For n > 10, we have
10" 10-10...-10...... 10-10 10" 10 10 10 10 _ 10" 10
nl 1-2....10...(n—1)-n 100 11 12 " n—1 n ~— 10! =n

and lim,,_, oo 171—0 =0, so that by the Squeeze Theorem, lim,,_,~ a,, = 0.

3. [6] For each sequence {a,}5° ; below, say if its bounded above? below? (eventually)

increasing? (eventually) decreasing? Justify your answers.
2n+3

(@)  [3:1 decreasing, 1 bounded above, 1 bounded below] a,, = 525

Solution. Since a,, = f(n) for f(z) = 2243 and

.. 2Bz—2)-302z+3) 13
) = Bz — 2)? = Gr e

we conclude that f(z)is decreasing, and therefore {a,}>2, is also decreasing. Thus,

{an}22, is bounded above by a; =5 and below by 0, because the sequence has only

positive terms. Thus, {a,}>>, is bounded.
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=n"

(b)  [3: 1 neither increasing nor decreasing, 2 bounded] a, = T(ntD)

Solution. The sequence {a,}52, is neither (eventually) increasing nor decreasing, for
it takes alternatively positive and negative values. On the other hand, it is bounded, for

lan| = —ln(nl 1) is decreasing so that

1 1
< < = <q, < —.
07|an|7ln2 In2 _an71n2
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The Worksheet and Homework set M10B should be worked on after studying the material from sections
10.4 and 10.5 of the youtube workbook.

10.4  M10B Worksheet: Sequences defined inductively

1. Is the sequence {a,}52, defined by

a]; = 2
Opt1 = 371(1 for all n

n

convergent? If yes, find its limit.

2. Same question if

a]; = -1
Ap41 = 3+an for all n

3. Is the sequence {a,}32, defined by

a1:1
U1 =3 — = foralln

an

convergent? If yes, find its limit.

4. To show the continued fraction equality

1
N R —
2+2+ﬁ

consider the sequence {a, }5°, defined by

a1:1
an+1:1+${ln fOI'a]ln.

(a)  Find the first 8 terms (with a calculator).

(b)  Show that {as,}22, is convergent.

(c)  Show that {as,41}52, is convergent.

(d)  Show that lim, .o a2, = lim, .o a2,+1 and conclude about the continued fraction

equality.
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10.5

M10B Homework set: Sequences defined inductively

1. Consider a sequence {a, }72; defined by

ay
Uny1 = (an, —1)>+1 foralln’

(a)  What is the limit of {a,,}32, if a; = 1? Justify your answer.
(b)  What is the limit of {a,,}32, if a1 = 22 Justify your answer.
(c)  What is the limit of {a,}22, if a; = 3? Justify your answer.

2. Consider a sequence {a,}?2; defined by

CL1:1
an+1:1—|—x—§ for all n

(a)  Find the first 8 terms (with a calculator).
(b)  Show that

< ag, <agpyr <2

N W

for all n.
(c)  Show that {as,}22, is convergent.
(d)  Show that {az,+1}52, is convergent.

(e)  Admitting that lim,_, a2n+1 — a2, = 0, deduce lim,,_,oc ay,.
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10.6 M10B Homework set: Solutions

NAME:
GRADE: /21

1. [10] Consider a sequence {a,}>° ; defined by

a1
Unp1 = (an —1)34+1 foralln’

(a)  [4:either 3 for proving direct formula for a,, and 1 for the limit, or 1 for non-decreasing,
1 for bounded above, 2 for limit] What is the limit of {a,}5%, if a1 = 1? Justify your
answer.

Solution. The first few terms are

1 1
a1:1—§,a2:1—§,a3:1——

so that it seems that

1

an = 1- 23n—17

for all n, which we set out to prove by induction. This is true for n = 1.

Assume it is true for some n. Then

5 1 ’
An+41 = (anfl) +1(123n—11 +1
= \7@7) t1
1
Thus

. . 1

lim ap = lim 1 — —= =1.
n—oo n—o00 23m

Alternatively, we see from the first few terms that the sequence seems non-decreasing

and bounded above by 1.
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We prove it by induction, that is, we prove that a,, < a,,+1 and a,, <1 for all n. We have
already verified it for n = 1 for a; = § < az = £ and a; < 1. Assume now that for some
1, an < any1 and a, < 1. Note that f(z) = (z — 1) 4+ 1 is a non-decreasing function

for f/(z) = 3(x — 1)? > 0. Thus

an < an+1 = Qp41 = f(an) < f(an+1) = Gn+42
an <1 = ap+1 = fla,) < f(1) =1

The sequence {a, }5° is non-decreasing and bounded above, therefore convergent. Let
L :=lim,_, a,. Then f(L)= L, so that

(L-1*—(L—-1)=0
(L-1)((L-1)*-1)=0
L=1or(L-1)2=1
L=lorL—1=+1
L=1lorL=0o0rL=2

(L-1*+1=1L

rrret

Since {a,}32, is non-decreasing with a; = 1, L # 0, and since {a,}32, is bounded

above by 1, L # 2. Thus lim,_, a, = 1.
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(b)

[4 similarly] What is the limit of {a,,}52; if a; = 32 Justify your answer.

Solution. The first few terms are

S I P I R
a1 = 2,&2— 87a3_ 83?"'

so that it seems that

1

arL=1+23,L—4,

for all n, which we set out to prove by induction. This is true for n = 1.

Assume it is true for some n. Then

1 3

Unt1 = (an—1)3+1:<1+23"—1_1) !

3
1
()
1
Thus
1

lim a, = lim 1+ =1.

n—00 n—00 93n—1

Alternatively, we see from the first few terms that the sequence seems non-increasing
and bounded below by 1. We prove it by induction, that is, we prove that a,, > a,,41 and
an > 1 for all n. We have already verified it for n =1 for a1 = 3 > ap = § and a1 > 1.
Assume now that for some #, a,, > a,11 and a, > 1. Since f(z) =(z—1)3+1 is a

non-decreasing function

(7% Z An+1 — Ap+1 = f(an) Z f(a71,+1) = Qn+2
an>1 = any1 = flay) > f(1) =1
The sequence {a,}?2; is non-increasing and bounded below, therefore convergent.
We already have seen that the possible limits are 0, 1, and 2, and the we conclude that
limy, o0 an = 1 for 2 is not possible because {a,,}32, is non-increasing with a; = 2 and

0 is not possible because {a,}2>, is bounded below by 1.
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(c)  [2pts] What is the limit of {a,,}?2, if a; = 3? Justify your answer.

Solution. The first few terms are

a1 =3,a2 =9, a3 =513, ag = 134217729, ...

so that it seems that the sequence grows without bounds. Indeed, we prove by induction

that
an =2%""" 41
for all n. It is true for n = 1. Assume it is true for some n. Then
ni1 = (an —1)> +1= (23”*1)3 F1=280 41,
and the claim is true by induction. Thus lim,,_, a, = cc.

2. [11] Consider a sequence {a,}5°; defined by

(L1:1
an+1:1+x—§ for all n

(a) [2] Find the first 8 terms (with a calculator).

Solution.

ay = 1

5
as = 3 ~ 1.66

4

= — a~1.741

as o7 7
as ~ 1.731
as ~ 1.73226204616
ag ~ 1.73201811397
ar =~ 1.73205586493

ag ~ 1.73205002518

(b)  [2] Show that

IN

< ag, <agpy1 <2

N W

for all n.
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Solution. We proceed by induction. In (a), we have already verified the case n = 1.

Assume that it is true for some n. Note that f(z) =1+z — % is decreasing for > 2
for f/(z) =1- 2. Thus

3

<agy < a1 <2 = f(2) < flagnt1) < flazn) < f <—>

3
2 2

5
= <f@2)= 3 < aonto < agpy1 < 1.75 < 2

N W

which proves the property by induction.
(c) [2] Show that {as,}?2, is convergent.

Solution. By the previous question {as,}22, is bounded. We show by induction that
it is non-decreasing, that is, that as, < as,12 for all n. We have already verified it for
n =1 because as < ays. Assume that it is true for some n. Then, since all terms of the
sequence are at least 2, we can use the fact that fis non-decreasing, and thus, that f o f

is increasing to the effect that

A2n < Aony2 = Gont2 = f 0 flazn) < fo flaznye) = aonta,

which completes the proof that {as,}>2 ; is non-decreasing. Since it is also bounded, it

is convergent.
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(d)

(e)

[2] Show that {a2,+1}22, is convergent.

Solution. By (b), {a2,+1}22, is bounded. We show by induction that it is non-increasing,
thatis, that as,,+1 > a2,43 forall n. We have already verified it for n = 1 because az > as.
Assume that it is true for some #. Then, since all terms of the sequence are at least %, we
can use the fact that f is non-decreasing, and thus, that f o f is increasing to the effect

that

a2n+41 Z a2n+3 - a2n+4+3 = f o f(a2n+1) S f o f(a/2n+3) = A2n+5,

which completes the proof that {as,+1}72; is non-increasing. Since it is also bounded,

it is convergent.
[3] Admitting that lim,,_,o a2,+1 — a2, = 0, deduce lim,,_, ay,.

Solution. If lim,, oo a2n+1 — a2, = 0 and {az, }22; and {az,+1}5° ; are both convergent,

then

lim agn = lim A2n41 = lim Qp
n—00 n—00 n—00

and {a,}72, converges. Let L :=lim,_,o a,. Then f(L) = L because fis continuous.
Thus

L2
1—|—L—?:L e [?=3 «— L=4V3.

Moreover, only /3 is between 2 and 2 as terms of a,, for n > 1. Thus
Yy 2

lim a, = V3.

n—oo

Download free eBooks at bookboon.com



The Worksheet and Homework set M10C should be worked on after studying the material from sections
10.6, 10.7, 10.8, and 10.9 of the youtube workbook.

10.7 M10C Worksheet: Series

1. Are the following series convergent or divergent? When convergent, find the sum.

S 3n+2
(a) -1
n=1 2
oo 6n
® >
n=1 n
(c) 52n

n=1
@ XV

n=1
0 on+2
(@ 2(V'5=
n=1
> sin(1
O X- )
> 1
() ;m

(h) 5 7 9 11

54‘5“!‘14—3...
(i)  34+V3+V3+V3+...
= en 3
) 2t

2. Justify the equality

0.99 = 1.
3. Represent as a fraction of two integers the decimal number

2.345

4. A rubber ball falls an initial height of 10 meters. Whenever it hits the ground, it bounces
up two-thirds of the previous height. What is the total distance covered by the ball before it

comes to rest?
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10.8  M10C Homework set: Series
1. Are the following series convergent or divergent? When convergent, find the sum.

> 22n

@ Dt

n=1

b) DV

© S (- tl

— 2n%+3
= n
(d) n;l (n+1)!

