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Preface

With the explosion of resources available on the internet, virtually anything can be learned on your own,
using free online resources. Or can it, really? If you are looking for instructional videos to learn Calculus,
you will probably have to sort through thousands of hits, navigate through videos of inconsistent quality

and format, jump from one instructor to another, all this without written guidance.

This free e-book is a guide through a playlist of Calculus instructional videos. The format, level of details
and rigor, and progression of topics are consistent with a semester long college level first Calculus course,
or equivalently an AP Calculus AB course. The continuity of style should help you learn the material
more consistently than jumping around the many options available on the internet. The book further
provides simple summary of videos, written definitions and statements, worked out examples—even

though fully step by step solutions are to be found in the videos — and an index.

The playlist and the book are divided into 15 thematic learning modules. At the end of each learning
module, one or more quiz with full solutions is provided. Every 3 or 4 modules, a mock test on the previous

material, with full solutions, is also provided. This will help you test your knowledge as you go along.

The present book is a guide to instructional videos, and as such can be used for self study, or as a textbook

for a Calculus course following the flipped classroom model.

To the reader who would like to complement it with a more formal, yet free, textbook I would recommend

avisit to Paul Hawkins’ Calculus I pages at http://tutorial. math.lamar.edu/Classes/Calcl/Calcl.aspx, where

a free e-book and a more extensive supply of practice problems are available.

For future reference, the play list of all the videos, as well as a Calculus II playlist, are available at:

https://www.youtube.com/user/calculusvideos.
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1 M1: Limits

1.1 Why limits?

Watch the video at
http://www.youtube.com/watch?v=V11xdx12BRs&list=PL265CB737C01F8961&index=1.

Abstract This video presents motivations for limits, and examines in particular the relation
between average velocity and instantaneous velocity. The need for a concept of limit to
properly define the tangent line to the graph of a function is also examined. It is further
shown that the instantaneous velocity problem is nothing but an instance of the tangent

line problem.

Motion In the study of motion along a straight line, the position at time ¢ is given by a number s(¢) on

a line, given by the signed distance to a fixed origin, relative to a fixed unit of length.

Definition 1.1.1. The average velocity over a given interval time, to ¢, to ¢, is given by

Ulta,t2] =

displacement  s(t2) — s(t1)
time - to—t1

Definition 1.1.2. The instantaneous velocity at time ¢  is approximated by the average velocities over

interval of time containing ¢, and of time span getting smaller and smaller:

)

- . s(t) — s(to)
’U(to) = tlglg() Vlt to] = tlgltlo o

where the precise meaning of

lim
t—to

is to be determined.

Tangent Line. The tangent line to the graph y = f(x) of a function through a given point (x, f(x)) is either
vertical (i.e., x = x,) or is entirely determined by its slope. To define its slope, first note that the slope of

the line through (x,, f(x,)) and another point (x, f(x)) on the graph of fis given by

f(@) = (o)

T—x0
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This secant line is not the desired tangent line, but it becomes a better approximation of it as x approaches

XO:

Definition 1.1.3. The tangent line to y = f(x) at (x,, f(x,)) is the line through (x, f(x,)) of slope

e 1 {@ = o)
T—To r — X
where the exact meaning of
lim

Tr—rxo

is to be clarified.
An equation of the line is then given by

y — f(zo) = m(z — x0). (1.1.1)
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1.2 Definition of the limit of a function

Watch the video at
http://www.youtube.com/watch?v=drGBIdD6gD0&list=PL265CB737C01F8961&index=2.

Abstract This video presents a (informal) definition of the limit of a function at a given value,
examines a more formal re-interpretation of the definition (the so-called e-§-definition),
and illustrates the fact that the limit of a function may or may not exist.

Let f be a real-valued function on the real line, and let a and L be two real numbers.

Definition 1.2.1. (Informal) The limit of a function f at a is L, in symbols

lim f(x) =1L,

r—ra

if the values of f(x) can be made as close to L as desired, by taking x sufficiently close to g, but not equal

to a.

The formal re-interpretation is as follows (see video):

Definition 1.2.2. (formal) The limit of a function f at a is L, in symbols
Jim f(@) =L,

if for every € > 0, there is 6 > 0 such that

O0<|z—a|l<d=|f(zx)—L|<e
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1.3

Limit laws

Watch the video at
http://www.youtube.com/watch?v=Koh6kBB7xws&list=PL265CB737C01F8961&index=3.

If

Abstract This video presents and proves simple limit laws (thus illustrating the use of the

e-0-definition of limits).

lim f(z) = L
r—a
lim g(z) = M

exist, and c is a fixed real number, then

lime =
r—a
limz =
Tr—a
lim ¢ f(x
Tr—a
x

lim (f +g) (
lim (- g) (=

i () -

)
) =
)

Cc
a

c- lim f(z)

r—a
lim f(z) + lim g(x)
lim f(z) - lim g()
limy 4 f(2)

IF 1i 0.
limy—q g(2) 1My q g(.T) #

no.l

nine years
in a row

<
)
<
5

Stockholm
(]
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1.4 Evaluating limits

Watch the video at
http://www.youtube.com/watch?v=BkyD2jT3crw&list=PL265CB737C01F8961&index=4.

Abstract This video examines how to evaluate limits using the limit laws from the previous
section, and in cases of where the limit laws do not apply. In such cases, techniques of

factoring and of using the conjugate are presented.

Using the limit laws to obtain the following limits
lim 52° — 22° + 32 -2 = 36
T—2
. w2 =2z +1
lim ——
z—1 x+9
illustrates the following:

Corollary 1.4.1. If f is

1. a polynomial function then

lim f(z) = f(a)

r—a

for any a € (—o0,00);
2. a rational function then

lim f(x) = f(a)

Tr—a

for any a in the domain of f.

In the case of a limit of the form

im @
i g9(z)

where f(z) = g(z) = 0, we have an indeterminate form of the type 3. Two types of instances are examined,

each with its technique to solve the indetermination.
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If f and g are both polynomial functions: we use the fact that for a polynomial f we have

fla) =0 < f(z) = (z —a)q(z)

where q(x) is another polynomial. In other words, f(a) = g(a) =0 means that (x - a) is
a common factor in f and g Thus, we factor (x - a) out of f and g and cancel it
(without changing the limit at a, because the limit does not depend on the value of the function

at a). For instance:

. 2224+ 2-10 . (x—=2)(2z +5)
lim ———— = lim-—F+H———=
z—=2 241 —06 r—2 (x—2)(x+3)

2x+5

= lim

=2 x4+ 3

_ 4—|—5_g

- 2+3 5

If f or g is of the form /O =+ O : we use the conjugate quantity VO F O and the formula
(a—Db)(a+b)=a®—b? (1.4.1)

to get read of the radicals, and then apply the previous factoring technique. For instance, to

evaluate the indeterminate form % below

VI1I+t—-3

im
t5—2 t24+t—2

we multiply top and bottom by the conjugate of /11 + ¢ — 3, whichis /11 + ¢ + 3. This does

not change the fraction, therefore not the limit. Using (1.4.1), we obtain:

V11+t -3 . (V11+¢t—3)(v/11+t+3)

lim —— = im
o2 24t — 2 -2 (2 +t—2)(VIL+t+3)
. 114+¢t—-9
= lim
t=—2 (12 +t — 2)(yI1 + £ + 3)
. t+2
= lim
t==2 (t+2)(t — 1)(v/11+t +3)
= lim L
t5=2 (t — 1)(v/I1 + t + 3)
1 1

(-3)(V9+3) 18
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1.5 Squeeze Theorem

Watch the video at
https://www.youtube.com/watch?v=2QxaVIc9KNA&list=PL265CB737C01F8961 &index=5.

Abstract This video presents the Squeeze Theorem as stated below and two simple examples of
applications.

The basic observation that:

Proposition 1.5.1. If f(z) < g(x) for all x in an open interval centered at a, except possibly at a, and both
fand g have a limit at a then

lim f(z) < lim g(z).

T—a T—a

leads to the important result:

Theorem 1.5.2 (Squeeze Theorem) If h(z) < f(x) < g(z) for all x in an open interval centered at a, except
possibly at a, and if

lim h(z) = lim g(z) = L

r—a r—a
then
lim f(z) = L.

To illustrate how to apply this Theorem, consider:

Example 1.5.3. Evaluate

lim 22 cos (Z) .

x—0 xX

It is unclear how cos (Z) behaves as x approaches 0, but what we know is that

—1 < cos (Z) <1

T

aslongas cos (Z) is defined, that s, for all = # 0. Multiplying each term by x* (which preserves inequalities

because 22 > 0), we obtain

™
—z? < z2 cos (—) < 22
x

Download free eBooks at bookboon.com
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for all 2 # 0. Note moreover that

lim —2% = lim 22 = 0
x—0 x—0

Thus, the Squeeze Theorem applies to the effect that

lim 22 cos (E) =0.
T

z—0

Example 1.5.4. If
3z < f(x) <a®+2
for all = € (0,2), what is
lim f(z)?

We don’t have a lot of information on f, yet this is sufficient to conclude. Indeed,
lim 3z = lim 2® +2 =3,
r—1 r—1

so that the Squeeze Theorem applies to the effect that

lim f(z) = 3.

rz—1

L, =
[:: = _,JI ‘\
1-..<| .1 i.-‘ o S\j
’ = caendh
neco e

At

STUDY AT
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1.6 Applications

Watch the video at
https://www.youtube.com/watch?v=V6h3L DkoNA&list=PL265CB737C01F8961&index=6.

Abstract This video presents examples of applications of the techniques previously seen to
calculate limits to the initial motivating problems of finding the tangent line to the graph

of a function at given point, and of finding instantaneous velocities.

More specifically, the following examples are considered:

Example 1.6.1. Find (an equation of) the tangent line to

y=22% 43z —1
at x = 2.

Solution. Let f(x) = 22 + 3z — 1. In view of Definition 1.1.3, the tangent line is the line through

(2, f(2)) = (2, 13)

of slope

. fl@) = f(2) . 222 +4+3z-1-13
lim ————~ = lim
z—2 T —2 z—2 r—2
. 22243z —14
= lim——-——
r—2 xr—2
— lim (x—2)22+7)
r—2 (J,‘—Q)
= lim2x+7=11.
r—2

Thus, in view of (1.1.1), an equation of the tangent line is

y—13=11(z — 2).

Example 1.6.2. An elephant falls off a 144 feet tall building. After t seconds he is

s(t) = 144 — 16t

feet from the ground.
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1. What is its velocity after 2 seconds?

Solution. Since s(t) gives the position at time ¢, the velocity after 2 seconds is given by

_ _ 2 _
lim s(t) — s(2) ~ lim 144 — 16t° — 80
t—2  t—2 t—2 t—2
64 — 16t2
= lim—
t—2 t—2
~ lim (t —2)(—16t — 32)
t—2 t—2
= lim — (16t + 32)
t—2

= —64 ft/sec.

2. When does it reach the ground?

Solution. It reaches the ground when the distance s(t) to the ground is 0:

s()=0 <= 144—-16t>=0

144
t?=—=9
16

— t=3
because in this problem, ¢ > 0. Thus, the elephant strikes the ground after 3 seconds.

3. With what speed does it strike the ground?

Solution. This is the velocity after 3 seconds:

s(t) — s(3) . 144 —16t2 -0
m —-——-——- hm—
t—3 t—3 t—3 t—3

t— —16t — 4
L G-y
t—3 t—3

lim — (16t + 48)
t—3

= —96 ft/sec.
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1.7 M1 Sample Quiz

1. Evaluate the following limits
22—z 44
a) lim ——
z—4  x+4

224+ —1
b) zlinfll x2—z—2

. T+ 2
¢) lim ———
=322+ —12

. 4—+/10+ 3z
d) lim —————~—

$312 1‘2 —|— xr — 6
2. Find the tangent line to

flx) =22 —2+3

atx =1.
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1.8

Solutions to M1 sample Quiz

. Evaluate the following limits

l,mIQ—x+4 1,11116—44—4
m-——— = lim ———
a) r—4 a;‘+4 r—4 4—|—4
16
= —:2
8
b) .. 22?4+ ax-1 . (z+ 12z —1)
Ilm —-——r- = lm —-FHF———=
r——1 1’2*1'72 r——1 ($+1)(1’*2)
—  lim (2 —1)
rz—>—1 (,’1}—2)
-3
r+2

<) ilggﬁ—i-x—m

does not exist because = + 2 = 5 # 0 when x = 3, while 22 + z — 12 = 0 when x = 3.

. 4—+/10+ 3z . (4—V10+3z) (4++V10+ 3x)

d) lim — Y = lim 5 .

a—=2 242 -6 e—=2 (2242 —-6) (4+ 10+ 32)
lim 16 — (10 + 3z)
=2 (22 +x — 6)(4 4+ /10 + 3x)
lim 0 — 3z
=2 (22 +x — 6)(4 + /10 + 3x)
lim —3z=2)
=2 (z — 2)(z + 3)(4 + /10 + 3z)
lim =3
=2 (x4 3)(4 + /10 + 3x)

-3 3

5(4+4) 40
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2. Find the tangent line to

flx)=22*—2+3

atx=1.

The point of tangency is
(1, f(1) = (1,4).

The slope of the tangent line is

_ 2 _ _
p @) 207w+ 34
rz—1 x—1 rz—1 x—1
o2t —2—1
= lim ——
rz—1 x—1
_ o @=DEr+)
rz—1 r—1
= lim2x+1=3.
z—1

Therefore the tangent line goes through (1, 4) and has slope 3. An equation of the line is given by

y—4=3x—-1).
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2 M2: One-sided limits; infinite
limits and limits at infinity

2.1 one-sided limits: definition

Watch the video at
https://www.youtube.com/watch?v=dmi6_ex20aM&list=PL265CB737C01F8961&index=7.

Abstract This video presents the definition, both informal and formal, of one-sided limit

of a function.
Definition 2.1.1 (Informal)

1. The limit of f as x is approaching a from the left is L, in symbols,
lim f(z) =1L,

Tr—a =

if the values of f(x) can be made as close to L as wanted, by taking x sufficiently close to a,

and less than a.

2. The limit of f as x is approaching a from the right is L, in symbols,
lim+ flz)=1L,

Tr—ra

if the values of f(x) can be made as close to L as wanted, by taking x sufficiently close to a,

and greater than a.
Definition 2.1.2 (Formal)

1. The limit of f as x is approaching a from the left is L, in symbols,
lim f(z) =L,

if for every e > 0 there is § > 0 such that

O<a—z<déd=|f(z)-L|<e.
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2. The limit of f as x is approaching a from the right is L, in symbols,
lim+ flz)=1L,

r—a

if for every e > 0 there is § > 0 such that
0<zr—a<d=|f(z)—L|<e.
Note that a function may have one-sided limits, but no limit in the usual sense. More specifically:

Proposition 2.1.3.

lim f(z) =L < lim f(z)= lirn+ f(z) =L.

T—a T—a~ r—a

This means that for the limit to exist, both one-sided limits have to exist, and they have to be equal.
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2.2 one-sided limits: examples

Watch the video at
https://www.youtube.com/watch?v=YFs3hdMEUFY &list=PL265CB737C01F8961&index=8.

Abstract This video considers the existence of limits for functions defined piecewise, or in

terms of absolute values. The examples below are explained.

Example 2.2.1. Consider the function

22 +2 ifr<?2
fl@)y=<5 ifx=2
4 —3 x> 2.

What is lim f(z)?
r—2

Solution. Because the function is defined differently on the left and on the right of 2, we consider one-

sided limit, in order to apply the criterion of Proposition 2.1.3. Specifically

lim f(z) = lim 2> +2=6

T2~ T2~

lim f(zr) = lim 4o —3=75.

z—2+ z—2+
Since lim f(z) # lim f(z), we conclude that lim f(x) does not exist.
T2~ z—2F T—2

Example 2.2.2. Consider the function

ve+3 Hax<l1
fl@)=<2?2+1 ifl<a<3
20 +1 ifz > 3.

Find lim f(2), lim f(2) and lim ().

Solution. Because the function is defined differently on the left and on the right of 1 and of 3, we consider

one-sided limits at 1 and 3, in order to apply the criterion of Proposition 2.1.3. Specifically

lim f(z)= lim vz+3=2

r—1— r—1—

li = i 2.1=2
Jm, f(z) = lim, 27+

lim f(z) = lim 2?41 =10

T—3~ T3~

lim f(z)= lim 22 +1=T7.
z—3t

z—31
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We conclude from Proposition 2.1.3 that lim f(z) =2 but that lim f(z) does not exist. On the other
hand, f(z) = 2% + 1 on an open interval containing x = 2, so that
. T 2 o
il_)H?éf(CE)—}cl—)InQI' +1=5.
Example 2.2.3. Find
-2
lim i |

z>222 4+ —6

Solution. Note that this is an indeterminate form of the type %, but we cannot use factorization because

the numerator is not a polynomial. To get rid of the absolute value, recall that

a ifa>0
la| == .
—a ifa<O.

Thus |z —2|=2z—2if x> 2 and |z — 2| = —(z — 2) if x < 2. We should therefore consider one-sided

limits at 2, because the expression for the function is different on both sides of 2. Specifically:

lim 7|m—2| = lim 7_@_2)
z—2- 22+ 1 —6 r—2- 22+ 2 —6
—  lim =2
z—2- (x —2)(x + 3)
. 1 1
= lim — =—=;
T—2— Z‘+3 5
. |z — 2] ) x—2
im ———— = lim ————
=2t 22+ —6 2t 22+ —6
. xr — 2
= lim

z—2t (x — 2)(z + 3)

. 1
= lim = —.
z—2+ x+ 3 5

T S
oot (z—2) (2 +3)

Since

lim f(z) # lirg+ fx),

T2~

we conclude that ilglzf (7) does not exist.
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M2 Sample Quiz 1: one-sided limits

1. Match lim, ;- f(z), lim, ,;+ f(z) and lim,_,; f(z) and f(1) with their values, if f(x) is the

function represented below:
A

2. Do the following limits exist? Justify your answers

a) lim, 1 f(z) where

- 2

20 +3 ifx<—1
/(@) {x —z ifx>-1"

b) lim, o f(x) where
11—z ifzx <2
f(x)_{aﬂ—?)a:—i—l ifx>2"

2 4+x—2

d) lim ve+1-—2

T—>3|—{E2—IE+12|
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24 Solutions to the M2 sample Quiz 1

1. lim f(z) = 4
T—1~
li =
f) =5
lim f(x) does not exist.

r—1

2) Do the following limits exist? Justify your answers

Q) lim, 1 f(z) where

20+3 ifz< -1
f@) = {x2x fr>-1"

Solution.

lim f(z) = lim 2x+3=1
r——1" r——1"

li = i =2
Jm S =l ot
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Thus,

lim  f(x) #

rz——1—

(@),

and lim,_,_; f(z) does not exist.

b) lim, 2 f(x) where

M2: One-sided limits; infinite limits and limits at infinity

11—z ifz <2
T) = .
/(@) {x2—3x+1 ifz>2
Solution.
lim f(z) = lim 1l—2=-1
r—2~ r—2~
lim f(z) = lim 2> -3z+1=—1,
r—2t r—2t

so that lim, 2 f(z) = —1.

2 4+x—2
im —————
C) z——2 |:]; -+ 2|
Solution.
lim ?+r—-2 lim (x+2)(x—1)
es—2- |z+2] a2 —(z+2)
= lm —(r—1)=3
T——2"
2?2+ x—2 (z+2)(z—-1)
m — = [ S
r——2+F |.13 + 2| z——2+ (.L“ + 2)
= lm —1=-3
z——2+
so that
i 2 +x—2 22 +z—2
im ——— m —
z——2- |z + 2| z——2+ |z 4+ 2|
and lim,_,_» % does not exist.
RV —2
d) fim —veti—2

23 | — 1?2 — x4+ 12|

Solution. Note that

|—2? —z+12|=|— (z—3)(x +4)| = |z — 3| - |« +4].

31
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Thus
. ve+1-2 . ve+1-2
llm ————— = lm ———
s—3- | — a2 —x + 12 e—3- —(z — 3)(x + 4)
— m ve+l-2  Vo+1+2
o3~ —(z—3)(x+4) \/x—i— +2
) (x+1)—
= lim
3= —(x — )(a:—|—4)(\/a:+1—|—2)
. z—3
= lim —
e—=3- (v — )(x+4)(\/m+ +2)
= lim — 1
z—3- (x—|—4)(\/x—|— +2) 28
and
vr+1-2 . vr+1-2
lim ————— = lim ———————
a3t | — 22 —x + 12 a—3+ (x — 3)(x +4)
— fim ve+1-2 Vz+1+4+2
a3t (z—3)(z4+4) Vr+1+42
. -3
= lim
z—3+ (z —3)(z +4)(Va + 1+ 2)
1 1

I -
eost (r 1AV r1+2) 28

. Vr+1-—2 .
Therefore, limz 3 =rz=75737 does not exist.
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2.5 Definition of infinite limits

Watch the video at
https://www.youtube.com/watch?v=p8dX3e79owI&list=PL265CB737C01F8961&index=9.

Abstract This video presents informal and formal definitions of lim f () = +o0,

lim f(z) = —00, and lim, f(z) = +00 The geometric interpretation in terms of vertical
r—a r—a

asymptote is also presented.

Infinite limits specify the behavior of the function when the limit does not exist. An infinite limit is one

of the ways the limit (in the usual sense) can fail to exist.
Definition 2.5.1 The limit of fat a is:

1. +oo, in symbols

lim f(z) = oo,

if the values of f(x) can be made as large as we want by taking x sufficiently close to a, but not

equal to a.

2. -oo, in symbols

if the values of f(x) can be made as negative large as we want by taking x sufficiently close to

a, but not equal to a.
Definition 2.5.2 (Formal) The limit of f at a is:

1. +oo, in symbols

lim f(z) = +oo,

Tr—a

if for every M > 0 there is § > 0 such that

O0<|z—a|l<d= f(zx) > M.

2. -oo, in symbols
lim f(z) = —o0,

r—a
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if for every M > 0 there is § > 0 such that
O0<|r—al<d= f(zr) < —M.
Of course, there are one-sided counterparts to these notions:
Definition 2.5.3 (Formal)

1. The limit of f at a from the right is:

a) +oo, in symbols

lim f(z) = 400,
z—at

if for every M > 0 there is § > 0 such that

O<z—a<d= f(z)> M.

b) -, in symbols

lim f(z) = —o0,
z—at
if for every M > 0 there is § > 0 such that

0<z—a<d= f(z) < —M.

2. The limit of f at a from the left is:
a) +oo, in symbols

lim f(z) =400,
r—a
if for every M > 0 there is § > 0 such that

0<a—z<d= f(z)> M.

b) -, in symbols

lim f(x) = —o0,
r—a
if for every M > 0 there is § > 0 such that

0<a—z<dé= f(z)<—M.
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Example 2.5.4. Find

lim 3
z—2- T — 2

specifying +o or —o if applicable.

Solution. Because limz —2 =0, the values of |2;| grow without bounds when x approaches 2. Since
x — 27, x <2, thatis, x - 2 < 0. Thus

3
< 0.
T — 2
Therefore
lim = —00.
r—2— T —

Definition 2.5.5. A line x = a is a vertical asymptote for f if at least one one-sided limit of fat a is infinite

(either 400 or —o0).

sssssssssssssvssssssssssssssssssssssssssssesssssnsssssssssssssssssssssssfilcgte]-Lucent @
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2.6 Finding vertical asymptotes

Watch the video at
https://www.youtube.com/watch?v=XX7AxZRz8ck&list=PL265CB737C01F8961&index=10.

Abstract This video presents how to find the vertical asymptotes for a given function, going

over the examples below.

Example 2.6.1. Find the vertical asymptotes of

- 1
T 22413

/(=)

Solution. We are looking for values a such that lim, ,,+ f(xz) = 00 . Since fis a rational function, this

can only happen at values outside the domain, that is, at zeros of the denominator. Moreover

1
@) = (x —1)(2x + 3)
so that f has infinite one-sided limits at 1 and at —32. Thus the lines x = 1 and = = —2 are vertical
asymptotes.

Example 2.6.2. Find the vertical asymptotes of

2¢2+3z—5

Solution. Again, the only potential vertical asymptotes are x = a, where a is a zero of the denominator. Here

) = 202 +32 -5  (x—1)(2z+5)
(-1 +2)  (z-D(@+2)°

We factor both numerator and denominator to see at what zero of the denominator the function has an

infinite (one-sided) limit. Here x = -2 is a vertical asymptote, but x = 1 is not, because

20 +5 7

)= T

is finite.
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Example 2.6.3. Find the vertical asymptotes of

22 +x—6

o= ra

Solution. Again, the only potential vertical asymptotes are x = a, where a is a zero of the denominator. Here

B (z —2)(z +3)
T ="y
so that
. x4+ 3
lim f(2) = lim ——

is infinite. Thus x = 2 is the only vertical asymptote.

/
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2.7 Limits at infinity and horizontal asymptotes

Watch the video at
https://www.youtube.com/watch?v=vQDACW V{110&list=PL265CB737C01F8961&index=11.

Abstract This video examines the “end behavior” of a function, introduces the notion of

limit at +co0 and at —oo and the notion of horizontal asymptote.
Definition 2.7.1. We say that

1. the limit at +oo is L, in symbols
lim f(z) =1L,

r—+o0

if the values of f(x) can be made as close to L as we want by taking x sufficiently large; formally,

if for every € > 0, there is M > 0 such that

x>M=|f(z)—L| <e.

2. the limit at oo is L, in symbols
lim f(z) =1L,

T——00

if the values of f(x) can be made as close to L as we want by taking x sufficiently negative large;

formally, if for every e > 0, there is M > 0 such that

r<—-M=|f(z)—L| <e.

Definition 2.7.2. The line y = L is a horizontal asymptote of f if

lim f(z) =L orlim,,_ f(x) = L.

Tr—r+0o0
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2.8 Finding horizontal asymptotes

Watch the video at
https://www.youtube.com/watch?v=COTm4zRBYaY &list=P1L.265CB737C01F8961 &index=12.

Abstract This video presents how to quickly find horizontal asymptotes for rational

functions, using the degree of the numerator and denominator.

The key observation is that if ¢ is a constant and r > 0 then

. C
lim — =0
r—too "

This simple observation is used to deduce the following general rule:

Theorem 2.8.1. If p(x) and q(x) are two polynomial functions of respective degrees d°p and d°q and

1. d°p < d°q then

lim M =0,
r—+oo q(:p)

and y = 0 is a horizontal asymptote of f(x) = p(z)

a(z)’
2. d°p = d°q then

. p(x) leading coef of p
lim = - =
z—too g(x)  leading coeff of ¢

and y = m is a horizontal asymptote of f(x) = %;

3. d°p > d°q then

m 2@
mEI:Itloo q(x)

is infinite and f(r) = % has no horizontal asymptote.

Example 2.8.2. Find the horizontal and vertical asymptotes of

202+ +1
o @ =T
3x
b) fl@) =—5—
323 + 2z + 1
) @) =
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Solution. a) The denominator 3z% + 4 is never 0 and therefore f has no vertical asymptote. Numerator

and denominator have the same degree, so that, according to Theorem 2.8.1(2),

lim f(z) = ;

z—+oo

so that y = £ is a horizontal asymptote.

b) The denominator x> — 9 takes the value zero at -3 and 3. Moreover, the numerator does not
take the value 0 at +3. Thus x = -3 and x = 3 are vertical asymptotes. Moreover, the degree

of the denominator is greater than that of the numerator, so that

lim f(z)=0

r—+oo

by Theorem 2.8.1(1), and we conclude that y = 0 is a horizontal asymptote.

¢) The denominator x> + x — 6 = (x — 2)(x + 3) takes the value zero at 2 and -3, but the
numerator does not. Hence x = -3 and x = 2 are vertical asymptotes. On the other hand, the
degree of the numerator is greater than that of the denominator so that f does not have any
horizontal asymptote, according to Theorem 2.8.1(3). However, the graph of the function

indicates that it has a slant asymptote, which is the subject of the next section.
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Watch the video at
https://www.youtube.com/watch?v=iju4GxstffI&list=PL265CB737C01F8961 &index=13.

Abstract This video defines slant asymptotes and examines how to find slant asymptotes
in the case of rational functions, using long division. A review of the algorithm for long

division is included.
Definition 2.9.1. A line of equation y = ax + b is a slant asymptote of a function f if

lim (f(z) — (axz+b)) =0.

z—+to0

In the case where

is a rational function (i.e., quotient of two polynomial functions), f has a slant asymptote if and only if

the degree of the numerator is one more than the degree of the denominator, that is,
d°p=d°q+1.

We then find the equation of the slant asymptote by long division of p by q. The quotient is then of

degree one, that is, of the form ab + b, and the asymptote has equation y = ax + b.

Example 2.9.2. Find the asymptotes of

72x275x72

fa) = =—=

Solution. Since the numerator is not 0 at 3, the line x = 3 is a vertical asymptote. Because the degree of
the numerator is greater than that of the denominator, there is no horizontal asymptote, but because it

s greater by 1, there is a slant asymptote. The long division yields

2x + 1.

x—3) 222 — bz — 2
— 222 4 6z

r—2

—z+3

1

Therefore, the line y = 2x + 1 is a (slant) asymptote.
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2.10 M2 sample Quiz 2: infinite limits, limits at infinity, asymptotes

1. Find all the asymptotes of

2z +1

2. Find all the asymptotes of
2?2 +x—2

f) = 322 +x—4

3. Find all the asymptotes of
P+ ax+4

f@) = 2243z +2

4. Evaluate the following limit (specify —oo or +oo if applicable):

. 3xr+ 2
lim

z—3- 22 + 1 — 12

> Apply now
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2.11

Solutions to the M2 sample Quiz 2

. Find all the asymptotes of

2r+1
f(.f) - .’E2 + T — 6
Solution. Since
2z + 1 2z + 1

f(x):xQ—l—x—G: (x —2)(x+3)

and 2x + 1 is non-zero at x = 2 and x = -3, we see that the vertical lines x = 2 and x = -3 are
asymptotes. On the other hand, lim, .., f(z) = 0 because the degree of the denominator is

higher than that of the numerator. Therefore, the horizontal line y = 0 is also an asymptote.

. Find all the asymptotes of

2 +x—2
flz) = 324+ —4"

Solution. Since

(- 1)(z + 2)
1@ = D GBa )
we see that lim,_, s f(2) is infinite, so that z = —3 is a vertical asymptote, but
. . ox+2 3
t o) = iy 5% =

is finite, so that x = 1 is not an asymptote. On the other hand, numerator and denominator

have the same degree, so that the limit of f at oo is the quotient of leading coeflicients:

lim f(z) = %

Tr—r00

Therefore, the horizontal line y = 3 is an asymptote.

. Find all the asymptotes of

4z +4
f(x)7x2+3x+2

Solution. Since
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and the numerator is non-zero at -1 and -2, so that the vertical lines x = -1 and x = -2 are
asymptotes. On the other hand, f has no horizontal asymptote because the degree of the
numerator is larger than the degree of the denominator. But it is larger by exactly 1, so f has

a slant asymptote. Long division of 23 4+ z + 4 by 2% + 3z + 2 yields

8z + 10

= —3 _
fla)=2=3+ 5=

so that the line y = x - 3 is an asymptote.

. Evaluate the following limit (specify —oo or +oo if applicable):

. 3x + 2
lim —————
r—3- 22 4+ — 12

Solution. Note that

Sr4+2 3w+42
24+z2—-12 (z—3)(z+4)

If x < 3 and x is close to 3, then 3x + 2 is close to 11 and x + 4 is close to 7. On the other hand,

x — 3 < 0 and close to 0. Therefore, in this situation

3x + 2

CEE T

and

. 3xr+2
lim

z—3- 2242 —12 -
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3 M3: Continuity and Derivatives

3.1 Continuity: definition

Watch the video at
https://www.youtube.com/watch?v=0txz6kN-v2Q&list=PL265CB737C01F8961 &index=14.

Abstract This video defines continuity at a point and on an interval, removable and non-

removable discontinuity, and examines general laws for continuity.

Definition 3.1.1. A function fis continuous at a if

lim f(z) = f(a),

r—ra

that is, lim f () and f(a) both exist, and they are equal.

Definition 3.1.2. If f is not continuous at a, we say that a is a discontinuity of f. It a is a discontinuity
such that lim f(z) exists, we say that a is a removable discontinuity. Otherwise, the discontinuity is non-

removable.
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Theorem 3.1.3. Polynomial functions are continuous at each point of (-, ). Rational functions are
continuous at each point of their domain. The cosine and sine function are continuous at each point of

(=00, ).

Theorem 3.1.4. If f and g are two functions that are continuous at a and k is a constant then k- f, f+ g

and f - g are continuous at a. If moreover, g(a) # 0 then g is also continuous at a.

Theorem 3.1.5. If

lim f(z)=1L

r—a

and g is continuous at L, then

lim go f(x) = g(L).

T—a

Definition 3.1.6. If f is

1. continuous at each point x of (a, b), we say that f is continuous on (a, b). Here a or b or both
could be infinite;

2. continuous on (a, b) and

lim_f(z) = f(a)

z—a™t
we say that f is continuous on [a, b);

3. continuous on (a, b) and

i f(x) = £(b)

we say that f is continuous on (a, b];

4. continuous on [a, b) and on (a, b], we say that fis continuous on [a, b].
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3.2 Finding discontinuities

Watch the video at
https://www.youtube.com/watch?v=AFNpO42F2hM&list=PL265CB737C01F8961&index=15.

Abstract This video presents examples of functions for which discontinuities are identified,

and found to be removable or non-removable.

Example 3.2.1. Find the discontinuities of

3422 -2

f(x):x2+3x—4

and state for each if it is removable or not.

Solution. Since f is a rational function, the discontinuity are the points outside of its domain (see

Theorem 3.1.3), that is, the zeros of the denominator

2?43z —4=(x—1)(x+4)

that is, f is discontinuous at 1 and at —-4. Moreover

o34 a? -2 . (r=D(2?+22+2)
lim ———— = lim
z—1 22 + 3z —4 z—=1  (x—1)(x+4)
22 422+ 2 _q

1m
x—1 T + 4

so that x = 1 is a removable discontinuity. On the other hand, lim,_,_4 f(x) is infinite because the

numerator is not 0 at x = —4. Thus -4 is non-removable.