- 1
(€) ; 16n2 —8n —3

= (=1)"3" 4
O Dt

3
Il
-

2. Represent as a fraction of two integers the decimal number

3.1

3. (Bonus) Achilles and a Tortoise have a race. The tortoise gets a 1000 feet head start, but
Achilles runs 10 ft/s while the tortoise only runs 0.01 ft/s. Zeno of Elea (ca. 490-430 BC)
proposed the following paradox, known as Zeno’s paradox, to show that motion is nothing
but an illusion: When Achilles reaches the tortoise’s starting point, she has moved ahead,
although by a short distance. By the time Achilles reaches that new point, the tortoise has
again moved a short distance ahead, and so on. Thus, it seems that Achilles can never catch
up. Using series, explain why it is not the case, and calculate the time it takes Achilles to

pass the Tortoise.
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10.9 M10C Homework set: Solutions

NAME:
GRADE: /13
BONUS: /5

1. Are the following series convergent or divergent? When convergent, find the sum.

(@)  [1] Solution.

because the series is geometric with first term 4 and common ratio 2.

(b)  [1] Solution.

> e > e\n—1 —e 5e
IR SR G L
Vg =2 (5 1+¢  b+e

n=1 n=1

because the series is geometric with first term —e and common ratio —£,and | — €[ < 1.
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(c)  [1] Solution. The series

= T R
Z(_l) m2 13 = Zan
n=1 n=1
is divergent by the n* term Test, because
lim |a,| = lim M—§7€0
so that lim,, . a, # 0.
(d [2]
> ot
!
— (n+1)!
Solution. Since
n _(n+1)-1 n+1 1 1 1
n+D! w4+ (m+1)! (n+1)! ol (n+ 1)
the partial sum is
N 1 1 1 1 1 1 1

B e T . S . S
8 ;(zﬂ)! T TR TR B a3 (n+1)!

so that

. = n
e =1=2 gy

n=1

(e) [2]
= 1
ngl 16n2 —8n — 3

Solution. Since

1 1 A B

160 —8n—3 (n—3)dn+1) dn—3 @ dnt1

and A and B are easily found to be { and —3 respectively, the partial sum is

n

t,r 1t 1 1 1
5 9 9 13 7 4n-3 4dn+1

I
e
"
—
|
i
3
4|
—_
~
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so that
m s, =- = —_ .
n—oo 4 1 167’L2 —8n—3

(f) [4: 2 for telescoping, 1 for geometric, 1 for sum]

> "3" 4
g 22” n2 +n
Solution. The series

2 - Z(‘Z) “13I 7

because the series is geometric of common ratio —% and first term —2. On the other
hand

1 1 A B 1 1

n2—|—n_n(n+1)_n+n—|—1 n n+1l

so that the partial sum for > 7 | —— is
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2.

3.

so that

. =1
n1L%87L=1=;n2+n.
Thus
= (~1)"3" 4 =/ 3\" =1 3 25
; 22n +n2—|—n — 4 + ;nz—i—n 7+ 7

[2] Represent as a fraction of two integers the decimal number

3.1
Solution.
_ 12 12 12
312 = 3+ —+———+...+ —=+...
00 T oo T T ooy

Sn() oo b

= 34+ 12 <_> =34+ 1001
n=1 100 L= 100
12 4 103

= 3+ =34+_=

99— ° "33~ 33

[Bonus:+5] Achilles and a Tortoise have a race. The tortoise gets a 1000 feet head start, but
Achilles runs 10 ft/s while the tortoise only runs 0.01 ft/s. Zeno of Elea (ca. 490-430 BC)
proposed the following paradox, known as Zeno’s paradox, to show that motion is nothing
but an illusion: When Achilles reaches the tortoise’s starting point, she has moved ahead,
although by a short distance. By the time Achilles reaches that new point, the tortoise has
again moved a short distance ahead, and so on. Thus, it seems that Achilles can never catch
up. Using series, explain why it is not the case, and calculate the time it takes Achilles to

pass the Tortoise.

Solution. When Achilles reaches the tortoise starting point, he has covered 1000 feet at 10ft/s,
hence 100s have passed. Meanwhile, the tortoise has moved ahead by 0.01 x 100 = 1 f¢ . Achilles
covers this feet in 0.1 second, and the tortoise has then moved ahead by 0.01 x 0.1 = 0.001 ft¢.
It takes Achilles 0.0001 second to cover this distance, and meanwhile the tortoise moved ahead
by 0.01 x 0.0001 = 0.000001 ft. As we iterate this process, the limit of the distance between
Achilles and the tortoise is 0 and the time it takes Achilles to reach the tortoise is the sum of

the geometric series

0o n—1
1 100
100 + 0.1 + 0.0001 + 0.0000001 + ... = 100 | ——— =
1000 1— ==
n=1 1000
10° —
= 999 = 100.1001 sec.
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11 M11: Integral Test and
Comparison Test

The Worksheet and Homework set M11A should be worked on after studying the material from sections
11.1, 11.2, and 11.3 of the youtube workbook.

11.1  M11A Worksheet: Integral Test

1. Are the following series convergent or divergent?

(@) e \7%

b) Yol

(€) oz tlan

@ X<

©  Xolommw

GO S

@  Xoli petentae
) Y e
N Sl

2. Justify the convergence of the following series and find the number of terms to be added to

obtain an estimate of the sum with an error less than 1073:

(a) P 7%4

2

b) ol

(© ol m
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Exercises for A youtube Calculus Workbook Part II M11: Integral Test and Comparison Test

11.2  M11A Homework set: Integral Test

1. Are the following series convergent or divergent?

(a) ZZOZI n22-:-1?:";7,3-‘,-2
o 4

(b) Zn:l W

(©) et 27171——:-13

) Xols nmye
n—1

OREDPRIE =

(O D e

2. Justify the convergence of
0 2
2
and find the number of terms to be added to obtain an estimate of the sum with an error less
than 1073.
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11.3 M11A Homework set: Solutions

NAME:
GRADE:

/22

1. Are the following series convergent or divergent?

(a)

(b)

(c)

(d)

[4pts:1 for checking assumptions, 2 for integrals, 1 for conclusion] y~>7 | —20E2

Solution. This series is of the form >~ 7, f(n) where f(z) = 1223; 12 is non-negative

continuous and decreasing on [1,00) for

, 222 +32+2)— (2z+3)2 222 —6x-5
fi(@) = =
(22 + 32+ 2)? (22 + 3z + 2)?

<0 forz>0.

Thus, by the Integral Test, > ° | -*4"3 is convergent if and only if [ f(z)dz is.

Moreover,
/00 2 + 3 i bo2x 43
1 TE4+3r+2 t—oo [ 2%+ 3z + 2
t2 43142 d

= lim —ufOI‘u::c2+3x+2
t—o00 6 u

= lim [In \u|]22+3t+2 = 00,
t—o0

0 _2n43 o d;
so that > 7 | 75~ is divergent.

o 4
[1Pt] Zn:l \5/7
Solution.This is a p-series for p = I > 1, and therefore D et g/% is convergent.
00 +1
[1pt] Zn:l 27;L+3

Solution. The general term a,, = % does not converge to 0 (lim, o a, = % #0),and

thus, by the n" Term Test, Y7 | F4% is divergent.

[4pts:1 for checking assumptions, 2 for integrals, 1 for conclusion] S, m

Solution. This series is of the form >°°7 | f(n) where f(z) = I(le)d is non-negative
continuous and decreasing on [2, 00) for

(Inz)3 + 3(Inx)?

(z) = — for 7> 1.
() (I z)e <0 for z >
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By the Integral Test, Y., W is convergent if and only if [,° f(z)dz is. Moreover

e’} dr i Int du ) |
e Jm e using u = lnx
2 In2

Int
= lim |[—— = !
=00 2U2 In2 2(1112)2 ,

so that Zf;z W is convergent.

1

(e) [1pt] Zn 1 3;;

Solution. The series

0o 3n—1 oo 1 3 n—1
> 5 =25 (5)

n=1 n=1

is geometric of common ratio 2 > 1. Thus "°° is divergent.

27L

f) [4pts: 1 for checking assumptions, 2 for integrals, 1 for conclusion]}" 7 | m

Solution. This series is of the form > 7, f(n) where f(z)=

continuous and decreasing on [1,00) for

1 . .
27475 18 non-negative

—(2z +4)

fi(@) = (22 +4x + 5)2

< 0for z > 0.

By the Integral Test, >~ is convergent if and only if [ f(z) dx is. Moreover

1
1 n2+4+4n+5

o 1 . ¢ dx
1 244z +5 tooo J; (x+2)2+4+1
t+2
= lim 2d—uforu::v—|—2
t—oo Jq u? +1

. t+2 ™
= lim [arctan u];r = — —arctan3,
t—o0 2

so that ™7

el m is convergent.

2. [7pts: 1 for assumptions, 3 for integral, 1 for conclusion of CV, 1 for formula for R,,, 1 for

conclusion] Justify the convergence of

5o

n=1

EIRe

and find the number of terms to be added to obtain an estimate of the sum with an error less
than 1073,
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Solution. This series is of the form >~°° | f(n) where f(z) = 2?¢* is non-negative continuous

and decreasing on [2, 00) for

fl(x) =2ze™ — 2™ =xe (2 —x) <0 for > 2.
By the Integral Test >~ , :}—f is convergent if and only if [;° f(z) dz is. Moreover,

[e'e] t
22e ®dr = lim e % dx
9 t—o00 2

and we integrate f; z?e~% dr using integration by parts twice with dv = e~® dz in both case:

t t
/ 22e Tdx = [—xQe_“‘]; + 2/ ze Tdx
2 2

t
= [—xzefz]; +2 ([—xex]; +/2 e * dm)
t

= [71’26_x — 2ze ¥ — 2e_$]2

= 10e2—e " (¢ +2t+2).

Since

24+ 2t+2 ot + 2 2
lim et (242t 4+2) = Jim o T2 gy ZEEH
t—o0 t

—00 et t—o0 et t—o0 et

we conclude that

o0
/ 22e ® dx = 10e2
2

and therefore $°°° , 2 is convergent. Moreover the error R, committed in approximating

n=1 en

S 22 by the n'* partial sum s, satisfies

n=1 en
R, < / 2le Tdr =e" (n2 +2n+ 2) .
Thus, R,, < 1072ife™" (n? + 2n + 2) < 10~2,and plugginginintegervaluesine™" (n? + 2n + 2)

shows that Ry > 1072 and Ry¢ < 1072, so that we need to use s;o to guarantee an error less

than 10—2.
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The Worksheet and Homework set M11B should be worked on after studying the material from sections
11.4, 11.5, and 11.6 of the youtube workbook.

114  M11B Worksheet: Comparison for series

1. Are the following series convergent or divergent? Justify your answers.

@ Yol s

b) Yol T

(c) ZZ"zl 4%%

GO Dl

(€ Yol st
() Sl gt
(® X, et

sssssssssssssvssssssssssssssssssssssssssssesssssnsssssssssssssssssssssssfilcgte]-Lucent @
www.alcatel-lucent.com/careers

"'

o
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(h) ZOO 14sinn

n=1 n

(i) PO

() Xl

k) oo, =
(VI D

2. Justify that the following series are convergent and find # such that the n™ partial sum gives

an estimate of the sum with an error of at most 10~3.