Example 3.2.2. Find the discontinuities of

20+ 1 ifr < —1

22 if —-1<zxz<3
fl@)y=1410 ifz=3

4xr — 3 if3<x<b

2—xz—-3 ifz>5

and state for each if it is removable or not.
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Solution. Since f is polynomial on (-, -1), on (-1, 3), on (3, 5) and on (5, «), fis continuous on each

one of these intervals. Thus the only possible discontinuities are -1, 3 and 5. Let us examine each one.

lim f(z)= lm 2z+1=-1

r——1" r——1"

and

lim f(z)= lim 2?=1

z——11 z——11

so that wl_ifl_llf (z) does not exist, because

lim f(z)# lim f(x).

z——1— z——1+
Thus -1 is a non-removable discontinuity. Since f{(3) = 10 and

lim f(z) = lim 2> =9 = lim f(z) = lim 42 — 3,

z—3~ z—3~ z—3+ z—3+
we conclude that 3 is a removable discontinuity. Finally, fis continuous at 5 because

lim f(z) = lim 40 —-3=17

x—5~ x—5~
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and

f(5)=17= lim 2? —z -3 = lim f(x).

z—5+ z—51

Example 3.2.3. For what value or values of ¢ is the function

f(m):{?)x—kc ifzx<ec

2 43x—2 ifz>c

continuous on (—oo, 00)?

Solution. Since f is polynomial on (-, ¢) and on (¢, ®), the only possible discontinuity is at c. At

¢, we have:

lim f(x)= lim 3z+c¢=4c= f(c)

r—c— Tr—Cc™
and
lim f(z) = lim 2% +32 —2=c*+3c— 2.
z—ct z—ct
Thus fis continuous at ¢ if and only if

de=c+3c—2 = *—c—-2=0 <= (c+1)(c—2)=0,

so that fis continuous on (-, ) when ¢ = -1 and when ¢ = 2.
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3.3. The Intermediate Value Theorem

Watch the video at
https://www.youtube.com/watch?v=3x3tgjoAjVw&list=PL265CB737C01F8961 &index=16.

Abstract This video presents the Intermediate Value Theorem, shows that continuity is an
essential assumption, and examines application to the existence of solutions to an equation,

as well as the bisection method.

Theorem 3.3.1 (Intermediate Value Theorem). If f is a continuous function on a closed interval [a, b] and

W is a value between f(a) and f(b) then there exists at least one c in (a, b) with

fO =W,

The assumption of continuity is essential, as can be seen on this graph:
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Example 3.3.2. Show the the equation
COSX =X (3.3.1)
has a solution.

Solution. Note that the question is not to solve the equation but only to justify the existence of a solution!

Clearly, a solution of (3.3.1) is a zero of the function

f(z) =cosz —x

which is continuous on (-, ©). Note that f(0) 1 >0 and f(7) = —7 < 0 so that W = 0 is between f(0)
and f(%). Moreover, f is continuous on [0, 7]. Thus the Intermediate Value Theorem applies to f on
[0, 7] to the effect that there is ¢ in (0, %) with f(c) = 0. Clearly, c is a solution to (3.3.1).

Bisection method. Iterating the process outlined in Example 3.3.2, can be a way to find a solution
numerically, with a given accuracy. Indeed, we know now that there is a solution between 0 and . Soin a
sense, we have found the solution, but with an error of up to 7, which is not a very good approximation.
But we can do better. Note that

i \/_ ™
f(z):727<0=

so that we can conclude from the Intermediate Value Theorem applied to f on [0, %] that there is a

0,7
zero in (0, 7). Now we have doubled our accuracy. Iterating the process of evaluatlng at the midpoint
to decide in which half of the interval our solution is, we double the accuracy at each step, and can
therefore approximate the solution as many exact decimal places we want, by iterating sufficiently many

times. Here, we find that

i(5)>0 = c<(57)
3 37w

f(ﬁ) = CE(M>
7 T ™

f(gz) = C€<w’4>’

and so on. Noting that |7 — 77| < 0.1, we see that we already have an estimate of the solution with an

error less than 0.1.
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3.4 M3 Sample Quiz 1: continuity

1. What are the intervals of continuity of the function whose graph is represented below?
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2. What are the discontinuities of the following function. Are any of them removable?

23 —2x—4
flz) = 224+2—-6"

3. What are the discontinuities of the following function. Are any of them removable?

3r+3 ifz<—1

20 +1 if-1<zx<?2
flx)=<X7 ife=2

224+1 if2<x<3

50 —5 ifx>3

4. For what value(s) of c is the function below continuous on (-o0, 00)?

f(x):{l—%: ifr<c

cx—2 fxz>c’

5. Show that the equation

P +322—1r-2=0

has a solution.

ant to do?

Vouwro Touexs | Resanr Toocks | Macs Toveks | Vowo Buses | Vowo Cowsteucnion Esumsest | Wowo Pesm | Vowo Aeno | Wowo IT
Vowo Fimswcer Sepnces | Vowo 3P | Vowo Powerream | Vowo Pasrs | Vowo Techwowoer | Wowo Loasncs | Busisess Anes Asie
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35 M3 Sample Quiz 1 Solutions

1. What are the intervals of continuity of the function whose graph is represented below?

Solution. fis continuous on (-, —4] and on (-4, -2) and on (-2, 1] and on (1, 3] and on (3, ).

2. What are the discontinuities of the following function. Are any of them removable?

23 —2x—4
fla) = 24z —-6"

Solution. f is a rational function, so its only discontinuities are zeros of its denominator. Since

3 — 21 —4 (x —2) (22 + 22 + 2)

@) = (x —2)(x + 3) - (x—2)(x+3)

fhas two discontinuities: 2 and -3. Moreover,

2
. . xT+2r+2 .
ig flz) = ig 13 = 2 exists,

but lim,_,_3 f(z) is infinite. Therefore, 2 is a removable discontinuity while -3 is non-

removable.

3. What are the discontinuities of the following function. Are any of them removable?

3r+3 ifx<—1
20+1 if-1<x<?2
fl@)=47 ifz=2
2?2+1 if2<2x<3
50—5 ifx>3
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Solution. The function f is continuous on each of the open intervals (—oo, —1), (-1, 2), (2, 3)
and (3, ) because on each such interval, it coincides with a polynomial function. Hence the

only possible discontinuities are -1, 2 and 3. At -1

lim f(z) = lim 3z4+3=0
r——1" r——1"
li = li 2 1=-1

so that lim,_,_; f(z) does not exist, and -1 is a non-removable discontinuity. At 2

lim f(z) = lm 2z+1=5
T2~ T2~
li = 1l 241=5
A S =y e
so that

lim f(x) =54 f(2) = 7.

Therefore, 2 is a removable discontinuity. At 3

lim f(z) = lim 2> +1=10
r—3~ r—3~
li = lim 5z —5=10
A, J) = i e

f3) = 10

so that fis continuous at 3.
. For what value(s) of c is the function below continuous on (- oo, 00)?

f(x):{l—m ifz <c

cx—2 ifx>c’

Solution. The function f coincides with polynomial functions on (-0, ¢) and on (¢, ), so that

the only possible discontinuity is c. At ¢

lim f(z) = lim 1-2z=1-2¢
r—Cc T—Cc™
. _ . 9 _ 2
S S = i 22
fle) = -2
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so that fis continuous at ¢ if lim, .- f(z) = lim,_,.+ f(z), that is, if

1-2c = 2-2
0 = 2+2-3
0 = (c—1)(c+3).

Hence fis continuous on (—oo,00) if c = -3 orif c = 1.
. Show that the equation

P +322—r—-2=0
has a solution.

Solution. The function f(z)=2"+ 32> —2—2 is polynomial, hence continuous on

(=00, 00). Moreover,

FO)=—-2<0<f(1)=1

Since fis continuous on [0, 1], the Intermediate Value Theorem applies to f on this interval to

the effect that there exists ¢ € (0,1) with f(¢) = 0. This number c is a solution of the equation.
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3.6 Definition of the derivative

Watch the video at
https://www.youtube.com/watch?v=17nK7zSbLg4 &list=PL265CB737C01F8961&index=17.

Abstract This video revisits the initial motivations for the introduction of limits, and
introduces the derivative of a function at a point as the concept that encapsulates these

examples.

Definition 3.6.1. The derivative of f at a is(*)

oy i @) = fla) o flat+h) = f(a)
f(a).—hmi—hmf

T=a T —a h—0 ’

provided that the limit exists. If it does, we say that f is differentiable at a.

Geometrically, the derivative f(a) of f at a is the slope of the tangent line to y = flx) at
(a, f(a)). It can alternatively be interpreted as the instantaneous rate of change of f with respect to when
x = a. For example, if f(t) gives the position at time ¢ of a solid in motion along a straight line, then f'(a)

represents the instantaneous rate of change of the position with respect to time, that is, velocity, at t = a.

EXPERIENCE THE POWEH

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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3.7 Derivative as a function

Watch the video at
https://www.youtube.com/watch?v=Exbz2SrBeN8&list=PL265CB737C01F8961&index=18.

Abstract This video examines the situations in which a function fails to be differentiable at
a given point (two half-tangents, vertical tangent, discontinuity). The fact that the domain
of the derivative function may be smaller than that of the function is illustrated, and the

relationship between the graph of fand the graph of f is examined.

The pictures below illustrate situations were a function may fail to be differentiable at a point a. This

means that the defining limit

i 1@ = 1@)

T—a T —a

does not exist. Standard situations leading to this are:

o there are two different one-sided limits, corresponding to two different half-tangents (cusp);
o the limit is infinite, corresponding to a vertical tangent;

o the function is not continuous at a.

In particular note that continuity is a necessary condition for differentiability:

Proposition 3.7.1. If f is differentiable at a then f is continuous at a.

(z+h)—f(z)
h

s f
However, for each x where }ng})

defines a function, called derivative function of f. Since we have seen that a function that is defined at a

exists, we can consider the derivative number f'(x), so that f’

may fail to be differentiable at a, that means that the domain of ' may be smaller than the domain of f.
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3.8 Derivative: Examples and applications

Watch the videos at
https://www.youtube.com/watch?v=yBxISod6b4Y &list=PL265CB737C01F8961&index=19

and
https://www.youtube.com/watch?v=THSys0F]2ks&list=PL265CB737C01F8961 &index=20

Abstract These two videos provide examples of step by step calculations of derivative
numbers for various functions, and derivative functions. Applications to finding tangent

lines and instantaneous velocities are provided.

Example 3.8.1. Find f(2) if

f(x) =32 + 22— 1.
Deduce an equation of the tangent line to y = f(z) at x = 2.

Solution. By definition

322 +2x—1—15

= lim
r—2 x— 2
. 3224216
= lim—+-——
r—2 x—2
— m (x —2)(3z +8)
r—2 r— 2

= lim 3z +8=14.
T2
This can be interpreted as the slope of the tangent line to y = f(x) at
(2, £(2)) = (2,15).

Thus an equation of this line is

y— 15 = 14(z — 2).

Example 3.8.2. What if for the same function

flz) =32+ 2z -1
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we need the tangent lines at 2, 0, -1, 1 and 3?

In this case, we want to calculate f/(x) for an unspecified x, and then plug the different values of x to

obtain the slope of each tangent. To this end:

) _ o flet+h) - f2)
fl@) = flllg%) h
. 3+ h)?+2(x+h)—1— (322 + 22— 1)
= h
6xh + 3h% + 2h
= m ——
h—0 h
. h(6x +2+ 3h)
= hm e —
h—0 h

= lim 6z + 2+ 3h =62 + 2.
h—0

With this we obtain:

Example 3.8.3. Find f/(z) if
f(@) = V2 +3
and find an equation of the tangent line to y = f(x) at x = 3.

Solution. By definition

flz+h) - fx)

fw) = i&i—% h
~ bm V2(@+h)+3—v2x+3
h—0 h
i (\/2(x+h)+3—\/2x—|—3) (\/2(x+h)+3+\/2m—|—3)
I h(\/Q(x+h)+3+\/2x+3)
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— lim 2(x+h)+3—(22+3)
hﬁoh(\/Q(x+h)+3+¢2x+3)

2

= lim h
’Hoh(\/Q(:c+h)+3+\/2x+3)
, 2

= lim

h=0 (\/2(x+h) +3+\/2x—|—3)
2 1

2V2c+3 2z +3

The tangent line at x = 3 is the line through
(3,£(3) = (3,3)

of slope

Example 3.8.4. Find f'(z) if

Solution. By definition

/ . flet+h) = [f(z)
flz) = Jim h
2(@+h)+1 _ 2z+1
_ iy BEtR) =1 " 3a-d
h—0 h
(224+2h+1)(3z—4)—(22+1)(3z+3h—4)

— lim (3z+3h—4)(3z—4)

h—0 h

= lim

(2x 4+ 1)(3x —4 — 3x +4 — 3h) + 2h(3z — 4)

h—0 h(3z+3h —4)(3z —4)

h(=3(2z + 1) + 2(3x — 4))
o0 D (3z + 3h — 4) (37 — 4)

—11
= 1.
ns0 (32 + 3h — 4) (3z — 4)
-1
3z —4)2
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Example 3.8.5. What is the velocity of two seconds after a solid moving along a straight line whose

position function is given by
s(t) =12 + Vi,
where s is measured in feet and ¢ in seconds.

Solution. The velocity is the instantaneous rate of change of position, so that the velocity after 2 second

is given by

. s(t) —s(2)

s(2) = %;I%(tT
V- (44 V2)

= lim

t—2 t—2
2 t—2
= limt 4-1—\[ V2

t—2 t—2 t—2

(t—2)(t+2)+ (Vt—v2) (Vt+V2)

= lim

> -2 (t—2) (Vt+V?2)
= }Et+2+(t—2)t(\_/%2+ﬂ)
- mt+2+m
= 4+2\16:4+\fft/8-
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3.9 M3 Sample Quiz 2: derivative

General comment: You may know formulas to obtain derivatives in a much faster way. For now, we have
not seen these formulas yet, and therefore you should train to calculate derivatives from the definition.
When we have seen the formulas, you will be able to use them, without going back to the definition in

terms of limit.

1. Find f/(3) if f(z) =222 — 42 + 3.

2. Find f/(z) if f(z) = 3z + 1 and give equations the tangent line to the graph of fat x = 1
and at x = 0.

3. Find f'(z) if f(z) = 3;11.

4. A stone is dropped from the top of a 176.4 meters tall tower and is

s(t) = 176.4 — 4.9t

meters from the ground after ¢ seconds. When does it reach the ground and with what velocity?
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3.10

M3 Sample Quiz 2 Solutions

. Find f/(3) if f(z) = 222 — 4a + 3.

Solution.
/ . flz) = f(3)
re =
— lm 202 —4x+3-9
xr—3 X — 3
— lim 222 —4x — 6
r—3 €T — 3
5 (x—3)2z+2)
z—3 (J; — 3)

= lim 2z +2=28.
r—3

. Find f'(z) if f(z) = v/3z+ 1 and give equations the tangent line to the graph of fat x = 1

and at x = 0.
Solution.
/ _ o J@th) - fz)
I e
_ lim\/3(x+h)+1—\/3x+1
h—0 h
y <\/3(:L'+}L)+1—\/3:L'+1> <\/3(.’L'+h)+1+\/31'+1)
et h<\/3(:5+h)+1+\/3z+1>

— lim 3(xz+h)+1—-Bz+1)
h=0 <\/3(ac+h) +1+V3z+ 1)
= lim 3h
h=0 py <\/3(x Fh)+1+3z+ 1)
lim 3
h=0 \/3(x +h)+1+3x+1
3
23z 41

Therefore the tangent line to the graph of f at x = 1 is the line of slope f’(1) = 3 through
(1, £(1)) = (1,2). An equation of this line is

3
y—QZZ(Jc—l).
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Similarly, the tangent line to the graph of fat x = 0 is the line of slope f/(0) = 2 through
(0, £(0)) = (0,1). An equation of this line is
3

—1="Cqg.
y 57

. Find f'(z) if f(z) = ﬁ.

Solution.

f/(l‘) — lim fl@+h)— f(z)

h—0 h

4 0 _4
. 3(z+h)+1 3z+1
= hm —_—

h—0 h
4(3z+1)—4(3(z+h)+1)
— lim (3(z+h)+1)(3z+1)
h—0 h

1224+ 4 - 122 — 12h — 4

= M AB )+ DB+ 1)
. —12h

o0 h(3(x + h) + 1)(3z + 1)
= lim — 12

=0  (3(x+h)+1)Bx+1)
B 12

Bz +1)%

. A stone is dropped from the top of a 176.4 meters tall tower and is

s(t) = 176.4 — 4.9¢*
meters from the ground after ¢ seconds. When does it reach the ground and with what velocity?

Solution. It reaches the ground when the distance to the ground s(¢) is 0, that is, if

176.4
49

1764 — 4912 =0 < > = 36.

Since t represents time for ¢ > 0, this means that the stone reaches the ground after 6 seconds.

At that time, its velocity is given by

/ . s(t) —s(6)
S6) = Jim =5
. (176.4 — 4.9t%) — (176.4 — 4.9 x 36)
= lim
t—6 t—06
_ 2 _
~ lim 4.9(¢* — 36)
t—6 t—6
_ im 490+ 6)
t—6 t—6

= lim —4.9(t+6) = —4.9 x 12 = —58.8m/s.
t—6
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4 Review for the first 3 modules

4.1 MOCKTEST 1

Instructions: Do the following test, without your notes, in limited time (75 minutes top). Then grade
yourself using the solutions provided separately. It is important that you show all your work and justify
your answers. Carefully read the solutions to see how you should justify answers.

In question 1 to 6, find the limit and specify +o or - if applicable.

1. [5pts]

im .
z—2+t 2 — T

2. [5pts]
. % — 3z
lim —————
z—3 32 —4x — 8
3. [10 pts]

. 2 —x—6
lim —————
z—-2 222 + 31 — 2

4. [10pts]
Vi+t—3

lim
t—2 12+ 2t — 8

5. [5pts]

a1
lim 5
r—1 ¢ — &

6. [5pts]

2
lim 2° cos(—ﬂ-)
x—0 x

7. [5pts] Show that the equation 2 + 323 + x — 3 = 0 has a solution.

8. [10 pts] Find the discontinuities of g(x) = ””igf;é? Is any of them removable? If yes, find a

continuous extension of g at this value.
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9. [10pts] For what value(s) of ¢ is the function

) = P +er+lifz<ec
B z+2cifz>c

continuous?

10.Find all the asymptotes of

a) [10pts]
23 + 122 -3
fla) = x24+2x—-3°
b) [5pts]
222 4+ 1

11.[10pts] Find an equation of the tangent line to y = /32 — 3 at (4, 3).

12.[10pts] Find the slope of the tangent line to y = f(z) at x = a if f(z) = 5;'5. For what

values of a does the tangent line exist?

13.[5pts] If s(t) = t* + 1 gives the position (in feet, with respect to a fixed origin) at time ¢
(in seconds) of a particle moving along a straight line, find the instantaneous speed of the

particle at time t = 3.
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4.2 Solutions to Mock Test 1

In question 1 to 6, find the limit and specify +oo or - if applicable.

1. [5pts]

1m .
T2+ 2 —

If x+ — 2% then = > 2 so that 2 — z < 0. Hence

lim = —00
z—2+ 2 —x

2. [5pts]
. 2% — 3z 0
ilg%%xz—élx—S_—ill_O
3. [10 pts]
D ) (x+2)(x—-3) .. -3 -5

1

lim ——————— = lim = lim = =
e——22x2+3x -2 so-2(x+2)2x—-1) 25-22x-1 =5

4. [10pts]
lim vi+t-3 — lim (VTHt=3) (VT+t+3)
t—2 42 + 2t — 8 E22 (—2)(t+4) (VTHE+3)
1 T4+t—9
= limy (t—2)(t+4) (V/T+E+3)
o t—2 o 1 _
= lims2 Gogyara (s — WMM-2 G/
5. [5pts]

-1
lim [ |

=122 — 2

. |e—1] ) x—1 .1
lim = lim — = lim — =1
em1t 22—z asitxz(x—1)  aoitx

because | — 1| =2 — 1 if 2 > 1. On the other hand,

~1 1— ~1
o P, 2Ty

ool 22— & aol-x(z—1) oolt T

z=1 does not exist, because

r2—x

because |x -1| =1 - x if x < 1. Hence lim,_,;

- BT 1]
lim, 1+ oy #limy - -
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lim 2% cos (2—7T>
z—0 x
For every z # 0,

2
—1 < cos (F) <1,
T

so that

21
—25 < 2% cos (—) < 2.
T

6. [5pts]

But lim, o —2% = lim, 0 —2® = 0 so that by the Squeeze Theorem,

. 6 2
lim 2°cos { — | = 0.
z—0 x

360°
thinking.

Deloitte.
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7.

10.

[5pts] Show that the equation z° + 32 + z — 3 = 0 has a solution.

The function f(z) = 2° + 323 + z — 3 is polynomial, hence continuous on (-0, ©). Moreover
f(0)=-3<0 and f(1)=2>0. As f is continuous on [0, 1] and f(0) <0< f(1), the
Intermediate Value Theorem applies to the effect that there is a number c in the interval (0, 1)

such that f(c) = 0. Hence the equation has (at least) one solution.

[10 pts] Find the discontinuities of g(x) = ””2551612. Is any of them removable? If yes, find a

continuous extension of g at this value.
gis arational function, hence it is continuous on its domain. Therefore the only discontinuities
are -4 and 4. Moreover, g(v) = %, so that x = -4 is a vertical asymptote for g and -4

is not a removable discontinuity. however,

so that the function F defined by F(z) = g(z) if # # 4 and F(4) = { is a continuous extension
of gat 4.

[10pts] For what value(s) of c is the function

fz) = 24ex+lifr<ec
)= z+2cifz>c

continuous?
The function f is continuous on (-, ¢) and on (¢, +o0) because it is polynomial on these

intervals. The only possible discontinuity is x = c. Note that

lim f(z)=c+cf+1=27+1

Tr—Cc—

and that

lim f(z) = f(c) = c+ 2¢c = 3ec.

r—ct

Hence, fis continuous at ¢ if and only if 2¢* + 1 = 3¢, equivalently if (¢ — 1)(2¢ — 1) = 0, that

is,ifc=1orc=3.

Find all the asymptotes of
a) [10pts]
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122—12

By long division, we obtain that f(z) =2z — 3 + 55555

so that y = 2z — 3 isan asymptote

for f. Moreover,

(x —1)(22% + 22 + 3)
(x —1)(xz +3)

flz) =

so that x = -3 is a vertical asymptote, but x = 1 is not.

b) [5pts]

The line y = 2 is an asymptote because lim, ., g(z) = 2. Moreover, x = 3 and x = -3 are

also asymptotes.

11.[10pts] Find an equation of the tangent line to y = /3z — 3 = f(z) at (4, 3).
The slope of this line is given by

@)~ T
r—4 xr — 4
(v/32—3-3)(v/32—3+3)
(z—4)(v/32x—3+3)
1 3rz—3—9
= limse—a = A7)
— lim,_,, —2@4)
(z—4)(v/3x—3+3)
. 3 1
=l Ty = 2

The tangent line goes through (4, 3) and has slope 3, so that an equation is given by

1
y—3:§(x—4).

12.[10pts] Find the slope of the tangent line to y = f(x) at « = a if f(x) = 5. For what

2x
values of a does the tangent line exist?The slope of this line is given by

i L@ = £@)

Tr—a r —Qa

1 _1
2241 2a+1

= limg_q T—a

(2a+17(2m+1) )
(2z+1)(2a+1)

= lim,_, T—a

. —2(a—a)

= limg_q (z—a)(2z+1)(2a+1)
pr— 3 _2
=lim,_, @a+1)(2a+1)

__2
N CTESYER

Hence the tangent line exists for every a # —3.

Download free eBooks at bookboon.com



A youtube Calculus Workbook (Part I) Review for the first 3 modules

13.[5pts] If s(t) = ¢* + 1 gives the position (in feet, with respect to a fixed origin) at time ¢
(in seconds) of a particle moving along a straight line, find the instantaneous speed of the
particle at time t = 3.
The instantaneous speed at t = 3 is given by

s(3+h) —s(3)

(3+h)%2+1-10
h

lim = limhﬁo

h—0

. 9+6h+h%+1—-10
= limp,_,0 %

. h(6+h
= limp0 %

=limp_,06 +h =6.

Hence the instantaneous speed of this particle after 3 seconds is 6 ft/s.
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5 M4: Differentiation Rules

5.1 Power Rule for differentiation

Watch the video at
https://www.youtube.com/watch?v=sUVmB-U3BPc&list=PL265CB737C01F8961&index=21.

Abstract This video presents the power rule for differentiation, and basic examples.

Theorem 5.1.1 (Power Rule) Let n be a real number.

(") = na" 1

Example 5.1.2. In particular

(x97)’ — g7%
/

(Vz) = (x%)': S S

1
2 27
() - (@) - e
x = (23) =z13 ==V
3 3
T\ T—1
(™) = 7z
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5.2 Constant multiple and Sum Rules for derivatives

Watch the video at
https://www.youtube.com/watch?v=zHKyMiBFfYA &list=PL265CB737C01F8961&index=22.

Abstract This video presents the constant multiple and sum rules for derivatives, with basic

examples of applications.

Theorem 5.2.1 (Constant multiple and Sum Rules) If f and g are two differentiable functions and c is a
constant then

(e f @) = c fx)
(f+9) (@) = [(2)+g ().

Example 5.2.2. Using the Power Rule, the constant multiple Rule and the Sum Rule, we can now

differentiate any polynomial function (and more):

(5% — 32 + 22 — 5), = (59:4), + (739:2), + (22)" + (—5)" using the Sum Rule
= 5(2%) =3 (2®) +2(2)' +0 using the constant multiple Rule
= 5-423 — 3.2z + 2 using the Power Rule
202° — 6z + 2.

Of course, from now on we are going to give the result directly when differentiating such simple functions,

as these are simple steps.
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53 Product Rule for differentiation

Watch the video at
https://www.youtube.com/watch?v=gBQoUEu9enw&list=PL265CB737C01F8961&index=23.

Abstract This video presents the Product Rule for derivatives, and one simple example.
Theorem 5.3.1 (Product Rule) If f and g are two differentiable functions then
(f-9) (@) = f'(z) - g(2) + f(2) - ¢ (x). (53.1)

The way to read this is that when you differentiate a product of two factors, you differentiate the first and
multiply by the second factor unchanged, then add the result of multiplying the first factor unchanged

by the derivative of the second factor, or symbolically

(AB)' = A'B + AB'.

Example 5.3.2. Differentiate

flz)= (32 + 22+ 4) 2V +32+2).

Solution. Here (32?4 2z +4) is one factor, whose role in the formula (5.3.1) is played by f, and
(2y/x 4 3z + 2) is the other factor, whose role in the formula (5.3.1) is played by g. Thus

flx) = (B2 +20+4) (2vr+32+2) + (322 + 20 +4) (2Vz + 3z +2)’

= (6z+2)(2vVz+32+2) + (32> + 2z + 4) (%H).

Note that we could simplify further, but for now, we are mostly concerned with applying the formulas

correctly.
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5.4 Quotient Rule for derivatives

Watch the video at
https://www.youtube.com/watch?v=zeq-DI17B5Pg&list=PL265CB737C01F8961&index=24.

Abstract This video presents the Quotient Rule for derivatives and a couple of examples

illustrating how to apply it.

Theorem 5.4.1 (Quotient Rule) Let f and g be two differentiable functions. Then for each x with
g(x) # 0, we have

(i)’ ) = I @ 9@~ 9@ f(z)

g (g9(x))” (54.1)
In other words, when differentiating a fraction, you differentiate the top and multiply it by the bottom
unchanged, then subtract the product of the derivative of the bottom by the top unchanged, and divide
the whole thing by the square of the bottom. Symbolically

= 5 .

A\ AB-DB'A
)=

Ijoined MITAS because e e

I wanted real responsibility www.discovermitas.com

I'was a construction
SUPErvisor in

the North Sea
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e Lelping foremen
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Example 5.4.2. Differentiate

32t — 223+ 32— 4
202 —x + 1

flz) =

Solution. Here 32* — 223 + 3z — 4 corresponds to fin (5.4.1), while 222 — z + 1 corresponds to g. Thus

(32* —22% + 3z —4) (222 —x +1) — (22® — 2z +1) (32* — 22° + 3z — 4)
(222 —z +1)°
(1223 — 622 + 3) (22% — 2z + 1) — (4o — 1) (3z* — 22% 4 32 — 4)
(202 —z +1)° .

flx) =

Note that we could simplify further, but for now, we are mostly concerned with applying the formulas

correctly.
Formulas can of course be combined. For instance:
Example 5.4.3. Differentiate

(Vo +2) (2 +a+1)
208 + % '

fz) =

Solution. Here, we have a quotient, but the top part is a product. Hence we are going to start with the

quotient rule, and use the product rule to explicit the part involving the derivative of the top.

(Vo +3) (@@ +a+1)) (0% + %) - (2% + 2) (Va+3) (@ +a+1)
(228 + Z)°
(Va+d) @+o+1)+ (ot ) (@ +o+1)) (265 + 2) - (622 = &) (Vo + 1) (22 + 0+ 1)
(208 + )’
(- %) @+o+1)+ (Va+1) Qo+ 1) 2%+ 3) = (6% - &) (Va+1) (2 +2+1)
(228 + Z)°

fl) =

Note that we could simplify further, but for now, we are mostly concerned with applying the formulas

correctly.

Download free eBooks at bookboon.com



5.4 Differentiation Rules, examples and applications

Watch the video at
https://www.youtube.com/watch?v=qzNAi_kk4Ho&list=PL265CB737C01F8961&index=25.

Abstract This video differentiate step by step a number of different functions, using the rules
seen in this Chapter. It concludes with applications to finding tangent lines, and finding

instantaneous velocity.
Example 5.5.1. Differentiate the following functions:

4
1. f(x):x4—£+\/5+4x+l;

2 +zr+1
2. gle)= L,
3 h(x)_w.
) T oz+1

4. y= <x2+\/53+1) (2+2x+x5).

~
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Solution.

3 z2? Nz
4 1
= 43+ —+—+4
Thseto T
2
+z+1 1
g(m):x < =z+14+ -,
x x
so that
1
/
9(1’)21—?~
, 2z +1)(z+1)— (2 +2+1) 22+22
h(x) = = .
(x41)2 (x41)2
dy 3

e (295—&—233;) (2+21‘+l‘5)+(l‘2+l‘%+1) (2—!—53;4).

Example 5.5.2. Find the tangent line to the graph of

202+ +1

atx = 1.

Solution. The tangent line is the line through (1, f(1)) = (1,2) of slope f’(1). Moreover,

(42 +1) (4 — 2) — 4 (22% + 2 + 1)

fl(z) = (4z — 2)? )

so that
_5><2—4><4_ 3

1) = -

Thus an equation of the tangent line is given by

3
y—2:—§(a:—1).

Example 5.5.3. A particle is moving along a straight line and its position at time ¢ (in seconds) is given by

s(t) = (£ +t+1) (1- Vi)

measured in meters. What is its velocity after 4 seconds?
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Solution. The desired velocity is s’(4). Moreover,

S() = (324 (1 — VD) + (£ +1+1) (‘ﬁ)
so that
§/(4) = 49 x (=1) + 69 x <—i) _ —Zﬁm/s
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5.6

M4 Sample Quiz

. Differentiate the following functions (you do not need to simplify):

3
a) f(x):3x7—4x3+§x3—x+2

b) (@) = 2 —VE+ o=

) h(t)=(t*—2t+3) (\/Z—t)

_m2+4x—1
T 234 +3

e) flz)= <m> (42° 4 32 — 5z +2) .

d) g(z)

. Find an equation of the tangent line to

y = 5z +2/x — 3,

atx =1.

. A particle is moving along a straight line with law of motion

s(t) =262 — 2 4 3,

where s(t) is measured in meters and ¢ in seconds. Fin the instantaneous velocity of the particle

after two seconds.

. The quantity of charge Q in Coulombs (C) that has passed through a section of a wire up to

time ¢ (in seconds) is given by

Q(t) =3 — 2t + 6t + 2.

The current I(t) (measured in Ampere (A) where 1A = 1C/s) is by definition the rate of change

of the quantity of charge with respect to time.

a) Find the current after 1 second.

b) At what time is the current lowest?
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5.7 M4 Sample Quiz Solutions

1. Differentiate the following functions:
3
a) f(x) =3$7—4$3+§$3—$+2
Solution.

9
f(x) = 2125 — 1222 + §x2 -~ 1.

b) f)= 5 vE+ L
¥)= 5 T s
Solution.
flx) = 2z 2 _ gz 44?7
= 2x*2—x%+x%
/ 3 1 1 5 2
= fl(z) = -4z —ix 2+§x3
31 5
a3 2\/5—’_3 o

o) hlt) = (£ —2t+3) (Vi-t)

Solution. Using the product rule, we get:

W) = (B —20+3) (Vi—t)+ -2+ 3)(Vi—1)
= (3t2*2)(\/1_57t)+(t372t+3) <2%/£1>

Solution. Using the quotient rule, we get:

, (22 + 42— 1) 223 + 2 +3) — 223 + 2+ 3) (22 + 42 — 1)
g'(x) = 57 171 3)?
(2z +4)(223 + 2+ 3) — (62% + 1)(2? + 42 — 1)
(223 + 2+ 3)2

e) fla)= (%) (42° + 32% =5+ 2) .

Solution. We start with the product rule:

’

2 2
+ . + :
fl(x) = <m> (42° + 32° — 5z +2) + (m) (42® + 32° — 5z + 2)/ ,
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and we use the quotient rule to calculate the derivative in the first term of the sum:

T - T — IQ x
) = (22 + 2ﬂ)(i’gg;f;)z 3(a® + \F)'(4x3 3 s 2)+<

22 +\/x
3z +2

) (121:2 + 6x — 5.7:) .