() fo:l 4n2+3
) Y,

©  Xoli grrgae

165
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11.5  M11B Homework set: Comparison for Series

1. Are the following series convergent or divergent? Justify your answers.
oo 2
@ s Tar
oo 1
(b)  2nt 3¥mym
©  Xihiev

oo 2n%41
(d) Zn:l n37f§>n+1

2n+1
© Yol Vrrrers
) Yoo, e

oo 2n+1
(g) Zn:l nrQL-Q'—"

(h) 30

2. Justify that the following series are convergent and find # such that the »n™ partial sum gives

an estimate of the sum with an error of at most 1073.

(a) Z;.Lo:l W

oS} 2n
(b) > Vb tntl
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11.6  M11B Homework set: Solutions

NAME:
GRADE: /24

1. [16] Are the following series convergent or divergent? Justify your answers.

@) RIXa 7o

Solution.
2 2
0< <=
nt+1 " ns
2
and 2n—1 ~T isa convergent p-series for p = § > 1. By Comparison Test, et \3/%Jr1

is convergent.
o 1
b 21X T s

Solution.

1 1
< -

23~ 2vn2 —n

2Vn2 —yn<omi=0<

Zoo 1. . . 2 . Zoo 1
and 2.n=1 7 isadivergent p-series (p = 5 < 1). By Comparison Test, 2.n=1 5%2_

2n3

is also divergent.

/
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(c)

(d)

(f)

X0

[212211 ﬁ

Solution.

o™ o™ 5\"
- < ==
e2n+4—€2n (€2>
and > >7 (e%)n is a convergent geometric series for the common ratio is = < 1. By

Comparison Test, > > is convergent.

271. +4

2
[2] Z?:l n%’TJerj_Jil

Solution. Let a,, = n%’l;rjl and b, = 1. Then

n 2n?
hma——l ni—l—n_2>0'
n—oo b, n—oond+4+n+1

Moreover, Y7 b, =Y., L is a divergent p-series (p=1<1). By the Limit
on2 +1

Comparison Test, > % | =t

is also divergent.

oo 2n+1
(21201 \/571&7%

Solution. Let a, = % and let bn = 75 = . Then

3 2 1 1
lim dn _ lim i ( + ") = lim —2%
n—oo bn n—o0 7’L6 (5 + 7%4 + n—oo 1 \/_

Moreover > 07 b, =3 °7 L is a convergent p-series (p=2>1). By the Limit

n=1 n?

. 2 1
Comparison Test, > .4 \/ﬁ is convergent.

[2] ZOO l+cosn

n=1"n2

Solution. Since —1 < cosn <1,

0< 1+ cosn < 2
- nz2 T %
Moreover, Y >°, 2 is a convergent p-series (p=2>1). By Comparison Test,

oo, 15 s also convergent.

n=1
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(g [213, 28l

Solution. Let a,, = 241 and b,, = —=. Then

an 2n+1

Iim — = lim 2> 0.
n—oo n n—oo n
Moreover
1 1
0=bn=gn =5

and > 7 | - is a geometric series of common ratio 3 and is therefore convergent.
2n+1

By Comparison Y >° | b, is convergent. By the Limit Comparison Test, >~ | 231 is

convergent.
B 25,
Solution. Note that
l+Inn<n+1
because f(z) =Inx — z satisfies
f’(w):§—1<0f0rallx>1
and f(1) = —1 < 0 and thus f(z) <0 for z > 1. Thus

1 1
0< <
“n+1~"1+Inn

and ) 7 | — is divergent by Limit Comparison, for

lim =1>0

n—oo n + 1

and >°°7 1 is a divergent p-series (p=1<1). Therefore, by Comparison Test,

n

[e'e) 1 . .
> me1 T is divergent.
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2. [8] Justify that the following series are convergent and find # such that the n" partial sum
gives an estimate of the sum with an error of at most 1073.

n

(a)  [4:2 convergence, 2 for finding n 1>, [CES R

Solution. Since

n

1
I Gl
(n+1)5" ~ 57

and Y77 | & isa geometric series of common ratio % < 1,hence convergent, we conclude

n=1 5"

by the Comparison Test that Y., (ni15e i also convergent. Moreover

<1 L 1

= i
I R D
i=n+1 (i +1)5 i:n+15 1_5

Thus R,, < 10~3 whenever

3

1 10
15 S 1073 <= 5" > - = n=logg (250) ~ 3.4.
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Therefore,

1,2 3 4
S4=—+ -+ -——+ =
710 " 75 T 500 ' 3125

approximates _,_; ¢, 71y5= With an error less than 1072
2n

Vn®+n+1

(b)  [4:2 convergence, 2 for finding n ] >~

Solution. Since
2n 2
< ==

nz

0 ————
T VnP+n+1 " ns

o0 2 p
and 2_n=1 ~F is a convergent p-series (p = 3 > 1), we conclude by the Comparison

0o 2 .
Test that >, JnF a1 s convergent. Moreover

> 2i = 2 < dx
Rn: 7§Tn: _Sz/ —3
i:zn;rl P tit1 i:zn;rli% n f
and
/°° dx . 2 1° 2
— =lm |——=| = —=
n 1'% t—ro0 x n \/ﬁ

so that R, < %. Thus, R,, < 10~ whenever

4
— <107% « 4000 < n < 16-10°<n

NG

. oo 2 . —
and s4.10s approximates .~ ﬁ with an error of at most 1073.
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12 M12: Alternating Series Test

The Worksheet and Homework set M12 should be worked on after studying the material from sections
12.1, 12.2, and 12.3 of the youtube workbook.

12.1  M12 Worksheet: Alternating Series

1. Are the following series absolutely convergent, conditionally convergent or divergent?

(a)

1 1
BT e

N
at|=

b) oL (D)

—
|

+...

N[

(c)

S
+
Sl

d 1-24+7-5+5%—--

NI
fonl
ool

2

(e) Z;L.Ozl(_l)n 27;2:.11

(f) 27;;1(71)” n21—2~_’i+3

oo —1)"
(g) Zn:l m

(h) S, (-nnten

O I SE
G e, ey
k) Yo (-1 (Va+1-n)

2. How many terms of >.°° , 2" will suffice to get an approximation within 10~ of the sum

n=1 n!
Yot G
n=1 n!

3. How many terms of >_,—; % will suffice to get an approximation within 0.01 of the sum

_n
fozl (\frz ¢
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12.2  M12 Homework set: Alternating Series

1. Are the following series absolutely convergent, conditionally convergent or divergent?

(a)

1 1
+ -+

N
0ol

(b) Yol (-1
4 8 16
(© 2—-F+5 g5+

oo 3
d ol ()AL

ONID DRTCS ik ==

(f) ol (=1)"cos ()

3=

(g) Z;.Lo:l(_l)ne

|

2. How many terms of > (7n12)n will suffice to get an approximation within 10~ of the sum

Zoo (=D"2

n=1 n?2

3. How many terms of 3. =" will suffice to get an approximation within 0.002 of the

4
oo (=1)"n
sum ) 7t
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12.3 M12 Homework set: Solutions

NAME:
GRADE: /26

1. Are the following series absolutely convergent, conditionally convergent or divergent?

(@ DRE-l+k-L+..

=

which is alternating. Moreover

(I

2n?

and Y ° 555 is a convergent p-series (for p=2>1). Thus } > (-1)""'55 is

2n

absolutely convergent.

b) RIS (- P

Solution.

o] 3 o] n—1

S =3 ()

n—1 n—1
is a geometric series of common ratio —2 and | — 2| > 1. Thus 377 (—1)""1 3% is
divergent.

© [22-4+2-do4

Solution. This is the geometric series

S0

n=1
of common ratio —2 and | — 2| < 1, so that
4 8 o] n—1
_C 222 2
57 25 125 nz::l ( )
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is absolutely convergent for

(7]

is the general term of a convergent geometric series.

)n n3+n+1

(d)  [4: 2 convergent, 2 non-absolutely conv.] >_,—1(—1)" =5

3 3
. _ +n+1 _ _ 1 .
Solution. Let an = Z—=—r-=— and bn = 7~ = . Since

n 3 1 n:(1+ 5+ % 1
lim 2 = lim vl vt _ gy 7( wta) oL
n—oo by, n%oo\/n7(2+#+%) n—oo 1 2_;’_#4_& V2

n’

and >~ ﬁ is a divergent p-series (for p = 1+ < 1), we conclude by Limit Comparison

00 S4n4l L. oo Stnt+l .
Test that >_,—1 57=— is divergent, and therefore >_,—1(—1)" Z=-"== is not

absolutely convergent.

On the other hand, if f(z) = % then

2 W - (1425 +52%) (® +a+1)
o) = (322 +1)v2z" + 25 4+ 4  Norpwn s
207 + a5 + 4
(622 +2)(227 + 2° 4+ 4) — (142° + 142" + 1425 + 527 + 52° + 5z ?)
2 (227 + 25 + 4)2

—229 — 827 — 3% — 5yt 4+ 2442 4+ 8
= <0forz>2

2 (227 + 25 + 4)2

oo

n3 1
s }n:1 is eventually decreasing with limit 0. By the Alternating Series

so that { Van i1 d

"3, . .l
Test, 2211(*1)"% is convergent, thus conditionally convergent.

(@ 21y (—1raas

Solution. Let a,, = i”jz and b, = % = ;. Then

n 25 4
lim 2% = lim %:2>0,

n—oo by, nooo n° +3

and 307 b, =Y. 24 is a convergent p-series (for p=4>1). By the Limit

n=1 n4
. oo 2n+1 oo n2n+1
Comparison Test, »°°, ~3=5 is convergent, so that >° 7 (~1)"735 is absolutely
convergent.
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) [RIXZ(=1)"cos ()

Solution. lim,_, cos (+) = cos0 = 1 so that {(—1)" cos (%) }:3:1 does not converge to

0. By the n term Test, >_,° (—1)" cos (1) is divergent.

n

Sk

(g)  [4:2 convergent, 2 non-absolutely conv.] "> | (—1)"<

|

Solution. Since

8y
3|3|,_.

(12.3.1)

S|

<—<

e
n

and >_°, L is a divergent p-series (p =1 < 1), we conclude by the Comparison Test

1 1
that 3> | < is divergent, so that Y | (—1)"<™- is not absolutely convergent.

1
n

On the other hand, (12.3.1) gives that lim,, ., =0 because lim,,_, % =0, and

1 oo

{i} is decreasing because —- <
n+1

. . . . _1 1
- and, since e* is increasing, em+1 < ew, SO

1
n
n=1

1
n

1 1
that <+ < <. By the Alternating Series Test, 3™ (—1)"¢

n

is convergent, hence

conditionally convergent.
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2. [4: 2 convergent, 2 to find n] How many terms of > | (:32)77, will suffice to get an
approximation within 10~* of the sum Y7, &1"2

Solution. This series is convergent by the Alternating Series Test for {1} ™ is decreasing with

limit 0. Thus the remainder R,, = >_°° (_.—i)isatisﬁes

1=n+1 1

1
R, <— .
| Bl < (n+1)2

Hence the error made in the approximation s, =~ Y~ | (_7112)71 is less than 10~3 whenever

1
——— <107 <= n+1>10° < n>99.
(1)

Thus 99 terms would be necessary to guarantee this accuracy.

(=1)"n
4'{L

3. [4: 2 convergent, 2 to find n] How many terms of >~ | will suffice to get an

approximation within 0.002 of the sum " ° | <j}f‘"?