2. Find an equation of the tangent line to

y = 52® 4+ 2v/x — 3,
at x = 1.

Solution. The point on the graph corresponding to x = 1 is (1, 4). The slope of the tangent at

this point is the value of 2 at x = 1. Since,

dy 2
Y 10 2
dx x+2\/5’

we conclude that 2 =~ = 11. Hence the tangent line is the line through(1, 4) of slope 11 and

o=
has therefore equation

y—4=11(z-1).
3. A particle is moving along a straight line with law of motion
s(t) = 26> — 2 4 3,

where s(t) is measured in meters and ¢ in seconds. Fin the instantaneous velocity of the particle

after two seconds.

Solution. The instantaneous velocity at time ¢ is
v(t) = §'(t) = 6t> — 2t

so that v(2) =20m/s.

4. The quantity of charge Q in Coulombs (C) that has passed through a section of a wire up to

time ¢ (in seconds) is given by

Q(t) =3 — 2t + 6t + 2.

The current I(t) (measured in Ampere (A) where 1A = 1C/s) is by definition the rate of change

of the quantity of charge with respect to time.
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a) Find the current after 1 second.

Solution.I(t) is the rate of change of Q(t) with respect to time, that is,

I(t) = Q'(t) = 3t — 4t + 6 (A).

Therefore, after one second, the current has an intensity of I(1) = 5 A.

b) At what time is the current lowest?
Solution. The function I(t) is a quadratic function with a positive coefficient for#>. Therefore,
its graph is a parabola opening upward, so that it has a unique minimum at its vertex. The

tangent line at the vertex is horizontal, that is, has slope zero. Hence, the vertex can be

located by solving
I'ty = 0
6t—4 = 0

, 2

= 3

Hence, the current is lowest after % of a second.
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6 M5: Derivatives of Trigonometric
functions; Chain Rule

sin T

6.1 hm:c~>0

Watch the video at
https://www.youtube.com/watch?v=EhCBYGfWNN4&list=PL265CB737C01F8961 &index=27.

Abstract This video establishes with a geometric argument that

. sinx
lim =1,
z—0 X

and explains how it relates to the derivative of sin x.

Theorem 6.1.1.

. sinx

lim =1
x—0 X

. cosx—1

lim =0
x—0 €T

Example 6.1.2. Evaluate

sin(5x)
im :
z—0 sin(3x)

Solution. Let us rewrite the expression as

sin(5x) lim sin(5z) bz 3w
¢=0sin(3r) =0 b5r 3z sin(3z2)
in 6
= géirr%) % - lim — with 6 = 5z and o« = 3
N a—0 sin o
5 .

- § -1 (111% Bll’(la

_ 2

= 3
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6.2 Derivatives of trig functions

Watch the video at
https://www.youtube.com/watch?v=gLJE50I V{14 &list=PL265CB737C01F8961 &index=28.

Abstract This video establishes derivatives for all 6 standard trigonometric functions.

Theorem 6.2.1.
(sinz)’ = cosz
(cosz) = —sinz
(tanz)’ = sec’z =1+ tan’z
(cotz) = —csc?z=—1—cot’x
/ o 2 o
(cscx)” = —cosxzcsc®x = —cscxcotx
(secx)’ = sinzsec? r =secztanz.
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6.3 Derivatives of trig functions: Examples

Watch the video at
https://www.youtube.com/watch?v=hsr55DWQyJw&list=PL265CB737C01F8961&index=29.

Abstract This video provide step by step differentiation of various functions defined in terms

of trig functions. Tangent lines and instantaneous velocities are among the applications.

Example 6.3.1. Differentiate

1) f(z) = 2® 4+ 3cosx
2) g(x) =secx — 3cotx
CoOsx +
3)  h(z)= —BTTL
) () 222 —sinz
4) r(x) =+/cosx - secx
5) y = 2% cosx + 3tanz.

Solution. In view of Theorem 6.2.1 and differentiation formulas of Chapter 5, we have
f'(z) =2z — 3sinx
g (z) =sinxsec? z + 3csc? x

W (z) = (—sinz +1) (222 —sinz) — (42 — cos z) (cos z + )

(222 — sinz)?
Note that r(z) = v/1 =1 so that /() = 0. Finally,

d
& _ 2z cosx — x>

sinz + 3sec? z.
dx

Example 6.3.2. Find an equation of the tangent line to

Yy =cosz + 2xsinx

_
at:z:—Q.

Solution. The tangent line is the line through

(7'(' s + 271' . 7T) (ﬂ' )
—,COS — —Ssm— | ==,
2’ 2 2 2 2’

dy
of slope Gy |,—z . Moreover,

d
YW _ —sinx + 2sinx + 2x cosx
dx
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so that
dy

da?|1:g

and the line has equation
p—g_ T
) = 9"
Example 6.3.3. A particle moves along a straight line with position
s(t) = (2t + 1) cost — sint

at time t, where t is measured in seconds and s in meters. What is its initial velocity (at ¢ = 0)?

Solution. The required velocity is s'(0). Moreover,

s'(t) = 2cost— (2t+1)sint — cost
= cost— (2t+ 1)sint
so that
s'(0) = 1m/s.
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6.4 M5 Sample Quiz 1: derivatives of trig functions

1. Differentiate the following functions (you do not need to simplify):

322 + 2cosx — 3sinx

a) f(x)
b) f(z) = (2cosx + tanx)(z® + 42” + 1)

¢) h(z) =2secz — cotx

TcosT
9 9(7) = 505 v sz
e) f(t) = Vcost - sect.

2. Find an equation of the tangent line to

y = 2zsinz,

_z
atz—2.

3. A mass attached to a spring hanging from the ceiling oscillates up and down. Its vertical

position at time ¢ (in seconds) relative to its rest position is given by

f(t) = 4sint

(in centimeters). Find its velocity at time #. When and where is it at rest?
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6.5 M5 Sample Quiz 1 Solutions
1. Differentiate the following functions (you do not need to simplify):
a) f(z) =32 +2cosz — 3sina

Solution.

f'(z) = 6z — 2sinx — 3cosz.

b) f(x) = (2cosz + tanz)(z® + 42 +1)]

Solution.

f'(x) = (=2sinz + sec? z)(z° + 42 + 1) + (2cosz + tanz)(52* + 8x).

¢) h(zx)=2secx — cotx

Solution.
B (x) = 2sinzsec’ z + csc? z.
() T COoST
T)=—
d) g 223 4 sinx
Solution.
(@) (cosx — xsinx)(22® +sinz) — (622 + cosz)z cos
x) = .
g (223 + sin z)?
f(t) = Vcost - sect.
Solution.
1
f(t)=1y/cost- — =+1=1.
cost
Thus f/(t) = 0.

2. Find an equation of the tangent line to
y = 2zsinz,

at x = 7.
Solution. When x = Z, y = 7 so the point of tangency is (3, ). The slope of the tangent line

]
18 dz |z=7% -

d
9 _ 2sinx + 2x cosx

dx
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using the product rule. Thus %‘w:% = 2 and an equation of the line is given by

y—nm=2x—- <) < y=2z.

s
2

. A mass attached to a spring hanging from the ceiling oscillates up and down. Its vertical

position at time ¢ (in seconds) relative to its rest position is given by

f(t) =4sint
(in centimeters). Find its velocity at time #. When and where is it at rest?
Solution. The velocity at time ¢ is the derivative of the position:
v(t) = f'(t) = 4cost (em/s).
The mass is at rest if v(¢) = 0, which happens when cos t = 0, that is, if
t= g + kmw

where k is an arbitrary integer. At those times sint = +1 so that f(¢) = +4 (em).
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6.6 Chain Rule

Watch the video at
https://www.youtube.com/watch?v=014A4KGO-YE&list=PL265CB737C01F8961 &index=30.

Abstract This video reviews composite functions and establishes the Chain Rule to

differentiate composite functions. Finally the rule is applied in a couple of instances.

Recall that the composite g o f of f with g is defined by
go f(x):=g(f(x)).

Theorem 6.6.1 (Chain Rule) Iffis differentiable at a and g is differentiable at f(a), then go fis differentiable

at a and

(9o f) (@) =d'(f(a))- f'(a)-
Alternatively, we can write

y=go f(x)=g(u) where u = f(z)

and differentiate with respect to x as follows:

dy dy du

de  du dx’

Example 6.6.2. Differentiate
flx) =22 + 1.

In this instance, we want to differentiate y = /u where u = 2? + 1 with respect to x. According to the
Chain Rule

dy _ dy du
dx du dx
1 du

2/u dx
1
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Example 6.6.3. Differentiate
y = cos(z® + 1).

We want to differentiate y = cosu where u = 23 + 1. Applying the Chain Rule:

dy _ dy du

de  du dz
- —sinu- 22
o dr

= —sin(z® +1)- 327
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6.7 Examples using the Chain Rule

Watch the videos at
https://www.youtube.com/watch?v=y-qPXj-Mlx0&list=PL265CB737C01F8961&index=31

and
https://www.youtube.com/watch?v=VQ8IqzWBILM &list=PL265CB737C01F8961&index=32

Abstract These videos go over a number of examples of differentiation of functions, each
involving the Chain Rule. Additionally, an application to finding the tangent line to a graph

is provided, as well as a more concrete problem.

Example 6.7.1. Differentiate the following functions

flz) = (32° +4z+ 2)5
g(z) = =zcos(z?)
_ sin(x?)
h(z) = it
r(z) = Vasinz
y = cos(sinz) + tan(bx).
Solution.
flz) = 530 +42+2)" (922 +4)
g'(z) = cos(a®) — 32”sin(z?)
oy 2weos(@®)(a? + )" = 8u(a? + 1) sin(a?)
h(z) = T
! = # sinxz + xcosz
(@ = 2v/zsinx ( T )
dy

-2 = —sin(sinz)cosx + 5sec?(5z).

Example 6.7.2. Find an equation of the tangent line to the graph of
flx)=+V222+2z+4
at x = 3.

Solution. The tangent line is the line through

(37 f(3)) = (3’ 5)

Download free eBooks at bookboon.com


https://www.youtube.com/watch?v=y-qPXj-Mlx0&list=PL265CB737C01F8961&index=31
https://www.youtube.com/watch?v=VQ8IqzWBlLM&list=PL265CB737C01F8961&index=32

of slope f’(3). Moreover,

4z +1
fl(@) = —
222 +x+ 4

so that f/(3) = 12. Thus, an equation of the tangent line is

13
y—5—1—0(m—3).

Example 6.7.3. An environmental study of a certain suburban community suggests that the average

daily level of carbon monoxide in the air will be

C(p) = \/0.5p% + 17

parts per million when the population is p thousand.

On the other hand it is estimated that ¢ years from now, the population of that community will be

p(t) = 3.1+ 0.1¢

thousands. At what rate will the carbon monoxide level be changing with respect to time 3 years from now.

Solution. We are looking for the rate of change of C with respect to t, that is,

dc._ dC dp
dt  dp dt
. 2

= 09Xy

21/0.5p% + 17

0.1tp

V0.5p% + 17

so that when t = 3, we have

dC  01x3x(31+0.1x3?) 094

dtj=s 2,/05B31+01x3%)+17

in parts per million per year.
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6.8

M5 Sample Quiz 2: Chain Rule

. Differentiate the following functions (you do not need to simplify):

a) f(z) = (42° + vz + cos:z:)3
b) f(z) = ztan(2? +1)
) h(t) = sin(4t)\/t3 + 3

COS .’IJ2
@ gl = =)
e) flz)= (%) (22 +1)°.

. Find an equation of the tangent line to

_ 3,
y = cos® z,

atx = I,

. A particle is moving along a straight line with law of motion

s(t) = cos(5t),

where s(f) is measured in meters and ¢ in seconds. Find the instantaneous velocity of the

particle after {5 seconds.

. The quantity of charge Q in Coulombs (C) that has passed through a section of a wire up to

time ¢ (in seconds) is given by
Q(t) = sin(nt).

The current I(¢) (measured in Ampere (A) where 1A = 1C/s) is by definition the rate of change

of the quantity of charge with respect to time. Find the current after 1 second.
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6.9 M5 Sample Quiz 2 Solutions

1. Differentiate the following functions (you do not need to simplify):

a) f(z) = (42° + \/E—&—cosx)?’

Solution.

f(x) =5 (42° + Vo + cosa:)2 . (20334 + % - sinx) )
b) f(z) = ztan(z? +1)

Solution.

f(x) =tan(x® + 1) + x - sec*(x* + 1) - 2x = tan(x? + 1) + 2x sec? (x* + 1).
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¢) h(t) =sin(4t)\V13 + 3
Solution.

W(t) = (sin(n) VB 43 +sinr) - (VE+3)
3t2

2V +3

= 4dcos(4t)V/t3 + 3 + sin(4t) -

cos(x?)

d) g(z) =

sinx
Solution.

, (cos(z?))" - sinz — (sin )’ - cos(z?)
g(x) = —
sin® x
—2z sin(z?) sinz — cos x cos(x?)

sin® z

e) f(x)= (%) (2* +1)2.

sin(cos x
Solution.
o = (Y e () ()

_ (tan(3z))" - sin(cos z) — (sin(cos z))" - tan(3z) (2 + 1)2 n ( tan(3x)

. xz . €T
sin(cosx)) A" +1)-2

sin?(cos )

_ 3sec?(3x) sin(cos ) - c;)s(cos z) - (—sinz) - tan(3x) (a® + 1>2 Fdp(a? 1) - jcan(?):z:)
sin®(cos x) sin(cos )
_ 3sec?(3x) sin(cos ac) —gcos(cos x) - sinx tan(3x) (a® + 1)2 +da(a? 41)- Fan(Sx)
sin”(cos x) sin(cos z)

. Find an equation of the tangent line to
y = cos’ ,

at z =

ISP
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Solution. The tangent line is the line through

2 .
- = COS™ X - (—SsInx —_
dl‘|a:=£ 3 ( )|$—Z

Hence an equation of the tangent line is

(%) = (9) -9
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3. A particle is moving along a straight line with law of motion

s(t) = cos(5t),

where s(f) is measured in meters and ¢ in seconds. Find the instantaneous velocity of the

particle after {; seconds.
Solution. The velocity after 7 seconds is s’ (&) m/s.
s'(t) = —5sin(bt),

so that

4. The quantity of charge Q in Coulombs (C) that has passed through a section of a wire up to

time ¢ (in seconds) is given by
Q(t) = sin(mnt).

The current I(t) (measured in Ampere (A) where 1A= 1C/s) is by definition the rate of change

of the quantity of charge with respect to time. Find the current after 1 second.
Solution. We are looking for /(1) = %‘tzl A Since Q'(t) = 7 cos(wt), we have

1) =Q'(1) = 7 A.
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7 Mé6: Implicit Differentiation;
Related Rates Problems

7.1 Implicit Differentiation

Watch the video at
https://www.youtube.com/watch?v=6XLM4IFD0LI&list=PL265CB737C01F8961 &index=33.

Abstract This video present the general idea behind implicit differentiation to find the slope

of a tangent line to a general curve of the plane, and goes over two examples.

A general curve of the plane might have an equation given under the form f(z,y) = g(x,y). The slope

of the tangent line to such a curve at a point (z,yo) of the curve is the rate of change

dy
dx |z=20; y=yo

of y with respect to x, along the curve, at (z¢,yo). To obtain this rate of change, we differentiate both
sides of the equation with respect to x considering y as a function of x of derivative 4, and then solve

for 2 in the resulting equation.

Example 7.1.1. Find the tangent line to
2y =4

at (1,v3).

Solution. The tangent line is the line through (1,+/3) of slope %Im:h y=v3- To find this, we differentiate

both sides of the equation implicitly, and solve for £:

d
2w +2y- Y = 0
dx
y _ @
de
Therefore
dy 1 V3

%I'&:l;y:ﬁ B 7% IE:

and an equation of the tangent line is

y—ﬁ:—;(m—l).
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Example 7.1.2. Find an equation of the tangent line to
234+ =day+1

at (1, 2).

Solution. The tangent line is the line through (1, 2) of slope %|9ﬂ=1§y=2' To find this, we differentiate

implicitely the equation of the curve, and solve for %:

d d
3$2+3y2-—y = 4y—|—4x~—y
dx dx
d
d%/: (3y2 - 4x) = 4y — 322
@ Ay - 32
de  3y? —4a’
so that
dy 5

%\m:l;y:Z N 8
and an equation of the desired tangent line is

(x—1).

| ot

y—2=

/
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7.2 Implicit Differentiation: Examples

Watch the video at
https://www.youtube.com/watch?v=qgGoAAVRxuVM&list=PL265CB737C01F8961&index=34.

Abstract This video goes through step by step calculations of 2 along various plane curves,

applying this to finding tangent lines in some instances.
Example 7.2.1. Find % along the curve
3zy® — 4z = 10y°.

Solution. To find this, we differentiate both sides of the equation of the curve with respect to x, considering

y as a function of x:

d d
3y + 9373/2% -4 = QOyﬁ
dy 2 3
—= (9 —20 = 4-3
7. 9y y) y
dy _ 4-3y°
dx 9zy? — 20y

Example 7.2.2. Find % along the curve

sin(zy) = 2° — 3.