Solution. This series is convergent by the Alternating Series Test for {2}

., is decreasing
with limit 0 for

I 4% —24*In4 1 —z1n4
(I): il T <Of0rx>ﬁ

and
. n . r H
lim — = lim — = lim —— =
n—oo 41 z—o0 47T z—o00 4% In4
Thus, the remainder R, =77 | (*41)” satisfies
n+1
‘Rn| < gn+1

Hence the error made in the approximation s, ~ Y, (j# is less than 0.002 whenever

n+1
4n+1

< 0.002

which is true for n > 6. Thus 6 terms would be necessary to guarantee this accuracy.
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13 M13: Ratio and Root Tests

The Worksheet and Homework set M13 should be worked on after studying the material from sections
13.1, 13.2, and 13.3 of the youtube workbook.

13.1 M13 Worksheet: Ratio and Root Tests

1. Are the following series convergent or divergent?
oo n nt
(a) Zn:l(_l) +1F

b) o, Eor

(C) Zoo 2:4-6...(2n)

n=1 n!

@ oo (22)

qm 2
(e) et i

00 nol
(f) Zn,:l (i—&-é)'

(g) Dot :T'?»

() 0L, Ca
D DY
G a2
() v, S
ID S
2. For what positive integers k is the series

>

n=1

(n!)?
(kn)!

convergent?
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13.2 M13 Homework set: Ratio and Root Test

Are the following series convergent or divergent?
gn
L. Donet n?

JED Dl

n
e} 3n+2
3. Zn:l < 1+7n )

0o n,3
4. 2=t 3(27;)7!

e
Plug into The Power of Knowle‘ngineering.
Visit us at www.skf.com/know1ed"_#
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13.3 M13 Homework set: Solutions

NAME:
GRADE: /12

Are the following series convergent or divergent?

L RIX 0

Solution. Since

3

avz+1
(429

gn+1 3 n 3
= =3
(n+1)3 3n <7L+1)

and

An+1
Gnp

lim

n—oo

=3>1,

we conclude by the Ratio Test that 3°°° | 37 is divergent.
S 5"
2 RIS e

Solution. Since

ansa| 5T nl3" 5 1
an | (n+1)I3nF 5n 3 p4 1]
and
lim |22 =0 <1,
n—00 [e2%

we conclude by the Ratio Test that 5°°° | =57 is absolutely convergent, hence convergent.

nl3m

5 e (22)"

Solution. Since

73n+2
C1+7n

n

nl

we have

3
lim \n/ \an\ = ? < 1.

n—roo

n
3nt2\" .
Thus, by the Root Test, P (11%) is convergent.
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0 "n3n!
. [2] Zn:l 3(2n)!|

Solution. Since

anp1| 3T+ 13 +1)! @) . (n+1\° (n+1)! (2n)!
an, B (2n +2)! 3nndn! n n! (2n + 2)!
_ g (ntd ’ n+1
B n (2n+1)(2n +2)’
lim |24 =3.1.0=0
n—oo | Gy

and, by the Ratio Test, Yo 3:%;)’," is convergent.
o (3n)*"
212202 ey

Solution. Since

we have

lim {/|a,| =0
n— 00
2n
so that, by the Root Test, Sy % is convergent.

21, ()"

Solution. Since

we have

>—l‘2~3\>—l
Il
L

1 1
lim {/|a,| = lim kL T A T
n— oo

n—oco N r—o0 I r—00

so that, by the Root Test, >"°° (h‘—”)n is convergent.

n=1 n
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14 M14: Strategies to test series for
convergence

The Worksheet and Homework set M14 should be worked on after studying the material from section
13.4 of the youtube workbook.

14.1 M14 Worksheet: review of numerical series

1. Are the following series convergent or divergent. Fully justify your answer.

3n? 1
(a) Z;L.O:1 7Lg+§Zil

®) ol e

o2
(c) fo:l ?S—J:Fr?

(d) T2~z
(e) Zif:l 3n=%3
(I DetE-=

(g) Ziozl (51@12)”

by T (22)

(1) ZOO V2n34+n+1

n=1 5n34+2n+5

. e <] 2n2+1
() X T

() 0 s

O ol B8

(m) ¥, (¥5-1)"

(YRS D é:)!
(0w, )

() (-2
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2. Justify that the series below is convergent. How large does » have to be for the n*-partial

sum s,, of the series
o0
>
n=1 en
to be an approximation of the sum with an error less than 107372

3. Justify that the series below is convergent. How large does » have to be for the n*-partial

sum s, of the series

(1)
z_:l(n4)

to be an approximation of the sum with an error less than 107372

Vouwro Touexs | Resanr Toocks | Macs Toveks | Vowo Buses | Vowo Cowsteucnion Esumsest | Wowo Pesm | Vowo Aeno | Wowo IT
Vowo Fimswcer Sepnces | Vowo 3P | Vowo Powerream | Vowo Pasrs | Vowo Techwowoer | Wowo Loasncs | Busisess Anes Asie
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14.2 M14 Homework set: Review of numerical series

1. Are the following series convergent or divergent. Fully justify your answer.

[e’g) 2 1
@ X
=1
® 2T
n=1
“n—1
(C) Z :2 +n
n=1
- n—1 1= 1
(d) ;H) e S
(e) anli
n=1
0 2
® D=
n=1
oo 3 n
(8) 2_:1 (1 —|—n8n>
> n2 -1
O 2 e s
>, cos(Z)
® z_:l n? +241n
>, 10"
0 2
() > (v2-1)
n=1
oo 271
M ; 2nt 1)
oo 2 n
m > &
n=1

(n) Y (12w
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2. Justify that the series below is convergent. How large does » have to be for the n*-partial

sum s, of the series
(o]

1
2

n=1

to be an approximation of the sum with 3 exact decimal places?

3. Justify that the series below is convergent. How large does » have to be for the n*-partial

sum s, of the series

— (="
ngl n?+4

to be an approximation of the sum with 3 exact decimal places?

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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11.3 M14 Homework set: solutions

NAME:
GRADE: /37

1. Are the following series convergent or divergent. Fully justify your answer.

@ [2]

n?+1
n=1

Solution. Since lim,,_, oo ZZ—: =1#0,>.2, ;‘zjr} is divergent by the n™ term Test.

(b) [2]
> o
— nZ4n
Solution. Since
1 1
0< < —

n?+n " n
and Y07 | -1 is a convergent p-series (p =2 > 1), we conclude by Comparison that

S0 | -2 is convergent.

n=1 n2+n

(© [2]

Solution. Let b, := 1 and a,, := 5% . Then
-1 2 _
lim%:limn ~n:limn2 n:1>0
n—oo < +n

. . . [e'e) n—1 . [e's) 1 .
Thus, by Limit Comparison, »_~ | 5= is divergent, because >~ , - is a divergent

p-series (p=1<1).
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(d)

(e)

(f)

n—1
_1 n—1
nz::1< ) n24+n
Solution.(c) showsthatthisseriesisnotabsolutely convergent. However, lim,,_, o =0

n—1
n2+n

and {n”erln }:0:1 is eventually decreasing. Indeed, if f(z) := ;2;196 then

?+r—e+D)(x—-1) —2?+22+1

To=—""%r @

is negative outside of the roots of —z? + 2z + 1, which are, #2‘/5 =1++2. In
particular, f/(z) <0 if x > 1+ /2. By the Alternating Series Test, we conclude that
S (=1)»tn=L converges.

n=1 n2+n

2]

n=1
Solution.
- —1.7 — 1
n = —_—
) > s
n=1 n=1

is a p-series for p = 1.7 > 1, and is therefore convergent.

2]

> 2
3
en
n=1

Solution. Let a,, == ;—2 Then

3 2
An+1 _ (7’L + 1)2 . ﬂ _ n+1 . 671,3—(n3+371,2+3n+1)
an e(n+1)® 2 n ’
so that
. Ap+1 . 1 2 —(377.2+3n+1)
lim = lim (14+—) -e =1-0=0<1.
n—oo an n—00 n

Thus, by the Ratio Test, ., E’f% is convergent.
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(g)

(h)

Alternatively, you could use the Integral Test, by showing that the continuous and positive

function

f(z) =2%e®

is also eventually decreasing, and by calculating the integral
t3

[e'e] : wer® 1 3 —u
/ 22~ dz "= lim = e “du= lim [—%] = —.
1

t—00 1 t—00 1 3e

00 n?

Since this integral is convergent, by the Integral Test, so is Yoo fn)y =30 .

2]

> ()

n=1

n
; = 73’”’ - n J— 3
Solution. If an <1+8n) is the general tern, t&len Ylan| = 1 & SO that

; 0o 3 .
limy, 00 V/]an| = g < 1. By the Root Test, done1 Tren ) is convergent.

2]

n3 +2n2+5
n=1
Solution. Let a,, := ,1373:';7,;15 and b, := \%72 = L. Then
3 1
2 _ 1 n 1— =5
lim 2 — lim ‘n7~n2: lim —2",:1>O.
n—o0 by, n—oon3 +2n2 +5 n—oo0 N3 (1 + =+ n%)

By the Limit Comparison Test, we conclude that 3.7 ; 54% 51 is convergent because

>, 25 is a convergent p-series (p =2 > 1).

n=1

2]

i cos(y)
n? +4n

n=1
Solution. Since |cos(%)| < 1, we have

cos(g)
n2 + 4n

oo cos()
n=1 n2+4+4n

and " ° | 25 is a convergent p-series (p = 2 > 1), so that, by Comparison, }

is (absolutely) convergent.
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G 2

o

> or
1
ot n:
Solution. Let a,, 1= %. Then
any1| 10n+! n! 10
an | (n+1)! 10 n4+1’
An+1

so that lim,, .o o

=0 < 1. By the Ratio Test, > ° lr(l)—r is convergent.
(k) [2]
S (va-1)
n=1
Solution. Let a,, = (V2 — l)n. Then {/]an| =2+ — 1 and

lim {/]a,]=2°-1=0<1,

n—oo

so that, by the Root Test, 2, (/2 —1)" is convergent.
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0 (2]

TI,

Z (2n + 1)!

n:l

Solution. Let a, = (237;1)' Then

oot (4 1)! 2
~ (2n+3)! 2n (2n+2)(2n +3)

an+1
(429

An 41
An

and lim;,,_, = 0 < 1. Thus, by the Ratio Test, S (2712—_:1). is convergent.

(m) [2]

3

=, (2n
3 (n2)

3
_

Solution. Let

Then
lim Y/|a,| = lim g=0<1
n—oo " n—oo n ’
so that, by the Root Test, >~ 7 2" is convergent.
(n) [2]
WEIES
n=1

Solution. Note that

lim |(—1)"2% | = lim 2» =20 =1

n—o0 n—oo

so that {(—1)”2% }Oo is divergent. By the n” term Test, 3.°7  (—1)"2= is divergent.

n=1

2. [5: 2 to justify convergence, 3 for remainder] Justify that the series below is convergent. How

large does n have to be for the n-partial sum s,, of the series

=1
;n2+4

to be an approximation of the sum with 3 exact decimal places?
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Solution. To justify convergence, we could note that

1 1
< =

0<
“n24+4 " n?

1

and that ) | - is a convergent p-series (p = 2 > 1), so that, by Comparison, ) " | - is

convergent.
Moreover the error made in the approximation
— 1
Sp & nz::l 24 (14.3.1)

satisfies

< dx dr 1
Rng 2 < 2
n T2+4 n T n

so that we need n = 10000 to guarantee an error less than 10~%.

Alternatively, we can also use the Integral Test because f(z) = 5 is a continuous, positive,

decreasing function on [1,00), with antiderivative F(z) =} arctan(%). Thus 7, .l

converges, because the integral

/°° dx . 1 " (:v) oro1 " 1
———— = lim |- arctan(=)| = — — = arctan—
1 244 tooo |2 27, 4 2 2

is convergent. The error made in the approximation

— 1

n=1

satisfies

arctan( g ).

|~

* dx T
< — =_
R”*/n r24+4 4

Thus, to have 3 exact decimal places in (14.3.2), it is enough that

1
% ~3 arctan(g) <107 = g —-2.107% < arctan(g)
— tan(T-2107) <7
= 2tan (5 —2:107") % 9999.9 < n
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3. [4:1 for convergence, 3 for remainder] Justify that the series below is convergent. How large

does n have to be for the n-partial sum s _of the series
n? 44
n=1

to be an approximation of the sum with 3 exact decimal places?

Solution. By the previous question, the series is absolutely convergent, hence convergent.
oo

Moreover, {ﬁ} is decreasing with limit 0, so that by the Alternating Series Test, the
n=1

error made in the approximation

= (1)
s 3 G

n=1

satisfies

1

Ry <.
1B | < (n+1)2+4

Thus to have 3 exact decimal places, it is enough that
1
<107t = 10T -4< 1)? <= V104 —4-1~989<
(n+1)2+4 s(n+1) =n

so that s , is an approximation with 3 exact decimal places.
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Mock Test 4

You should give yourself two hours to do the following test on your own, then, and only then, move to the

solutions to evaluate your work.
Show all your work to get credit. No calculator should be needed.
1. Find the limit of the following sequences. Justify your answers.
@ {52

®)  {nsin ()},

271,+1
5n

3. Justify that the series Y77 | —“— is convergent and give the value of its sum.

n=1 n24+2n

2. Justify that the series "7 3 is convergent and give the value of its sum.

4. For each of the following series, say if it is convergent. Fully justify your answer.
@ Yo %
®) T, nE
(©  XoZi(=1)"arctan(n)
@ Tl oy

(e) PO nie—n"

(f) Zle(gfﬁl)"

(g o, ol

() ¥, G

N

(1) ZZO:I 3nin2
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Exercises for A youtube Calculus Workbook Part II Mock Test 4

5. Consider the series

— (—1)"

(a)  Is the series absolutely convergent, conditionally convergent or divergent?

(b)  Ifitis convergent, find n such that the n" remainder of this series is less than 10-2.
6. Consider the series
> L
n=1 ’Il3

(a)  Is the series absolutely convergent, conditionally convergent or divergent?

(b)  Ifitis convergent, find n such that the n" remainder of this series is less than 102

360°
thinking.

Deloitte.

Discover thC truth at WWW.dClOitte,CalcareerS © Deloitte & Touche LLP and affiliated entities.
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Mock Test 4 Solutions

1. Find the limit of the following sequences. Justify your answers

@ B{=e)

n=1

Solution. Since 0 < cos?n < 1, we have

cos®n
<

0< L
- 2n 2m

for all n, and lim,,_, 0 2i = 0. Thus, by the Squeeze Theorem,

. COS2 n
lim =0.
n—oo 2N

(b) (5] {nsin($)}>7,

Solution.

1 1
lim nsin (—) = lim xsin <—>

2. [10] Justify that the series Y7 | 32d—+1 is convergent and give the value of its sum.

Solution. The series

0 gn+l o0 2\ "
ZS 5n :;6<3>

n=1

is a geometric series of common ratio 2 and first term ‘2. Since |2| < 1, the series is convergent

and

o

Z:32n+l_ ?2 _2_4
v 1-2%2 3

Ju

n=1
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3. [10] Justify that the series > 77 | 575 is convergent and give the value of its sum.

n=1 n242n

Solution. Since

4 4 A B 2 2

n24+2n  n(n+2) n—i_n+2_n_n+27

the partial sum s,, can be written

=1
_ o1 1+1 1+1 1+1 1+ 1 1 1 1
- 3 2 43 5 4 6 n—-1 n+1l n n+2
1 1 1
= 2(1+> - — —
(+2 n+1 n+2)
so that
> 4
lim s, =2 -=-=3=
Jim s 2w

. [45] For each of the following series, say if it is convergent. Fully justify your answer.

(@)  [5]15e, YE2

Solution. Since vn3 + 2 > v/n3 and \/% > \/% for all n > 2, we conclude that

\/n3+2> [n? 1

\/n4—1 - n4 771%

1

for all n > 2. Moreover, >t T

oo /n342 . .
Do YA s also divergent.

is a divergent p-series (p = § < 1). By Comparison,

3

)  [BI, msd

Solution. Since n® — 3 < n3 and < s for all n > 1, we conclude that

1
nb+1

n3—3 n3 1
<
nt+1 " nb nd

for all n > 1. Moreover, >, - is a convergent p-series (p = 3 > 1). By Comparison,

oo n3—3 :
> me1 w77 is also convergent.
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(c)

[5] >0 (—1)™ arctan(n)

Solution. Since

. . ™
lim arctan(n) = lim arctanz = —,
n—o0 T—00 2

we conclude that lim,,_, . (—1)" arctan(n) # 0, so that, by the n™ term Test, the series

>0 (—1)™arctan(n) is divergent.

n=1

n+1
@ Bl s

(e)

Solution. This is an alternating series and

(—=1)"+n ‘ _ n
(n+1)(n-2) (n+1)(n—2)

by =

satisfies lim,, o b, = 0 and {b,}2° 5 is decreasing for

x " @+ )@-2) —zz—2+a+1) -2 — 22
(@roa=a) - s

)Nz — (x+1)%(z—2)2 (4 1)2(z - 2)2

1 n+1

Thus, >, ﬁ is convergent by the Alternating Series Test.

(51307, nte=""

Solution. Let a,, := ne~"". Then

4 5 4
an+1 o (n+1) ) en - n+1 .en57(n+1)5
an e(n+1)8 n4 n ’
so that
lim | =0
n—oo | Qp
for
lim ens—(n—i-l)E’ = lim e—(5n4+10713+10n2+5n+1) = lim e * =0
n— 00 n—00 T—00

By the Ratio Test, >.°°  n%e~"" is convergent.
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Exercises for A youtube Calculus Workbook Part II Mock Test 4 Solutions

Remark: We could alternatively have used the Integral Test, noting that f(z) = z%¢=*"
is positive continuous and eventually decreasing, and that [ f(z) dz is convergent, all

of which would need explicit justifications.

) B

Solution. Let a,, := (2211) . Then {/]a,| = 322 so that

3
lim ¥/|a,| = 3> 1.

n—oo

By the Root Test, the series "7 (522-)" is divergent.

2n+1

(® (510, sxlen
Solution. Since

1 <1 1
“nd4+2n T n

cos(3n)
~ [nd+2n

and "> | 1 is a convergent p-series (p = 3 > 1), we conclude by the Comparison Test

that > | j;sf’;) is absolutely convergent, hence convergent.

SIMPLY CLEVER
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(2n+1)!

(h)  [51320L, T

Solution. Let a,, := (2;;})!. Then
any1|  (2n43)0 2"t (2n43)(2n +2)
a, | 2"t2 (2n+ 1) 2
f2:1| = oo, By the Root Test, Y107 | Gntl)!

Qn

so that lim,,_,

MBI s
Solution. Since

3n —n? 3
)" =00, we conclude that lim ;:>* # 0. By the n term Test,

for all n, and lim (3 "
is divergent.

-
220:1 3n—_n2
5. Consider the series
S
n=2 v n? '
(a)  [10] Is the series absolutely convergent, conditionally convergent or divergent?
. . oo (=",
Solution. The series 2.,—» ~3 5 is not absolutely convergent for
(-] 1
/n2 | nd
o0
L, isa
=" .
Iz 18

1
and 2one1 Zisa divergent p-series (p = % < 1). On the other hand, {n_g}
. 1 T D" . .
decreasing sequence with limit 0, and >_,—s 3—\/n—)2 is alternating. Thus, >_,—»

convergent by the Alternating Series Test. Thus 2, > % is conditionally convergent

Download free eBooks at bookboon.com



(b)  [5] If it is convergent, find n such that the n™ remainder of this series is less than
102

Solution. Since the series is convergent by the Alternating Series Test, the n™ remainder

R,, satisfies
1
2
3

‘R’n| S - 2
(n+1)¢

Thus |R,| < 1072 whenever
100 < (n+1)3 < (100)2 <n+1 < 999 < n.

6. Consider the series

> s

n=1 ’I'L3 -

[5] Is the series absolutely convergent, conditionally convergent or divergent?

(a)

Solution.

is a convergent p-series (p = 3 > 1) and is thus absolutely convergent.

(b)  [5] If it is convergent, find n such that the n™ remainder of this series is less than
1072

Solution. As a p-series Y, \/% is convergent by the Integral Test, so that the n™

remainder R,, satisfies
< 2~ lim | —=
Fn < /n 7oA L/E
Thus R,, < 10~2 whenever

100 < g = 40000 < n.
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15 M15: Power Series and Taylor
Series

The Worksheet and Homework set M15A should be worked on after studying the material from sections
14.1 and 14.2 of the youtube workbook.

15.1  M15A Worksheet: Intervals of convergence

Find the interval of convergence for the following power series:

Lo Y i (@—1)n

2. Yo G2
YR SR

5. > oo %(f +1)"
6. Zfﬁ:o(_l)n%

/D DN CR Vel =

8. ZZO:O (%)" 2"

9. oL+

10, Y, (1) @ - 3)
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Exercises for A youtube Calculus Workbook Part II M15: Power Series and Taylor Series.

15.2  M15A Homework set: Intervals of convergence

Find the interval of convergence for the following power series:
L X Er(z+3)"

o) (—1)"+1n2x"
2. Zn:l 571.\/,,?

Ijoined MITAS because L,
I wanted real responsibility www.discovermitas.com

I'was a construction
SUPErvisor in

the North Sea
advising and

e Lelping foremen
% solve problems

MAERSK

=
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15.3 M15A Homework set: Solutions

NAME:
GRADE: /21

Find the interval of convergence for the following power series:

L [3] 3020 s (@ +3)"

Solution. This is a geometric series of common ratio

2(x +3)
)
for
— 2" no 1 (2(z+3)\"
doprE )= = (T) ;
n=0 n=0
so that it is convergent exactly when
2| +3/ <1 < | +3|<5 = 11< < !
5" ! 2 2 ~'T Ty
and the interval of convergence is
1 1
I=(-=,-2).
(73)
Remark: Under this condition on x,
- 27L n % 1
2 gt (@ +3)" = 1_2@t3) ~ 241
n=0 5

(—1)"*ln2gn

2. [5: 2 for interval, 1 for testing each endpoint, 1 for interval] >-,~; Py

)

Solution. Let

(_1)n+1n2xn (_1)n+1xn
Qp 1= =

5ny/nd 5103

Then

|x|n+1 5n n%

Ap+41 1
5l (n+1)z |z 5

Qan
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= Izl is less than 1 if |z| < 5. The interval of convergence is centered at

so that lim,, o |25

0 of radius 5. Thus, the end points to be tested are +5.