Solution. To find this, we differentiate both sides of the equation of the curve with respect to x, considering

y as a function of x:

d
cos(zy) - (y + mﬁ) = 2z
xcos(zy)=— = 2z — ycos(zy)
dy 2z —ycos(zy)
de xcos(xy)

Example 7.2.3. Find 2 along the curve

rcosy — Jysinx = 1.
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Solution. To find this, we differentiate both sides of the equation of the curve with respect to x, considering

y as a function of x:

d d
cosy—msiny~d—y—?)sinx-d—y—?)ycosx =0
x x
d
d—y(—xsiny—Ssinx) = 3ycosz — cosy
x
dy  cosy—3ycosx
de ~ xsiny+ 3sinz’

Example 7.2.4. Find an equation of the tangent line to
xsyz = —3zy
at (-1, -3).

Solution. The tangent line is the line through (-1, -3) of slope %\z: _3. To find j—fi we differentiate

—Ly=
the equation of the curve implicitly:

d d,
32%y% + 2m3y—y = —3Jy-— 3x—y
dx dx
d
ﬁ (22°y +32) = —3y—32%y°

so that, when x = -1 and y = -3, we have

dy dy 18

—(6—-3)=9—-27 <— — =—— =—6.

dx ( ) dx|z=—1;y=—3 3
Therefore, an equation of the tangent line is

y+3=—6(x+1).
Example 7.2.5. Find all the horizontal and vertical tangents to the curve
xy? — 2y =2. (7.2.1)

Solution. We are looking for points of coordinate (x, y) on the curve where 2 = 0 or % s infinite. First

we calculate % along the curve, by implicit differentiation:

dy dy
24 22y-2—2-2 = 0
vt :Cydx dzr
dy 2
oy -2) = —
gp 2Ty = 2) y
y _ 9
de  2—2zy’
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Thus 2 can only be 0 if y = 0, but the curve xy? — 2y = 2 does not intersect the line y = 0. Thus the
curve has no horizontal tangent. On the other hand, % is infinite if 2 — 2xy =0, that is, if xy = 1. If
a point(x, y) is on the curve and satisfies xy = 1, then, substituting in (7.2.1), we obtain 1 -y — 2y = 2,

that is, y = -2, which forces 2 = —1 because xy = 1. Thus the only point of the curve that has a vertical

tangent is (—1,-2).
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7.3

M6 Sample Quiz 1: Implicit Differentiation

. Find % along the following curve

vao+d =324y
T

. Find 2 along the following curve

cos(zy) + 2y = = + y — sin(xy).

. Find an equation of the tangent line to

223 + 4% = 2 + day
at (1, 2).

. Find an equation of the tangent line to

xrcosy +ysinx =0
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7.4

M6 Sample Quiz 1 Solutions

. Find % along the following curve

y2x+g=3x2+y.
x

Solution. Differentiating both sides of the equation with respect to z yields

dy  , -y dy
2xy—— L =6 —.
Y i tyt A x2 v dx
Solving for % gives
d 1
—y(2xy—|———1) — Gr—yP+ o
dx T x
dy  6a2® —y?a® +y
de 23y+ax—a?’

. Find % along the following curve

cos(zy) + 2y = x +y — sin(xy).
Solution. Differentiating both sides of the equation with respect to x yields

dy . Ly dy
<y+xdx) (—sin(zy)+1) =1+ Ir cos(zy) (erxdx) .

Solving for ¢ gives

% (—xsin(xy) + = — 1+ zcos(zy)) = wysin(zy) —y+ 1 — ycos(zy)
dy y(sin(zy) — cos(zy) — 1) + 1
dr  xz(cos(zy) —sin(zy) +1) —1°

. Find an equation of the tangent line to

223 4+ 3 = 2 + day

at (1, 2).
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Solution. The slope of the tangent line is %lz:hyzg. To calculate % we differentiate both sides

of the equation with respect to x, then solve for %:

d d
602 + 32 Y = 4yi42Y
dx dx
d
d_i (3y2 — 4x) = 4y — 62>
d_y 4y - 62
de  3y? —4dz’

Plugging in x = 1 and y = 2 yields the slope

Therefore, an equation of the tangent line is

1
nyZZ(:rfl).

. Find an equation of the tangent line to

xcosy +ysinxe =0

. .. d . . .
Solution. The slope of the tangent line is ¢} e=m;y=1x- 10 calculate g—g we differentiate both sides

of the equation with respect to x, then solve for 2

d d
cosy—xsiny—y+—ysinx+ycosm = 0
dr dz
dy . . .
d—(smx—xsmy) = —(ycosx + cosy)
7
dy  ycosz+cosy
der xsiny—sinz’

Plugging in 2 = 7 and y = 7 yields the slope

_x
2
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7.5 Related Rates: first problems

Watch the video at
https://www.youtube.com/watch?v=T3]SvgRmK1A&list=PL.265CB737C01F8961 &index=35.

Abstract This video introduces related rates problem and guidelines to solve them,

examining two examples.

Example 7.5.1. A stone is thrown into a pond causing a circular ripple to spread. If the front wave moves
away from the entry point of the stone at 0.5 meter per second, how fast is the area of the circular ripple

increasing when the front wave is 30 meters away from the entry point of the stone?

Solution. If the front wave moves at 0.5m/s and we call R the radius of the outer circle of the ripple,

we have 2f = 0.5m/s. Let us call A the area of the circular ripple. We are looking for ¢ when

R = 30 m. Since

A=nR?
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and A and R are functions of time, we obtain by differentiation

dA dR

E = 27TR ﬁ,
so that

dA

—9r.30- L =30 2/
dt—ﬂ' 2— m™Tm-/S

is the desired rate.

Example 7.5.2. Suppose you stand on the edge of a dock, 6 feet above water level, and pull, at a constant
rate of 2 feet per second, a rope attached (at water level) to a boat. Assuming the boat remains at water
level, at what speed is the boat approaching the dock when it is 20 feet away from the dock? When it

is 10 feet away?

Solution. Consider the situation

where we called x the distance between the boat and the dock, and [ the length of rope between the boat
and the hand of the man. Both are functions of time. We are given the rate of change 2 = —2 ft/sec,

and we look for 42 In the right triangle, we have, by the Pythagorean Theorem
1? =36+ 27,

so that, differentiating with respect to time:

dl da
D R
ar - Uar

and

de 1 ﬂ_\/36+x2 dl

dt T dt T dt’
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Thus, when the boat is 20 feet away, that is, if x = 20, then

dr /436

and when x = 10, then

der /136

Thus the boat is accelerating as it is approaching the dock, even though the rope is pulled at a constant rate.
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7.6 Related Rates: filling up a tank

Watch the video at
https://www.youtube.com/watch?v=TKoBaOfFlck&list=PL265CB737C01F8961&index=36.

Abstract This video goes over a problem in which a conical tank is being filled at a constant

given rate, and we look for the rate of change of the water level inside the tank.

Example 7.6.1. An inverted conical tank, 9 meters high, with radius 3 meters at the top, is being filled
at a constant rate of 0.5m®/min. At what rate is the water level rising when the water in the tank is 4

meters deep?

Solution. Let us first represent the situation:

where h is the depth of water in the tank, and r the radius at the base of the cone of water inside the
tank. We call V the volume of water in the tank. Note that 4, r and V are functions of time, and the rate
of change of V is the rate at which water is being pumped inside the tank, that is, & = 0.5m?/min .

We look for 4 when h = 4m. The volume V of the cone of water, of height 4 and radius r is given by

1
V= §7T7“2h.

Moreover, using similar triangles as shown above, we have 7 = 2 so that  — b . Thus
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Differentiating with respect to time, we get

v _ 72 dh

a9 dt’
so that

dh_ 9 v

dt — wh2? dt’

Thus, when h = 4, we have

dh 9 9 .
= 1600 T 5 ™ 0.09m/min.
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7.7 Related Rates: Radar gun

Watch the video at
https://www.youtube.com/watch?v=Alo7SKW50WI&list=PL265CB737C01F8961&index=37.

Abstract This video goes over a problem in which two cars are approaching an intersection

at given speeds, and we want to know the rate at which they are approaching each other.

Example 7.7.1. A car is traveling south at 50 mph. When this car is half a mile north of an intersection,
a police car traveling west at 40 mph and located a quarter of a mile east of the intersection uses a
radar-gun, which measures the rate at which the distance between the two cars is decreasing. What is

the reading on the radar gun?

Solution. We first draw a picture to sketch the situation:

Here, we have introduced the relevant variables: x is the distance between the police car and the
intersection, y is the distance between the other car and the intersection, and m is the distance between
the two cars. What is given to us are the rate of change of the positions of the two cars, which we can

interpret as distances to the intersection. In other words, we have

dx dy
7 0mph; 7 50 mp

and we want to find ¢ when y = 1 and « = 1. By the Pythagorean Theorem, we have

m2:x2+y2
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so that, differentiating with respect to time, we obtain:

dm dx dy
2m - =2 — 42y
an Tt Ty dt’
that is,
dm 1 dx n dy
o _ o 2 %t “y
dt m\"at Y at

1 dx dy

= i " (x Y dt) . (7.7.1)

Thus, when y = 1 and z = , we have

dm 1 1 1 140
— (2 .(=4 Z (= =—-""— ~ —62. h.
dt +L(4 (Fa0) 5 50)) V5 02.6mp

16

W=

Remark 7.7.2. You probably noticed that the radar-gun reading of about 63 mph is much higher than
the actual speed of 50 mph of the car. This is because the police car is in motion, and not on the side of
the road. Indeed, (7.7.1) gives a good approximation of % if x and 9 are small, with equality 4" = %

if x = 0, but this approximation becomes worse as x and/or % increase.
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7.8 Related Rates: moving shadow

Watch the video at
https://www.youtube.com/watch?v=Anse8yylLwM&list=PL265CB737C01F8961&index=38.

Abstract This video goes over a problem in which we look for the rate of change of the length
of the shadow of a man walking away from a lamppost, given the height of the lamppost,

that of the man, and his speed.

Example 7.8.1. If at night a 6 feet tall man is walking away at 3 feet per second from a 18 feet tall
lamppost, how fast is the length of his shadow changing?

Solution. We first draw a picture of the situation, and introduce the relevant variables:

Here x is the distance between the man and the lamppost, which changes at the rate

dx

E :3ft/8,

and s is the length (in feet) of his shadow. We want to find 2. Using similar triangles, we see that

1 6
8 0 . iss—6rt6s e= s= 2
r+s S 2
Thus,
ds

1 dx 3
" oa ol
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7.9 M6 Sample Quiz 2: Related Rates

1. A car traveling north at 60 mph and a pickup traveling west at 50 mph leave an intersection
at the same time. At what rate is the distance between them changing two hours later?

2. A circular oil slick spreads in such a way that its radius is increasing at the rate of 20ft/hour.
How fast is the area of the slick changing when the radius is 200 feet?

3. In an adiabatic chemical process, there is no change of heat. If a container of oxygen is

subjected to such a process, the pressure P and the volume V satisfy
PV =,

where C is a constant. At a certain time, V =5m?, P =0.6kg/m? and P is increasing at
0.23 kg/m? per second. What is the rate of change of the volume at this instant? Is V increasing

or decreasing?
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7.10

M6 Sample Quiz 2 Solutions

. A car traveling north at 60 mph and a pickup traveling west at 50 mph leave an intersection

at the same time. At what rate is the distance between them changing two hours later?

Solution. Let w be the distance between the intersection and the pickup after ¢ hours, and let n
be the distance between the intersection and the car after ¢ hours. Finally, let D be the distance
between the pickup and the car after ¢ hours. Since the car travels at 60 mph, ¢ = 60 mph . Since
the pickup travels at 50 mph, 42 = 50 mph . We are looking for 2. Since the triangle whose
vertices are the car, the pickup and the intersection is a right triangle (at the intersection), the

Pythagorean Theorem applies to the effect that
w? +n? = D%
All 3 quantities are functions of time, and, differentiating with respect to time, we obtain
dw dn dD

Solving for the unknown rate, we have

dD 1 dw dn
Fr 5(“’%“‘%)
1 dw dn
- 7m<w%+"a>

After 2 hours, we have w = 100 and »n = 120 so that

dD 1
v _ 100 - 50 + 120 - 60) ~ 78.1 mph.
&~ /33305 ) mp

. A circular oil slick spreads in such a way that its radius is increasing at the rate of 20 ft/hour.

How fast is the area of the slick changing when the radius is 200 feet?

Solution. Let R denote the radius of the slick at time ¢, and let A denote its area. We know that
% = 20 ft/h , and we want % when R = 200. Since the are of a disk of radius Ris A = 7 - R?,

we can differentiate with respect to time to the effect that

Thus, when R = 200, we have

% =27 -200 - 20 ~ 25132.7 ft*/h.
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3. In an adiabatic chemical process, there is no change of heat. If a container of oxygen is

subjected to such a process, the pressure P and the volume V satisfy

PV =,

where C is a constant. At a certain time, V =5m?, P =0.6kg/m? and P is increasing at
0.23 kg/m? per second. What is the rate of change of the volume at this instant? Is V increasing

or decreasing?

Solution. We know 22 =0.23 and we want 4. Differentiating PV = C' with respect to

time, we obtain

dP av
L. 4 p.14.V0. —— =0.
V 7 + 14 7 0
Solving for the unknown rate:
v V4 ap vV dP

At 1.4PVO4A T gt 14P  at’

Thus, at this particular instant, we have:

v 5

& % 0.23) ~ —1.37m%/sec.
i Taxo0g (023 87m”/sec

As the rate of change of the volume is negative, we see that the volume is decreasing.
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8 Review on modules M4 to M6

8.1 MOCKTEST 2

Instructions: Do the following test, without your notes, in limited time (75 minutes top). Then grade
yourself using the solutions provided separately. It is important that you show all your work and justify

your answers. Carefully read the solutions to see how you should justify answers.

1. [6x5pts] Differentiate the following functions (you do not need to simplify! ):
a) f(z)=32°-22%+ Ja? + 2 — 1.
b) h(t) = (2 + )3t~ + Vi +1).

_ m3—21+2
C) Y= 7 3z+1"

d) y=(5—26%)(cosf —sinb).

e) flx) = (42° + 2/@)".
f) f(x)=sin(tanz) + 525,

2. a) [10pts] Find the equation of the tangent line to y = 2sinz + 3cosz at (5,2).
b) [10pts] Find the equation of the tangent line to y = (322 — 4x)3 at (1, -1).

3. a) [10pts] Find %2 if

32% + 2y = xy + y32?

b) [10pts] Find the equation of the tangent line to the curve defined by
3 — g% =19,

at (3, 2).
4. [10pts] Find the second derivative of f(x) = /322 + 1.
5. [5pts]
When air expands adiabatically (without gaining or losing heat), its pressure P and volumeV
are related by the equation PV!4 = C', where C is a constant. Suppose that at a certain instant

the pressure is 40 kPa and the volume is 200 cm?® and is increasing at a rate of 10cm?®/min .

At what rate is the pressure changing at this instant? Is it increasing or decreasing?
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6. [10pts]

Water is being pumped into an inverted conical tank at a constant rate. The tank has height
8 m and the diameter at the top is 2 m. If the water level is rising at a rate of 0.1m/min when

the height of the water is 2 m, find the rate at which is water is being pumped into the tank.

7. [10pts] A boat is being pulled towards a dock by pulling a rope attached to the bow of the
boat, through a pulley on the dock that is 5 meters above the level of the bow. If the rope is
pulled at 1 meter per second, at what speed is the boat approaching the dock when the boat

is 10 meters away from the dock?

EXPERIENCE THE POV

FULL ENGAGEMENT...
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RUN LONGER..
RUN EASIER...
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8.2

MOCK TEST 2 Solutions

. Differentiate the following functions (you do not need to simplify!):

_ 1
a) f(z)=32%—22°+ 327 + 2 — 1.
Solution.
f(z) =18z° — 622 + = + 1.

b) h(t) = (£ + )3t~ +VE+1).

Solution.

R(t) = (3t2 +1) (31&*1 +Vi+ 1) + (£ +1) (% + 2%/%> .

_ 1372x+2
C) Y= 27=3251-

Solution.

dy (32" =2) (2® -3z +1) — (22 -3) (" — 22 +2)
dr (22 =3z +1)2

d) y=(5—26%)(cosf —sinb).

Solution.

d
d—y = —66% (cosf — sinf) + (5 — 26°) (—sin6 — cos0).
x

&) f(x) = (4a® +2y/)*.

Solution.

flla) =4 (4% + 2y7)° (1231;2 + %) .

f) f(z) =sin(tanz) + cost &

sin?(5z) *

Solution.
4cos® x - (—sinx) - sin?(5x) — 2sin(5x) - cos(5x) - 5 - cos* x
f'(x) = cos(tanz) -sec?z + —
sin”(5x)
4 cos® x sin xsin?(5z) + 10sin(5z) cos(5x) cos? =
= cos(tanz) - sec?z — 3 .
sin”(5x)
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2. a) Find the equation of the tangent line to y = 2sinz + 3cosz at (7,2).