Atz =5,
o n+1 2n TL+1 e "+1
2; WV_' ;% 5nn 2; %

o0
which is convergent by the Alternating Series Test, for { 3 } _ . is a decreasing sequence with
n=1

limit 0.

At x = -5,
oo n+1 2 n+1 oo ( 12n+1 o -1
S(=5)" = 7
N RIS Y e h

which is a divergent p-series (p = % < 1). Thus, the interval of convergence is

I=(-5,5].

Solution. Let

Then

. [7: 2 for interval, 2 for testing each endpoint, 1 for interval] >_,— (872;37) "

. n
Solution. Let a,, := (8’;?7) 23" . Then

_ n+3 |x|3
T 8n+7

Vlan|
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x

so that lim,, o, V/|an| = % is less than 1 whenever |z|> < 8, that is, whenever |z| < 2. Thus,

the interval of convergence is centered at 0 and of radius 2.

Atz =2,

~(n+3\"_; = /8(n+3)\"
23n — Y
> (555) -2 (o

n=0 n=0
8n+24 " nln(8nt24
is divergent by the n” term Test, for ( 8n-:-7 ) = (%57 and
. 8n+24 . In(8z+24) —In(8x +7)
lim nln = lim T
_8 _ _8
g lim 8x+24 8x+7
T—00 _m%

. 9 64z + 56 — 64z — 192
= lim —z°-
_ 13622 136
lim = —,
z—o00 6412 + 248x + 168 64

. n 136
so that lim,,_, o (%) =eor £0.

Similarly, at = -2,

i (87:1137)71 (=2)°" = i(_l)n (8&71:;))”

n=0 n=0

n
by the n" term Test, because we have seen that lim, . (8;;274) #0 and thus

iy, o0 (—1)™ (887::_274)71 # 0. Thus the interval of convergence is

I=(-2,2).

B %(I +1)"

Solution. Let a,, := 2 (x + 1)". Then

(n+1)! 41 2m n+1
— 1Tt = . 1
e BT s e

An+41
Qn

so that lim,,_, o = 0 if x = —1. Thus the interval

tntl] = oo forall z # —1 and lim,,_,

An+41
[e22%

of convergence is

I={-1}.
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The Worksheet and Homework set M15B should be worked on after studying the material from sections
14.3, 14.4, 14.5, and 14.6 of the youtube workbook.

154  M15B Worksheet: power series representation

1. Find power series representations, and specify the interval of validity, for the following

functions:
@ fl)=F5
b)  f(2) = mris
©  f(z) = (1 +2)
(d)  f(z) = arctanx
&) [f(@)=G5e
2. Estimate
/ f_de
o 16+ 27
with an error at most 107°.
3. Find

(a)  a power series decomposition for

fl@)=In(4 —2x)

(b)  Deduce the exact value of > o, (nﬂ%
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15.5 M15B Homework set: power series representation

1. Find power series representations, and specify the interval of validity, for the following functions:

(a) f(.%‘) = 414:%11
(b) flz) = Win
(¢)  f(x) = arctan(a?)

2. Estimate

=

/ arctan(z?) da
0

with an error at most 107°.
3. Find
(a)  apower series decomposition for
f(2) = n(5 + 2)

(b)  Deduce the exact value of >, ; %
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15.6 M15B Homework set: Solutions

NAME:
GRADE: 122

1. Find power series representations, and specify the interval of validity, for the following

functions:
(@) [3] fla) = £

Solution. Note that

41
f(x) 41:233 =3 %0 by long division
1 1 1 1 1

1 (=t
§+Z gnis & for |z| < 2.
n=0
_ x+2
(b)  [8] f(2) = =55
Solution. Since
T+ 2 T+ 2 1

fl) = = (z+2)-

w2 +4r+17  (z+2)2+1 1—<—($—|—2)2>7

we conclude that for |(x + 2)?| < 1, that is, for |z + 2| < 1, we have

(@+2)- Y (@ +2)?%)"

n=0

f(x)

oo

= St

n=0
for |x + 2| < 1, that is, on the interval (—3,—1).
(c)  [4:2 for rep. of derivative, 1 for integral, 1 for constant] f(z) = arctan(z?)

Solution. Since
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we conclude that for | — 2% < 1, that is, for |z| < 1, we have

f(z) =2z i (—2*)" =2 i(—l)”x”‘”“.
n=0 n=0

By term-by-term integration, a power series representation of fon (—1, 1) is of the form

/f dszJrQZ

4n+2

(15.6.1)

Moreover, f(0) = arctan(0 = 0, and, from (15.6.1), f(0) = C, so that C = 0. Thus

o0
arctan = E

4n+2

for -l<z<l. (15.6.2)

2. [5: 2 for rep. of antiderivative, 1 for numerical series rep. of definite integral, 1 for remainder

estimate, 1 for partial sum] Estimate
1
2 2
/ arctan(z”) dz
0
with an error at most 1075.

Solution. Using (15.6.2), we have

0 4An+3
2 _ yn z _
/arctan(x )dx—Q;)( 1) an+ 2)(n+3) +Con (-1,1).
In particular
l JC4n+3 % 1
= (2 —| =2 .
/0 arctan(z®) dv = Z "ln T 2)n+ 3, Z " 3 (an + 2)(4n + 3)

The series on the right-hand side is converging by the Alternating Series Test, so that,

R| < !
=24t T (4n +6)(4n + T7)

Thus, for n =1, |Ry| < grdg7 ~ 4.4- 107 and

, 1 1 37
T e 3 2x3 27x6x7) 8%

1 .
is an estimate of [ ? arctan(z?) dz with an error less than 107°.
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Exercises for A youtube Calculus Workbook Part II M15: Power Series and Taylor Series.
3. Find

(a)  [4: 2 for rep. of derivative, 1 for integral, 1 for constant] a power series decomposition

for
f(z) =In(5 + 2)

Solution. Since

(o)
_1)n
= Z (5n31 a™ for |z| < 5,

we have by term-by-term integration that

flz)=C+ z_;) %x"“ on (—5,5). (15.6.3)
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Moreover, f(0) =1In5 and from (15.6.3), f(0) = C'. Thus C =1In5 and

_ - (_1)71, n
f(x) =1Inb + nz::o mx +1 on (—575)

(b) [3] Deduce the exact value of "o, ﬁgw

Solution. According to the previous question (2),
1 > )"
1n5+z T s gm

because 1 € (—5,5).But f(1) =In(5+1) =In6.Thus

i 7@(111);5” =5 <1n6 —In5— é) .

n=1
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The Worksheet and Homework set M15C should be worked on after studying the material from sections

14.7, 14.8, 14.9, and 14.10 of the youtube workbook.

15.7  M15CWorksheet: Taylor series

1. Find the Taylor series of f(z) =sinz at

2. Show that the series obtained above represents sin x for all x.
3. Find the Taylor series of f(z) =Inxz at2

4. Find the Taylor series of f(z) = \% at 9

5. Find the MacLaurin series of f(z) = cos(z?)

6. Find the MacLaurin series of f(z) = (1 + :c)

7. Find the MacLaurin series of f(z) =

8. Find the MacLaurin series of f(z) = ( 3)

9. Find the MacLaurin series of f(z) = sin®z

10. Find the MacLaurin series of f(z) = ( x)

11 If f(z) =307 272" find fV(0).

12. Estimate the error when /e = e? is approximated by the first four terms of the MacLaurin

series of e*.
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15.8  M15C Homework set: Taylor Series

Find the Taylor series of f(z) =cosz at }

Show that the series obtained above represents cosz for all x.
Find the Taylor series of f(z) = Z5 at 1

Find the MacLaurin series of f(z) = 22 cos(z?)

Find the MacLaurin series of f(z) = x arctan(z?)

If f(z) =220, & (v —2)" find fG7(2).

AR A S o
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15.9 M15C Homework set: Solutions

NAME:
GRADE: /19

1. [4] Find the Taylor series of f(z) =cosz at %

Solution. Since

fO%z) = cosa

fO(x) = —sinz

@) = —cosz

@) = sinz

W) = cosz=fO(x),

the successive derivatives then repeat this pattern, in which derivatives of even order are of the

form =+ cosz and derivatives of odd order are of the form =+ sinz. More explicitly,

e (z) = (=1)"cosa and @) (z) = (—1)"+ sinz.

Thus,

f(2n) <g) — 0 and f(2n+1) (%) _ (_1>n+1

and the Taylor series is therefore
> (_1)nt+1 T 2n+1
2 ((2n-)|-1)' (x_ 5) '
n=0 :
2. [3] Show that the series obtained above represents cosz for all x.

)2i+1

_qyit1
Solution. Let R, = cosx — Y 1", % (z—3 . The successive derivatives of f are of the

form +cosz or +sinx . At any rate,

|F D ()] < 1 for all z,

so that, in view of Taylor’s Inequality,

|z~
(n+1)!

us ‘n-&-l
2

| R ()] <
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g "+

Since limy, 0o —3gyr~ = 0 for all x, we conclude that lim,, . [R,(2)] = 0 for all x, that is

(oo}
(_1)n+1 ( 7r)2n+1
sr=Y —— (2= for all .
COS T Z (2’[’L—|— 1)' X 9 or all

3. [4] Find the Taylor series of f(z) = 2 at 1

Solution. Note that

[ @) = a

D) = —2273

fP@) = (-2)(-3)
[O@) = (=2)(=3)(~4)2°
R

so that

SO ()1

n! - n! = =DM+
and the Taylor series of fat 1 is
S (1) (0 + 1)z — 1)
n=0

4. [3] Find the MacLaurin series of f(x) = 22 cos(x?)

Solution. Since

> 2n

cosx = Z(—l)" (gn)' for all z,

n=0

we have

z2 cos (1’3) = 2. i (_1)n (xg,)2n
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5. [3] Find the MacLaurin series of f(x) = zarctan(x?)

Solution. If z € [—1,1] then z? € [—1,1]. For such an x, in view of

— (-)"
arctanzx = Z a1 22 for —1 <2 <1,
n=0
we conclude that
%) _1) .
x arctan (xQ) = x- ;::0 2(n -i-) 1 (x2)2 1

= g 23 for —1< 2 < 1.
2n+1

n=0

6. 211 f(z) = %, 2 (2 —2)" find FG7(2).

n=0 27

Solution. Since the coefficient of (z — 2)" in the power series representation centered at 2 of f

. ) . .
is necessarily (2, we have in particular

n!

G2 37 371 x 37

937

= [0

371 237
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16 M16: Applications of power
series

The Worksheet and Homework set M16 should be worked on after studying the material from sections
15.1, 15.2, 15.3, 15.4, and 15.5 of the youtube workbook.