Solution. The tangent line is the line through (%,2) of slope %Ir:%' Since

d
& _ 2cosx — 3sinz,

dx

we conclude that the slope is m =2-0 — 3 -1 = —3, so that an equation of the line is

T
—2:—3(——).
y -

b) Find the equation of the tangent line to y = (32% — 493)3 at (1,-1).

Solution. The tangent line is the line through (1, -1) of slope %u:y Since

dy _

2 _— 2 . J—
. 4 (32% — 4z)” - (62 —4),

we conclude that the slope is m = 4 - (—1)? - (2) = 8, so that an equation of the line is
y+1=38(z—1).
3. a) Find & if
322 + 2y = xy + y22”.
Solution. Difterentiating implicitly with respect to x, we obtain:
6z + 2@ =y+ x@ + 3y2x2d—z + 232,

dzx dx d

Solving for % gives:

dz
d
—y(2—x—3x2y2) = y+2y°z— 6z
dx
dy y +2y%r — 62
de —  2—x— 3222’

b) Find the equation of the tangent line to the curve defined by
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Solution. The tangent line is the line through (3, 2) of slope Z—Zm:&y:} Differentiating

implicitly with respect to x, we have:

dy

327 -3y’ = 0

. yda:
dy _ 3x2: T\g
dx 3y? y

4. Find the second derivative of f(z) = v/322 + 1.

Solution. The first derivative is (using the Chain Rule):

, 6x 9 _1
)= —— =32 (32°+1) 2.
0= Smers ~ 3B
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To find the second derivative, we use the product rule combined with the Chain rule, to the
effect that

) = 3(3x2+1)_%—3§(3x2+1)

_ 3 (. B
 VBaPr1 3x241)°

. When air expands adiabatically (without gaining or losing heat), its pressure P and

_3
2

-6z

volume V are related by the equation PV!* = C, where C is a constant. Suppose that at
a certain instant the pressure is 40 kPa and the volume is 200 ¢m?® and is increasing at a
rate of 10cm?/min. At what rate is the pressure changing at this instant? Is it increasing or

decreasing?

Solution. Both pressure P and volume V are functions of time ¢. Differentiating with respect
to t, we have:
dP

av
vy P14Vt =
dt + (1.4) dt ’

so that, solving for the unknown rate %, we obtain:

dP PVYL qv
dt V4 gt

so that the pressure is decreasing.

. Water is being pumped into an inverted conical tank at a constant rate. The tank has height
8 m and the diameter at the top is 2 m. If the water level is rising at a rate of 0.1m/min when

the height of the water is 2 m, find the rate at which is water is being pumped into the tank.

Solution. The depth of water h is increasing at a given rate 4 = 0.1m/min when h = 2m.
We look for the rate of change 4" of the volume V of water at that instant. The cone of water

inside the tank has volume

V= §7T7’2h,

where 7 is the radius of the base of the cone. Using similar triangles as shown below, the ratio
of the radius at the base of the tank (which is 1 meter) to the radius r is the same as the ratio
of heights: £.
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Thus r = £ so that

1 A2 T 4

In this expression, both V and h are functions of the time ¢. Differentiating with respect to ¢

we obtain:

AV _ o adh

dat 192 dt’
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so that at the instant considered

W T 9200 = 3 /mi
e 64(2) 0.1= m®/min.

. A boat is being pulled towards a dock by pulling a rope attached to the bow of the boat,
through a pulley on the dock that is 5 meters above the level of the bow. If the rope is pulled
at 1 meter per second, at what speed is the boat approaching the dock when the boat is 10

meters away from the dock?

Solution. The length [ of rope between the pulley and the boat is decreasing at & = —1m/s.
The distance x between the dock and the boat is decreasing as a result, at a rate 2 to be

determined, which is the speed at which the boat is approaching the dock:

By the Pythagorean Theorem
2 425 =12

so that, differentiating with respect to time, we obtain:

dz

Solving for the unknown rate 7, we obtain

de Ll

dt — xdt
V2425 dl
- @

Thus, when the boat is 10 meters away from the dock (x = 10), we have

dr /125
M _ VI (1)~ —1.12m/s.
= 10 Y m/s
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O MY7: Extreme Values of a function

9.1 Extrema

Watch the video at
https://www.youtube.com/watch?v=0ORil _m60RB8&list=PL265CB737C01F8961&index=39.

Abstract This video introduces the concepts of absolute maximum and absolute minimum

of a function on an interval and states the Extreme Value Theorem.

Definition 9.1.1. Let f be a function defined on an interval D. We say that f has an absolute maximum

on D at ¢, and that f(c) is the absolute maximum of f on D if

fle) > f(x) for all x € D.

Definition 9.1.2. Let f be a function defined on an interval D. We say that f has an absolute minimum

on D at ¢, and that f(c) is the absolute minimum of f on D if

fle) < f(x) for all x € D.

An absolute extremum is either an absolute maximum or an absolute minimum.

Note (see video) that absolute extrema may or may not exist, depending on the function, and on the

interval on which we consider the function. However, we have:

Theorem 9.1.3 (Extreme Value Theorem) A continuous function on a closed interval attains both an

absolute minimum and an absolute maximum on this interval.
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9.2 local extrema and critical values

Watch the video at
https://www.youtube.com/watch?v=RVi k3wDZMc&list=PL265CB737C01F8961 &index=40.

Abstract This video defines local extrema and critical values and establishes Fermat’s

theorem relating them. A number of examples are treated to find critical values of a function.

Definition 9.2.1. f(c) is a local maximum of fif f(c) > f(z) for all x in an open interval containing c.

We say that f has a local maximum at c.

f(c) is a local minimum of fit f(c) < f(x) for all x in an open interval containing c. We say that f has a

local minimum at c.
A local extremum is either a local maximum or local minimum.

Definition 9.2.2. A number c in the domain of a function fis a critical value of f if the derivative of f at

¢ is either 0 or undefined.

Theorem 9.2.3 (Fermat) If f has a local extremum at c then c is a critical value of f.
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The converse is false: not every critical value corresponds to a local extremum.

For instance f(x) = 2 has one critical value (0) because
flx)=32>=0 <= =0

but it has no local extremum.

Example 9.2.4. Find the critical values of the following functions:

fL‘2 .
1. f(x) = §+2,

Solution. This is a rational function. Thus it is differentiable on its domain (Note that -2 is not

in the domain, and therefore cannot be critical). Moreover

do(x+2) — 222 2x(x +4)
@t2? @+ 22

f(@) =

so that
f(x)=0 < x=00rx=—4,

which are the critical values of f.

2. f(z)=—2?+42+2;

Solution. The function is polynomial, hence differentiable on the real line. Moreover
f(x)=—-2x+4

so that
f()=0 <= z=2,

which is the only critical value of f.
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3. f(x) =2+ 62% —2;
Solution. The function is polynomial, hence differentiable on the real line. Moreover

f(z) = 42® + 122 = 4x(2? + 3) = 4a(z — V3)(z + V3),

so that the critical values of fare —/3, 0 and /3.

Solution. This is a rational function. Thus it is differentiable on its domain. Moreover
2z —1)(z—1)— (2> —x+4
@) = ( ),
(x—1)

(z+1)(z - 3)
(@—-1)>

so that the critical values of fare -1 and 3.

Solution. This function is defined on the real line, but not differentiable at 0. Thus 0 is critical.
Moreover, for = # 0, we have
2

f(z)= gx% - gx_g = gx_§ (z°—4) = gx_%(x —2)(x +2).

oo

Thus the critical values of fare -2, 0 and 2.
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9.3 Closed Interval Method

Watch the video at
https://www.youtube.com/watch?v=LkeRk2A57SI&list=PL1.265CB737C01F8961 &index=41.

Abstract This video discusses the Closed Interval Method to find absolute extrema of a

continuous function on a closed interval.

Theorem 9.3.1 (Closed Interval Method) Let f be a continuous function on a closed interval [a, b].
Then the absolute minimum and maximum exist and occur either at a critical value of f in (a, b), or at

an endpoint (a or b).

Thus to find the absolute extrema, you need to find the critical values of fin [a, b] and evaluate f at a,
at b and at these critical values. The largest value in that list is the absolute maximum; the smallest is

the absolute minimum.
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Example 9.3.2. Find the absolute maximum and minimum of the following functions on the specified

interval:

1.

f(x) =23 -3z +1 on [-3,2];
Solution. f is continuous on a closed interval. Since

fl(x) =32 =3 =3(x — 1)(z + 1),

the critical values of fin the interval are -1 and 1. Moreover
f(=3) =175 f(=1) = 3; f(1) = =15 f(2) = 3,

so that the absolute minimum is —17 and occurs at -3, and the absolute maximum is 3 and

occurs at -1 and at 2.
f(x) =22% + 322 +4 on [-2, 1];
Solution. fis continuous on a closed interval. Since

f'(x) = 62% + 62 = 6x(x + 1),

the critical values of fin the interval are -1 and 0. Moreover
f(=2)=0; f(=1) =5; f(0) = 4; f(1) =9,

so that the absolute minimum is 0 and occurs at -2, and the absolute maximum is 9 and

occurs at 1.
flx) = GE%H on [0, 2];

Solution. fis continuous on a closed interval, because 2% + 1 # 0 for all x. Since

byt +1-227  (1—2)(1+2)
F@) =@y = @17

the critical values of fare -1 and 1, but only 1 lies in the interval. Moreover
2
F0) =03 7(1) = 55 £(2) = =,

so that the absolute minimum is 0 and occurs at 0, and the absolute maximum is % and occurs

at 1.
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4. f(z)==z% on [-1, 3];

Solution. fis continuous on a closed interval. Since

f1is not differentiable at 0, which is the only critical value. Moreover

f(=1)=1; f(0)=0; f(3) = V9o~ 21,

so that the absolute minimum is 0 and occurs at 0, and the absolute maximum is <9 and

occurs at 3.
5. f(x) =% on [-4, -2].

Solution. f is continuous on a closed interval, but has no critical value in [-4, -2], because 0

does not lie in this interval. Moreover

f(=4)= V16~ 2.5; f(-2) = V4~ 1.6,

so that the absolute minimum is /4 and occurs at -2, and the absolute maximum is /16

and occurs at —4.
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94

M7 Sample Quiz

. Find all the critical values for the following functions:

a) f(x) =22 32 — 122 +5
b) f(z)=z—Vx

. Find the absolute maximum and absolute minimum of the following functions on the

specified interval:

a) f(z) =22+ 322 — 36z + 1 on [-2, 3].

b) f(z) = %5 on [0, 2].
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9.5 M7 Sample Quiz Solutions

1. Find all the critical values for the following functions:

a) f(x) =22 32 — 122 +5
Solution.

fl(x) =62 — 62 —12=6(2> —x —2) =6(z+ 1)(z — 2),

so that the critical values of fare -1 and 2.

b) f(a) =2z
Solution.
fw)=1-5=

so that 0 is critical because f is not differentiable at 0, even though 0 is in the domain of f.

Moreover,
fllx)=0 <— I—L—O
= N
1
= VJr= 5
“— = .
YTy

Thus the critical values of fare 0 and 1.

2. Find the absolute maximum and absolute minimum of the following functions on the

specified interval:
a) f(x) =22%+ 322 — 362 +1 on [-2, 3].

Solution.

f'(x) = 62 + 62 — 36 = 6(2> +x — 6) = 6(x — 2)(z + 3),
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so that -3 and 2 are critical. But only 2 belongs to [-2, 3]. Moreover

f(=2) = 69
f2 = -4
f3) = —26

so that the absolute maximum is 69 and occurs at -2 and the absolute minimum is -43

and occurs at 2.

b) f(z) = &5 on [0, 2].

Solution.

22 +3-2x(r+1)
(z2 4 3)2
—2? -2z +3
(22 + 3)2
—(z—1)(z+3)
(z2 +3)2

f'(x)

so that the critical values are -3 and 1. Only 1 belongs to [0, 2]. Since,

0 = 5

1
=3
o = 3

we see that the absolute maximum is % and occurs at 1, while the absolute minimum is %

and occurs at 0.
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10 M8: the Mean Value Theorem
and first derivative Test

10.1 Rolle’s Theorem

Watch the video at
https://www.youtube.com/watch?v=K1nEzRGF0aU&list=PL265CB737C01F8961&index=42.

Abstract This video presents Rolle’ s Theorem and its proof, shows that the assumptions

are all essentials, and examines examples.

Theorem 10.1.1 (Rolle) Suppose that fis continuous on [a, b}, differentiable on (a, b), and that f(a) = f(b).

Then there exists c in (a, b) with

f'(e)=0.

.
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10.2 The Mean Value Theorem

Watch the video at
https://www.youtube.com/watch?v=KbsICOVX4gA &list=PL265CB737C01F8961 &index=43.

Abstract This video presents the Mean Value Theorem and its proof, and shows that the

assumptions are essentials.

Theorem 10.2.1 (Mean Value Theorem) Suppose f is continuous on [a, b] and differentiable on (a, b).

Then there exists c in (a, b) with

f/(C) _ f(bl)) : i(a)

In other words, under these assumptions, the instantaneous rate of change of ftakes as a value the average

rate of change of f over the interval.
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10.3  Applications of the Mean Value Theorem

Watch the video at
https://www.youtube.com/watch?v=gAB5mUHeB0A&list=PL265CB737C01F8961 &index=44.

Abstract This video examines a few examples of applications of the Mean Value Theorem.

Proposition 10.3.1. If f is continuous on [a, b, differentiable on (a, b) and the equation f(x) = 0 has two

solutions in [a, b], then the equation f'(x) =0 has at least one solution in (a, b).
Example 10.3.2. Show that the equation

20° + 323 +20 —5=0
has a unique solution.

Solution. The existence of solutions follows from the Intermediate Value Theorem 3.3.1. Indeed, the

function f(x) = 225 + 323 + 2z — 5 is continuous on [0, 1] and

f0)=-5<0<f(1)=2,

so that the Intermediate Value Theorem applies to the effect that there exists ¢ in (0, 1) with f(c) = 0.

The uniqueness of solution follows from Proposition 10.3.1. Indeed, if there were two different solutions

to f(x) =0, then there would be at least a solution to f’(z) = 0. But

f'(z) = 102" +92° +2 > 2,

so that f/(x) = 0 has no solution. Thus f(z) = 0 has at most one solution.

More generally:

Proposition 10.3.3. If f is continuous on [a, b], differentiable on (a, b) and the equation f(x) =0 has n

solutions in [a, b], then the equation f'(x) =0 has at least (n — 1) solution in (a, b).

Example 10.3.4. Let f be a function that is differentiable on (—oco,00), and satisfies f(1) =10 and
f'(z) > 2 for all x in (1, 4). How small can f(4) be?
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Solution. Since the function is differentiable on (—oo, 00), it is also continuous on this interval, and thus
so is its restriction to [1, 4], and it is differentiable on (1, 4). Thus the Mean Value Theorem applies to f
on [1, 4] to the effect that there is ¢ € (1,4) such that

— f(4)=3f"(c) + f(1).
Since f'(c¢) > 2, we conclude that
£(4) >3 x2+10 = 16.

Example 10.3.5. Find, if possible, a function f differentiable on (—oco, c0) such that f(0) = —1, f(2) =4
and f/(z) <2 for all x.

Solution. Such a function does not exist, for otherwise, it would be continuous on [0, 2] and differentiable
on (0, 2), so that, by the Mean Value Theorem, there would be ¢ € (0, 2) such that

which is not compatible with the assumption that f’(z) < 2 for all x.

Example 10.3.6. A fixed point of a function fis a number a such that f(a) = a. Find, if possible, a
differentiable function f with at least two fixed points that satisfies f/(x) # 1 for all x.

Solution. Such a function does not exist. Indeed, if s < ¢ are two different fixed points of f, then by the
Mean Value Theorem applied to fon [s, t] (which applies because fis supposed differentiable on (—oc, ),
hence continuous on [s, t] and differentiable on (s, 1)), there would be c in (s, )) such that

fA) = f(s) _t=s

t—s T t—s

fl(c): =1,

in contradiction to the assumption that f/(x) # 1 for all x.
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104 M8 Sample Quiz 1: Mean Value Theorem

1. Does Rolle’ s Theorem apply to the function

on [-1, 1]? Explain. If yes, give all the values ¢ that satisty the conclusion of Rolle’ s Theorem.

2. Does the Mean Value Theorem apply to
fz) = [z =2
on [0, 3]? Explain. If yes, give all the values ¢ that satisfy the conclusion of the Mean Value

Theorem.

3. Does the Mean Value Theorem apply to
flx) =322 +2z+5

on [-1, 1]? Explain. If yes, give all the values c that satisfy the conclusion of the Mean Value

Theorem.

4. If f(3) =5 and f'(x) > 3 for every x in [3, 9], how small can f(9) be?
5. Justify that the equation 3z° + 22° + 3z — 5 = 0 has a unique solution.
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10.5

M8 Sample Quiz 1 Solutions

. Does Rolle’ s Theorem apply to the function

on [-1, 1]2 Explain. If yes, give all the values ¢ that satisfy the conclusion of Rolle’ s Theorem.