16.1  M16 Worksheet: applications of power series

1. Find the exact values of the following numerical series:

oo -1 n,n.2n+1
@ > %W

n=0

o -1 n+1
(b) Zl ( n;

x —1)r g
(©) Z ( n!)Q”

n=0

0 (_1)71—17.(.211—1-1
@ 2 ety

n=0

2. Evaluate the following limits:

. arctanz —x
(@) lim ——
z—0 Sinx — T

. cosx — 1
(b)  lim ————

z=>0et —1—x

. ePcosz—1—=x
(¢  lim—— =

z—0 sinz —x

3. Estimate the following integrals with 2 exact decimal places:
1
(a) / cos(z?) dz
0
(b) /5 arctan(z®) da
0

4. Find a numerical series representation for

jus .
2 sinx
dx
s X
4
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5. Find

(a)  a power series representation for

3
2

flz)=(4+2°)
and write out the first 4 terms.

(b)  a power series representation for

/ dx
(4 + 22)?
and write out the first 4 terms.

(c)  anumerical series representation of

/ ! dz
0 \/(4+a2)
(d) how many terms of this numerical series need to be added in order to get an estimate

of fol \/%7)3 with an error less than 1073.
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16.2  M16 Homework set: Applications of power Series
1. Find the exact values of the following numerical series:

0 2n+1

(a) nl3n

n=0
0 (_l)n,IT?nJrl

®) 2 a1y

n=0

2. Evaluate the following limits:

. arctanxz —=x
() im ———
z—=0 cosx — 1

(b)  fim S
z—0e® —1 — 2

. €%sinx —x — 2?2
(c) lim —_——

=0 cosr —1— %

3. Estimate the following integral

with 3 exact decimal places.

4. Use power series to find an estimate of

/1 dx
o V1+zt

with an error of at most 10!,
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16.3 M16 Homework set: Solutions

NAME:
GRADE: /24

1. [4] Find the exact values of the following numerical series:

(@ [2]
>, ontl =1 /2\" 2
> T 22 () -
(b) [2]
= . — =S - = —.
n:062"+1(2n+1)! n:O(2n+1)! 6 6 2
2. [8] Evaluate the following limits:
(@ [2]
z3 z° 1 z?
. arctanx —x . 7?+?*"'> . —3tT %5~ )
lllrnil:l‘lm > I = lim z- TR— =0x=-=0
20 COSX — z—0 (_74_1__._) z—0 -2+ L - )
(b))  [2]
ZEQ %4
cosr —1 . (_7+I_"') —%
1mm7: 1m 22 23 :T:—l
z—0e* —1—2x x—0 (?4_?4_) 5
(c) [4:2 for e” sin x, 2 for rest]
. €%sinx —x — 2?2
lim —mm——
=0 coswr —1— %
Solution. Note that
2 3 gt 3 P
e‘sine = (1+m+7+§+z...)~<x—g+§— )
S I (LI IV (R RN (L
N 6 2 31 3 41 12 5l
) O B
so that
T 2 z3 z° 1 z?
—z— Tzt 1 -z 4.,
lim ST gy S S0 T gy . 30T
©=0 cosz —1— % e—0 Z0 — & +. =0z & -t
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Exercises for A youtube Calculus Workbook Part II M16: Applications of power series

3. [6: 2 for series [ e=*" dz, 1 for numerical series, 1 for upper bound of |R,|, 1 for finding n,

1 for s;] Estimate the following integral

1 3
/ e * dx
0

with 3 exact decimal places.

Solution. Using the power series representation of e* and term-by-term integration, we have

/e_mgdx = /Z%(—x?’)n dx
n=0 "

= /Zﬂx%dm
= n

C+ i (_1)" $3n+1
n!(3n+1) ’
n=0

so that

7

university of e AACSB
groningen b f\CCREDITED
N A

| 4
| .
“The perfect start

of a successful,
international career.”

-, . 4 CLICKHERE
® F to discover why both socially
and academically the University

of Groningen is one of the best

i laces for a student to be
www.rug.nl/feb/education P
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This series is convergent by the Alternating Series Test, so that the error made in the

approximation

satisfies

1
o P . —
e PRIy

To ensure 3 exact decimal places, we require |R,| < 10~%, which in turn is ensured by

(n+ 1)!(3n + 4) > 10%, which amounts to n > 5. Thus

1 1 1 1 1
ey st 080752, ..
% 1714 760 T 312 2280

is an approximation of the integral with at least 3 exact decimal places.

. [6: 2 for series for \/ﬁ, 1 for term-by-term integration, 1 for numerical series, 1 for upper

bound of |R,|,1 for find n] Use power series to find an estimate of

/1 dx
o V1+a24
with an error of at most 10~ 1.

Solution. Since
e = () ey
1 + 2174 n=0 n

for |z%| < 1, that is, for |z| < 1, we conclude by term-by-term integration that

e 1 n
/L = (—§>ﬂ,
V1+a2t —\n 4n+1

so that

/1 dx _ i —% 1
o V1+az4 n J4n+1
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Exercises for A youtube Calculus Workbook Part I M16: Applications of power series

Since this series is alternating and converging by the alternating series test, the error made in

the approximation

/1 dx
S, R B —
" 0 V1424

satisfies

1
-5 1
Rn| < : ;
[l < <n+1>4n+5

so that the error is less than 10~! whenever

2 LI PTe
n+1/4n+5|~ ’

which occurs for n =1 for
Thus

with an error less than 10~!.

In the past four years we have drilled

89,000 km

That's more than twice around the world.

Who are we?

We are the world’s largest oilfield services company’.

Working globally—often in remote and challenging locations—
we invent, design, engineer, and apply technology to help our
customers find and produce oil and gas safely.

Who are we looking for?
Every year, we need thousands of graduates to begin
dynamic careers in the following domains:

‘ ‘ m Geoscience and Petrotechnical

m Commercial and Business

What will you be?

a1 careers.slb.com Schiumberger
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Sample Final Exam

You should give yourself two hours to do the following test on your own, then, and only then, move to the

solutions to evaluate your work.
Show all your work and justify all your answers to get credit.
1. [15] Differentiate
(@)  flx) = aoresine
(b)  f(x) =logg (arctan )

(©  flz)=e*In(z)

Evaluate the following integrals:

2. [5]
2 sinx
/0 14 cos?x d
3. [5]
1
/ (4" + 1) dt
0
4. [5]
/ S5—x .
V1—a?
5. [10]
/xQeM dz
6. [5]
/xcos(x2)d$
7. [10]
/sinsxcos4xdx
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dx

/1 223 + 322 — 162 + 2
0 2+ —12

9. [10] Is the following integral convergent or divergent? If convergent, find its value

> T
——dzr
/0 (2 +3)°

00 14|

10. [5] Is the improper integral | %" dz convergent or divergent. Justify your answer.

1

11. [10] Find the area of the surface generated by revolving the curve y = \/z, 0 <z <1 about

the x-axis.
12. [25] Consider the polar curve r = sin(26)

(a)  Find the slope of the tangent line to the curve at the points corresponding to # =0, ¢
and 7.

(b)  Sketch the curve.

(c)  Setup an integral to calculate the length of the portion of the curve corresponding to
0 < 6 < Z. Do not evaluate the integral.

(d)  Find the area enclosed by the same portion of the curve and the x-axis.

13. [35] For each of the following series, say if it is convergent. Fully justify your answer.

(a) ZZL #1
b)Y, L
(c) ZZO:2 %

@ T (ww)

4 2
(&) Sopo, vl

() S0, nZe .

0 2"n
(@ Yoo T

14. [10] Find the interval of convergence of Y.~ ; % (x+1)".
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Exercises for A youtube Calculus Workbook Part II Sample Final Exam

15.[5] Find the sum of

= (1)
Z In!  24n

n=0

16.[0] Find the Taylor series of ¢2® at 1. What is its radius of convergence?

17.(a)  [10] Establish a representation as power series (together with the corresponding

radius of convergence) for f(z) =In(1+ )+ 1.

(b)  [5] Deduce the sum of > - %

18.[10] Find an estimate, with three exact decimal places, of

-

2
/ arctan(z?) dz
0
19.[5] Find

. 23
. Slnx —x+ &
lim ———=
x—0 $5

American online

is currently enrolling in the
Interactive Online
programs:

enroll by September 30th, 2014 and
save up to 16% on the tuition!

pay in 10 installments / 2 years
Interactive Online education

visit to
find out more!

vvyvVvyyVvyy

Note: LIGS University is not accredited by an
nationallg' recognized accrediting agency listed
by the US Secretary of Education.

ore info here.

—
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Sample Final Solutions

1. [15] Differentiate
(a) f(x) — xarcsin;c
Solution. Since

f(l') — earcsina: In a:,

we conclude with the Chain Rule that

f/(l’) _ earcsin zlnx (arcsinxln 1,)/

Inx arcsinz >

— xarcsinx +
<\/ 1— a2 T

(b)  f(z) =logg (arctanz)

Solution.
1
o) —
fw) = In3-arctanz - (1 + 22)°
(©  flz)=e*In()

Solution.

63m

() =3e*Inz + —.
x

Evaluate the following integrals:
2. [5]

us .
2 sinx
Tt oos2s %%
o l+4cos®x

Solution. Let w = cosx . Then du = —sinx dx so that

/’z' sinx d /0 du farct ]1 tan 1 T
————dr=—- | —— = [arctanu], = arctanl = —.
o 1l4+cos?zx 1 1+ u? 0 4
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5.

/1 (4" +1t*) at

0

Solution.
1 + 571
4 t 4 1 1 3 1
it dt=|—+—| =—4-— —=—"4_.
/0( + ) [ln4+5]0 1n4+5 In4 1n4+5
(5]
/5_7366@
V1— 22
Solution.
/5*I de 5/ dx / z i
—_— = — T
- -2 | Viee
1 d
= 5arcsin:c+§/\/—%f0ru1x2
= bHarcsinz ++vV1—22+C.
[10]

/ z2e3® dx
e.’ia;

Solution. We proceed by parts with v = 22 and dv = 3" dz so that du = 2z dx and v = -

1 2
/xQe?’w dr = §x2e375 —3 /xe3”” dx.

To calculate the remaining integral, we proceed again by parts with v = z and dv = €3* dz so

3z

that du = dzr and v = &

1 2

/910263glc der = 5952633c — §/l‘€3x dx
1
3
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Exercises for A youtube Calculus Workbook Part II Sample Final Solutions
6. [5]

/ x cos(z?) dx

Solution. Let u = 2. Then du = 2z dz and

1 1
/mcos(wz)dx: E/cosudu: isin(xQ)-l-C’.

7. [10]
/ sin® z cos* z dz
Solution. Let w = cosz and du = —sinz dz . Then
/ sinfrcos’xdr = — /sin2 x cos’ x (— sinz dr)

—/(1—u2)u4du

= /uﬁ—u"‘du

7 5

u u
= —-——4C
75 "
7 5
COoS' T COS™ T
-~ - C.
7 5

sssssssssssssvssssssssssssssssssssssssssssesssssnsssssssssssssssssssssssfilcgte]-Lucent @
www.alcatel-lucent.com/careers

"'," / =3 -

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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dxr

/1 223 + 322 — 162 + 2
0 .T2+.T—12

Solution. By long division
2z +1

x2—|—x—12) 223 + 322 — 16z + 2
— 223 — 222 + 24z

2 +8x +2
—z2 —z+12
Tx + 14

we see that

L og3 4+ 322 — 162 + 2 ! Tz + 14
: dr= | 22+1+ ———""dx
0 ?+x—12 0 2+ —12

Moreover,

Te4ld _ Te+ld A B
24+zx—-12 (z-3)(x+4) 2x-3 x+4

and using the handcover method, we easily obtain A =5 and B = 2. Thus

1 3 2 1
22% + 302 — 16z + 2 5
/ i 20 = /2m+1+—+
0 0

dx.
242 —12 r—3 x+4 v

= [m2+x+51n|m—3|—|—21n|m+4|](1)
24+5In2+2In5—-5In3 —2In4.

. [10] Is the following integral convergent or divergent? If convergent, find its value

[ee]
[
o (z2+3)

Solution. By definition

[e%e) t
/ % dx lim / % dx
0 (x2 + 3) t—oo [ (x2 + 3)

13y
= lim —ufOI‘UZCL'2+3
3 u3

t—)oo§
1 t243
- AR [‘472]3
. 1 1 1
= lim _— = —,

—00 36 4(2+3)2 36
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10.[5] Is the improper integral [ W dr convergent or divergent. Justify your answer.

Solution. Since

1+ |cosz|

0<t<
X X

oo 1+|

and [~ 2 is divergent, we conclude by comparison that | %z‘ dz is divergent.

1

11. [10] Find the area of the surface generated by revolving the curve y = \/z, 0 <z <1 about

the x-axis.

Solution.

<

—

+
7N
[SHESY
Fls
~—
[ V)

QU

)

1

A = 27T/

0

1 1 \2

T | V& 1+<—> dx

/ 7
1
= 27r/ \/51/4x+1dx
4x

1 1
= 2%-5/ Viz + 1dx
0

Il
n

(=)

- 3
= Z/ Vudu for u = 4x + 1
1
™ 2 35 ™ 3
- ToAlA =T *_1>.
4 3[“2}1 6(52

12.[25] Consider the polar curve r = sin(26)

(a)  Find the slope of the tangent line to the curve at the points corresponding to # =0, §

s
and 7.

Solution. For § =0 and 6 = %, we have r = 0, so that the value of 6 determines the
direction of the tangent line. Specifically, the tangent is horizontal when 6 =0, and

vertical when 6 = 7. On the other hand, for § = ¢

dy _ r'sinf+4rcos  2cos(20)sinf + sin(26) cosf
dr~ 71'cosf—rsinf  2cos(26)cosd — sin(26) sin d
=% co.s %ﬂ _
—sinZ

4

is the slope of the tangent line.
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(b)  Sketch the curve.
Solution. Since r'(0) = 2 cos(20), ' > 0 if

2k7r<29<g+2k7r <— k7r<9<%+k7r

or if

3
2k7r+77r <20 <2(k+ 1)1 = k7r+%7r<0<(k+1)7r.

Thus ' > 0if € (0,Z) or 6 € (m,25) or 6 € (25, 7) or § € (X, 27), which leads to

the following variations of r as a function of 6

/

Leadiny
% Maastricht University o Learnin:

Join the best at
P i N - 33" place Financial Times worldwide ranking: MSc
the Maastricht University International Business

+ 1% place: MSc International Business

M + 1% place: MSc Financial Economics
SChOOI Of Bus' ness a nd « 2" place: MSc Management of Learning
. - 2" place: MSc Economics
ECOHOm |CS! - 2" place: MSc Econometrics and Operations Research
- 2" place:MSc Global Supply Chain Management and
Change

Sources: Keuzegids Master ranking 2013; Elsevier ‘Beste Studies’ ranking 2012;
Financial Times Global Masters in Management ranking 2012

Maastricht
University is
the best specialist
university in the
Netherlands
(Elsevier)

Master’s Open Day: 22 February 2014

www.mastersopenday.nl
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We deduce the following sketch for r(6)

and thus, the following sketch for the polar curve r = sin26:

(c)  Setup an integral to calculate the length of the portion of the curve corresponding to

0 < 6 < Z. Do not evaluate the integral.
Solution. The length is given by

L = /’2‘ r2 4 ﬁzd&
L do

/2 \/Sin2(26‘) + 4 cos?(26) df
0
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(d)

Find the area enclosed by the same portion of the curve and the x-axis.

Solution.

A = 1/2r2d9:1/2sm2(29)d9
2 0 2 0
1 12
= 7/ 1 — cos(40) df
4 0
I P eT ]
= 1 Sin 0—

13.[35] For each of the following series, say if it is convergent. Fully justify your answer.

(a)

(b)

()

ZOO n
n=1 n+1"
Solution. Since

n
li =140
Jm e =140,

the series )7 | -7 is divergent by the n™ Term Test.

Zoo (=1)"n
n=1 n24+n+2
S

Solution. The sequence {n2+nn+2 }n:l is eventually decreasing for

x /_x2+x—|—2—2x2—x_ 2 — a2 -0
24+z+2) (2 + 2+ 2)2 (@24 +2)2
forall z > 2, and
lim

n—oon2 +n + 2 =Y

[e%S) (=1)"n

ne1 nTa1s is convergent by the Alternating Series Test.

so that the alternating series >

ZOO n342
n=2 nt-2"

Solution. Since n® + 2 > n® and —= > 1, we have

nt—2

3
w0

_|_

[\
w0

> >0

o
:343
S|

nd —

for all n > 2. Moreover, >~ , % is a divergent p-series for p = 1 < 1. By Comparison,

o n3+2 . .
Yooy s is also divergent.
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@ v ()"

Solution. Let a,, := (#;) . Then
. n . n? 1
lim \ |an| = lim m = g < 1.

n—oo n—oo

2 n
By the Root Test, the series Y, (ﬁ) is convergent.

(€)  Yopo, Yrertl

n=1 ni+1

4
= Y2+l gnd b, = Y20 — 1 Then

Solution. Let a,, := ¥ 3745 i = 2
an o niVni4n2 41
lim — = lim
n—o0 by, n— 00 nt+1
nty/1+ n% + #
— lim =10
oot (14 77)

Moreover, > | b, = > .- | - isa convergent p-series for p = 2 > 1. Thus, by the Limit

n=1 n2

. 4 2 .
Comparison Test, Y, ; % is also convergent.

> Apply now

REDEFINE YOUR FUTURE
AXA GLOBAL GRADUATE
PROGRAM 2015

redefining / standards M

[=%
S
]
17}
=
S
=
S
2
°
=
o
©
0
o
3
2
9
&
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(f) ZZO ) n2€—n3

Solution. Let a,, := n2e~"". Then

ni1 (n+1)? e (1P gy
an, e(n+1)3 n2 n?
(Tl + 1)2 67377,27377,71

n? ’

so that lim,,_, o, |22+

= 0 < 1. By the Ratio Test, > n% % s convergent.

@) Xam (2711%

Solution. Let a,, := ﬁ Then
ang1]| _ 2 n+1) (2n4+1)18* 2 n+1 1
an | (2n+ 3)13n+1 2np 3 n (2n+2)(2n+3)’

An+41

so that lim,,

=0 < 1. By the Ratio Test, .., (2,3:% is convergent.

4.[10] Find the interval of convergence of Y., W (x+1)"

Solution. Let a,, := % (r+1)". Then

Ant1 |z + 1"t (n+2)3"

1 n+2 o+ 1)
= . == — . x
an, (n+43)3n+l |z +1|» 3 n+3
so that
lim Antl| _ v+ 1]

By the Ratio Test, the interval of convergence is centered at -1 and has radius 3.

Moreover, when x = —4, the series becomes
n:1 n—|—23” et n—|—2 n:1n+2 =n

which is a divergent p-series (p =1 < 1).

When z = 2, the series becomes

’I’L

oo B oo (_1)n
Z n+23” _Z ’

n:l
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which is convergent by the Alternating Series Test, for {ﬁz} is decreasing with limit 0.

n=1

Thus, the interval of convergence is

I=(—4,2].

15.[5] Find the sum of

Solution. Since

and for all x,

we conclude that

ol

I A
ot on! 24n 4

16.[10] Find the Taylor series of ¢?* at 1. What is its radius of convergence?

Solution. If f(z) = e** then

fll@) = 2e*
f// (.’E) _ 226293
f(n) (.’E) _ 2n62a:7

so that

and the desired Taylor series is

> 2n€2

(x —1)™

n=0
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To determine its radius of convergence, we use the Ratio Test with a,, := 2:52 (x—1)".
ane1|  27FHLe2|w — 1|7 HL n! 2 o —1|
- : - T —
an (n+1)! ez — 1" n+1

so that lim,,_, = 0 < 1 forall x, and the interval of convergence of this series is (—oo, c0),

an41
Qn

that is, the radius of convergence is infinite.

17.(a)  [10] Establish a representation as power series (together with the corresponding

radius of convergence) for f(z) =In(1+x)+ 1.

Solution. Since

@)= = T - 3oy = 3y

for |z| < 1, we deduce by term-by-term integration that

fay=Cc+y_

for |z| < 1.Since f(0)=1+Inl1=1 and f(0) = C, we deduce that

flz) =1+ Z %x"“ for z € (—1,1). (16.3.1)

n=0
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(b)  [5] Deduce the sum of > .- %

Solution. Note that according to (16.3.1),

3)- ”2 oD (%)+

so that
> (- 1 - 3
;](nﬂ)?nﬂf(i)lm(ﬁ)l‘

18.[10] Find an estimate, with three exact decimal place, of

N=

/ arctan(z?) da
0

Solution. Since

oo _1 n
arctanz = Z ux%“ forall -1 <z <1,

= 2n+1
we have
arctan(z?) = i ﬂz‘m” on [—1,1].
2n + 1 ’

n=0

Integrating term-by-term, we have

o0 _1 n .
/arctan(mz) de =C + Z %x‘m*} for |z| < 1.

— +1)(4n+3)
Thus
3 N (-1)» P (=1~
/0 arctan(z”) dz = L; @n+1)(4n+3)" L _; (2n + 1)(4n + 3)24n+3°

This series is convergent by the Alternating Series Test. Thus the error made in the approximation
1

- (1) /z )
S ; (2 4 1)(4i + 3)24i+3 . arctan(z®) dz

satisfies

1

R, < .
[Fin| < (2n + 3)(4n + 7)24n+7
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We can guarantee at least 3 exact decimal places by requiring |R,| < 10~*, which is true

whenever

(2n + 3)(4n + 7)2*"F7 > 10

Since 5 x 11 x 211 = 112640 > 10°, we have

1 1 2
S1=— — —— = / arctan(z?) da
24 2688 J,

with at least 4 exact decimal places.

19.[5] Find
i — z°
lim sinx rx—ﬁ— 6
z—0 x°
Solution. Since
. _ - (_1)TL 2n+1 __ 1'3 x5 $7
Smx*; enrDl” "6 "120 3040
for all x, we conclude that
sinx—x—i—% _ %—%—l—... :i_ x? +£4
5 5 120 5040 9!
so that
. 3
. sinz—x+ % 1
Iim —mM = —.
z—0 56'5 120
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Endnotes

L. we could also have simplified the function by x to =%5; = 555y

2. note the change of starting index between the 2 series
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