Solution. The function fhas a discontinuity at 0 € [—1, 1]. Thus fdoes not satisfy the assumptions

of Rolle’ s theorem.

. Does the Mean Value Theorem apply to

f(z) =[x = 2|

on [0, 3]? Explain. If yes, give all the values ¢ that satisfy the conclusion of the Mean Value

Theorem.

Solution. The function fis not differentiable at 2 € [0, 3]. Thus f does not satisfy the assumptions
of the Mean Value Theorem.

. Does the Mean Value Theorem apply to

f(z) =322 +2z+5

on [-1, 1]? Explain. If yes, give all the values ¢ that satisfy the conclusion of the Mean Value

Theorem.

Solution. The function f is differentiable on the real line, so that its restriction to [-1, 1] is
continuous and differentiable on (-1, 1). Thus the Mean Value Theorem applies to fon [-1, 1]
to the effect that there is ¢ € (—1,1) such that

fA)—f(-1) 10-6

f(e) = = (-0 2~

Since f’(z) =6z + 2, values ¢ satisfying the conclusion of the theorem are solutions of
6z + 2 =2, thatis, x = 0.
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4. If f(3) =5 and f/(z) > 3 for every x in [3, 9], how small can f(9) be?

Solution. Since f’ is defined on [3, 9], fis continuous on [3, 9] and differentiable on (3, 9) so

that the Mean Value Theorem applies to f on [3, 9] to the effect that there is ¢ € (3,9) with

pon_ FO) = fB) _ f9) -5
J === 6

so that f(9) =6f'(c) + 5. Since f’(c) > 3, we conclude that f(9) > 6 x 3+ 5 = 23.
5. Justify that the equation 3z° + 223 + 3z — 5 = 0 has a unique solution.

Solution.Let f(x) = 32° + 223 + 3z — 5. We want to justify that f(z) = 0 hasa unique solution.
Note that

fl0)=-5<0< f(1)=3
and that fis continuous on [0, 1]. By the Intermediate Value Theorem, there is (at least) one

solution to f(z) = 0 in the interval (0, 1). Moreover, if the equation had two different solutions,

then the equation f’(z) = 0 would have at least one solution. But

f'(z) = 152* +62® +3 >3

does not take the value 0. Hence f(x) = 0 has a unique solutions.
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10.6 Intervals of increase and decrease

Watch the videos at
https://www.youtube.com/watch?v=n5SSxOmiPek&list=PL265CB737C01F8961&index=45

and
https://www.youtube.com/watch?v=EhGtkxCiDtQ&list=PL265CB737C01F8961 &index=46

Abstract These two videos define increasing and decreasing functions, present a criterion
of increase or decrease on an interval for differentiable functions, describes how to find
the intervals of increase and decrease of a function on an example, and examine the
consequences in terms of local extrema, culminating in the statement of the First Derivative
Test.

Definition 10.6.1. Let I be an open interval. A function fis increasing on I if for every 1, x5 in I

x, <x, = f(x) < f(x);

and decreasing on I if for every x1, x5 in I

x, <x, = f(x) > f(x,):
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Theorem 10.6.2. Let I be an open interval, and let f be a differentiable function on I. Then:
1. If f'(z) > 0 for all x in I, then f is constant on I;

2. If f'(z) <0 forall xin I, then f is constant on I;
3. If f'(x) =0 for all x in I, then f is constant on I.

Example 10.6.3. Find the intervals of increase and decrease of f(z) = 3z* — 42® — 1222 + 5.
Solution. This depends on the sign of
fl(x) =122 — 1227 — 242 = 122(2* — x — 2) = 12z(x + 1)(z — 2).

The sign of the product depends on the sign of each factor, and can be obtained via a sign chart:

Thus, fis decreasing on (—oco, —1) and on (0, 2) and is increasing on (-1, 0) and on (2, c0).
The chart visually indicates that the function f has a local minimum at -1, which is f(—1) =0, and at
2, which is f(2) = —27, and that f has a local maximum at 0, which is f(0) = 5. This is formalized in
the Theorem below:
Theorem 10.6.4 (First Derivative Test) Let ¢ be a critical value of a differentiable function f.

1. If f" changes from positive to negative at c, then f has a local maximum at c;

2. If f' changes from negative to positive at c, then f has a local minimum at c;

3. If [ does not change sign at c, then f has no local extremum at c.
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10.7  First Derivative Test: further examples

Watch the video at
https://www.youtube.com/watch?v=CvfOHIRuytA&list=PL265CB737C01F8961 &index=47.

Abstract This video goes over examples of finding intervals of increase and decrease, as

well as local extrema, for various functions.
Example 10.7.1. Find the intervals of increase and decrease, and the local extrema, for the function
flz)=2®—12z + 1.
Solution. The intervals of increase and decrease depend on the sign of

f'(x) = 32% — 12 = 3(z — 2)(z + 2),

so that the sign is obtained in the following sign chart:

Thus f is increasing on (—oo, —2) and on (2, 00), and is decreasing on (—2,2). It has a local maximum

at -2, which is f(—2) = 17, and a local minimum at 2, which is f(2) = —15.
Example 10.7.2. Find the intervals of increase and decrease, and the local extrema, for the function

f(z) = z* — 62°.

Solution. The intervals of increase and decrease depend on the sign of

f(z) = 42® — 122 = 4a(2? — 3) = da(z — V3)(z + V3),

so that the sign is obtained in the following sign chart:
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Thus f is decreasing on (—oco, —v/3) and on (0,+/3), and is increasing on (—+/3,0) and on (v/3,00). It

has a local minimum at —+/3 and at /3, whichis f(v/3) = f(—v/3) = —9; and it has a local maximum

at 0 which is f(0) =0.

Example 10.7.3. Find the intervals of increase and decrease, and the local extrema, for the function
f(z) =z — 2sinx for x € [0, 3.

Solution. The intervals of increase and decrease depend on the sign of

() =1—2cosz.

Note that f'(z) >0 <= cosz < 3. Inspecting the trigonometric circle

we obtain the following sign chart:

s 57 Tm PR : T 57 T
. %, 3) and is increasing on (%, %) and on (57, 37). Moreover,

fhas alocal minimum at § whichis f(%) =75 — /3 and at 7%, which is f(77) = =F — /3.1t has alocal

maximum at 3T which is f(3F) = 5F + /3.

Thus f is decreasing on (0, %) and on (
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10.8 M8 Sample Quiz 2: Intervals of increase and decrease
1. Find the intervals of increase and decrease and the local extrema of the function
f(x) = 22° + 32° — 362 + 6.
2. Find the interval of increase and decrease and the local extrema of the function

3. Find the intervals of increase and decrease and the local extrema of the function

3
fla) =

x
2 4+ax—-2

4. Find the intervals of increase and decrease and the local extrema of the function

f(z) =2 —2cosx

on the interval [0, 27].
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10.9

M8 Sample Quiz 2 Solutions

. Find the intervals of increase and decrease and the local extrema of the function

f(x) = 22® + 32® — 362 + 6.
Solution. The derivative of f is

f'(x) = 62 + 62 — 36 = 6(2> +x —6) = 6(x — 2)(z + 3).

Thus the sign of f’ depends on the sign of x — 2 and the sign of x + 3:

In other words, f is increasing on (—oo, —3) and on (2,00) and decreasing on (-3, 2). As a
consequence, f has a local maximum at x = -3, which is f(—3) = 87, and a local minimum at
x =2, whichis f(2) =-38.

. Find the interval of increase and decrease and the local extrema of the function

flw) = 2;;34'

Solution. fis defined on (—o0, —3) U (—3, o0) and has a vertical asymptote = —3. Its derivative

is

2 3)—12z -4 10
(0+3)-1@z—4) _ o

f(x) = (z + 3)2 - (z + 3)2 :

Thus f'(x) > 0 whenever f’ is defined:

Thus f is increasing on (—oco, —3) and on (—3, c0) and has no local extremum.
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3. Find the intervals of increase and decrease and the local extrema of the function
3

fo) =y

Solution. The domain of fis (—oo, —2) U (—2,1) U (1,00) because 2% + z — 2 = (z — 1)(z + 2).

Since z3 # 0 for x = -2 and x = 1, the function f has 2 vertical asymptotes x = -2 and x = 1.

Its derivative is

322 (2? + 2 —2) — 2z + 1)

!

Fl@) = (22 + 2 —2)?
_ 3z 4 323 — 622 — 22* — 23
N (22 4+ 2 —2)2
_ z* 4+ 223 — 622
ERGET
2 (a? +22-6)

(22 4+ 2 —2)2 °

Since z? and (22 + = — 2)? are non-negative, the sign of f’ is the sign of 2 + 2z — 6. Using
the quadratic formula, we find the zeros of 2% +z — 6:

—2—/28

g =V

—1+7

r, =

X2
and conclude that

23z — (1= V7)) (z+ (=1 +V7)
(22 + 2 —2)2

f'(z) =

Note that —1 — /7 < —2 and —1++/7 > 1. Hence we obtain the sign of f’:

Thus fis increasing on (—oc, —1 — v/7) and on (—1 + /7, 00) and decreasingon (—1 — /7, —2),
on (—2,1) (with an horizontal tangent at x = 0), and on (1,—1+ /7). As a consequence, f
has a local maximum at # = —1 — /7, which is f(—1—/7) ~ —6.34 and a local minimum
at x = —1 ++/7 whichis f(—14 v/7) ~ 1.89. For the sake of completeness, here is the graph,

with vertical asymptotes dotted:
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4. Find the intervals of increase and decrease and the local extrema of the function

f(z) =2 —2cosx

on the interval [0, 27].

Excellent Economics and Business programmes at:

7

university of e AACSB
groningen b (e

N A

| 4

| .
“The perfect start

of a successful,
international career’

I

-, . 4 CLICKHERE
® F to discover why both socially
and academically the University

of Groningen is one of the best

i laces for a student to be
www.rug.nl/feb/education P

152 Click on the ad to read more

Download free eBooks at bookboon.com


http://www.rug.nl/feb/bookboon?utm_source=AdBookboon&utm_medium=Bookboon&utm_campaign=130215Bookboon

A youtube Calculus Workbook (Part I) M8: the Mean Value Theorem and first derivative Test

Solution. fis defined on the real line. Its derivative is

f'(z) =1+ 2sinz.

Thus f'(z) > 0 if sinz > —1. Inspecting the trig circle, we see that sinz = —1 in [0,2n] at

z =" and z = 11, and that sinz > — for x in [0, 77) and in ('{*, 27]. Hence we have:

Vs

6
™ + /3 and alocal minimum at 2 = 117,

CP] : 7 117 : 117
Thus fis increasing on (0, ) and on (4, 27) and decreasing on (, <5*). As a consequence,
fhas alocal maximum at = 2%, which is f(ZF)

which is f(1F) = 1T — /3.

6
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11 M9: Curve Sketching

11.1  Concavity and inflection points

Watch the video at
https://www.youtube.com/watch?v=VmT]2DXsodw&list=PL265CB737C01F8961 &index=48.

Abstract This video introduces the notion of concavity and inflection point of a function,
and examines on an example how to find the intervals of a concavity and inflection points

of a function, and how to use this information to sketch the graph.

Definition 11.1.1. A (differentiable) function f is concave up on an interval I if f’ is increasing on I,

and concave down on I if f’ is decreasing on I.

Definition 11.1.2. An inflection point of a function fis a point of the graph of f where the concavity of
f changes.

Proposition 11.1.3. A twice differentiable function f is:

1. concave up on an interval I if and only if f"(x) >0 forall x € I;
2. concave down on an interval I if and only if f"(x) <0 forall x € I.

Example 11.1.4. Find the intervals of increase and decrease, local extrema, intervals of concavity and

inflection points and sketch the graph of

flz)=2® - 12z + 1.

Solution. We have already obtained the intervals of increase and decrease and local extrema in Example
10.7.1:
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It has a local maximum at -2, which is f(—2) =17, and a local minimum at 2, which is f(2) = —15.

The intervals of concavity depend on the sign of

f(z) = 6z,

so that fis concave up on (0, c0) and concave down on (—o0, 0) and has an inflection point at 0, which is

(0, f(0)) = (0,1).

Using this information to sketch the graph, we obtain:
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11.2  Second derivative Test

Watch the video at
https://www.youtube.com/watch?v=VUZybgQROig&list=PL265CB737C01F8961&index=49.

Abstract This video states the Second Derivative Test and examines an example.

Theorem 11.2.1 (Second Derivative Test) Let ¢ be a critical value of f where f’(c) =0, and assume that

fis twice differentiable and that " is continuous at c. Then:

1. If f"(¢) > 0, f has a local minimum at c;
2. If f"(e) <0, fhas a local maximum at c.

Note that the Theorem is inconclusive is f”(c) = 0, in which case the First Derivative Test (Theorem
10.6.4) should be used.

This theorem is used when you need the local extrema of a function, without needing its intervals of

increase and decrease (for otherwise, you might as well use the First Derivative Test).
Example 11.2.2. Find the local extrema of f(z) = 422 — z%.
Solution. The function is polynomial so that its critical values are the zeros of
f(x) = 8z — 423 = 42(2 — 2°%) = 42(V2 — 2) (V2 + ).
We can test each critical value (—v/2, 0, and /2) with
f(z) =8 — 1222

Specifically, f”(£v/2) = —16 < 0, so that fhas local maxima at —/2 and at /2, which is f(+v/2) = 4;
and f”(0) =8 > 0, so that f has a local minimum at 0 which is f(0) =0.
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11.3  Curve Sketching: Examples

Watch the videos at
https://www.youtube.com/watch?v=m3PsZ53rWPM&list=P1L.265CB737C01F8961&index=50

and
https://www.youtube.com/watch?v=bIwhIKLxfvo&list=PL265CB737C01F8961&index=51

and
https://www.youtube.com/watch?v=6XCVnejBpJE&list=PL265CB737C01F8961&index=52

and
https://www.youtube.com/watch?v=2-SGzyKOsfQ&list=P1.265CB737C01F8961 &index=53

and
https://www.youtube.com/watch?v=0bN2I9FLtQA &list=PL265CB737C01F8961&index=54

and
https://www.youtube.com/watch?v=1iTPSKkbYn0&list=PL265CB737C01F8961&index=55

Abstract These videos introduce general guidelines to sketch the graph of a function, and

go over a number of examples.

General Guidelines to sketch the graph of a function:

1. Find the domain of the function;

2. Find all asymptotes (review how in Sections 2.6, 2.8 and 2.9);

w

Find the intervals of increase and decrease (sign of the derivative), as in Section 10.6. Mark
vertical asymptotes in the chart!

Find the local extrema (First Derivative Test: see Section 10.7);

Find the intervals of concavity (sign of the second derivative) as in Section 11.1;

Find inflection points;

To sketch the graph:

N e

a) draw asymptotes if any;
b) plot local extrema and inflection points;
c) connect them respecting the information on asymptotes, increase/decrease, and

concavity.

157
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Example 11.3.1. Sketch the graph of

f(z) =2 — 152 + 92 — 2.

Solution. The function is polynomial, hence its domain is (—oo, o) and it has no asymptote. The intervals

of increase and decrease depend on the sign of

f/(x) = =15+ 18z — 32? = —3(2* — 62+ 5) = 3(1 — x)(x — 5),

so that we obtain the sign in the following chart:

Thus f has a local minimum at 1, which is f(1) = —5, and a local maximum at 5 which is f(5) = 27.

Intervals of concavity depend on the sign of

(@) =18—62>0 < 3>z,
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so that fis concave up on (—oo,3) and concave down on (3, 00), and has an inflection at 3:

(3,/(3)) = (3,11).

Taking all this into account, we obtain the following sketch:

Example 11.3.2. Sketch the graph of

Solution. The domain is (—oco,1) U (1,00) and f admits x = 1 as a vertical asymptote, and y = 1 as a

horizontal asymptote, because lim,_,, f(z) = 1.

The intervals of increase and decrease depend on the sign of

, 7:v71—z77 1
@) == = o <0
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so that fis decreasing on (—o0, 1) and on (1, 00) :

Therefore, it has no local extremum.

The intervals of concavity depend on the sign of
f'(z) =2z —1)72
which is of the sign of x — 1, so that the function is concave down on (—o0, 1) and concave up on (1, o).

Thus it has no inflection point as the only change of concavity occurs at a vertical asymptote. Taking all

this into account, we obtain the following sketch:

Example 11.3.3. Sketch the graph of

f(z) =2 —2sinz on [0, 37].

Solution. The domain is [0,37] and there is no asymptote. We have already obtained the intervals of

increase and decrease in Example 10.7.3:

Download free eBooks at bookboon.com



A youtube Calculus Workbook (Part I) M9: Curve Sketching

and f has a local minimum at Z whichis f(%) =2 —+/3 and at IF, which is f(Z) = Z* — /3. It has

a local maximum at 37 which is f(3F) = 3T + /3.
The intervals of concavity depend on the sign of

f’(xz) = 2sinx,

so that the concavity is given by:

Thus f has inflection points at 7 and 27:

(m, f(m)) = (w,m) and (2, f(27)) = (27, 27).

Taking all this into account, we obtain the following sketch:
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Example 11.3.4. Sketch the graph of

Solution. Since 22 + 1 # 0 for all x, the domain of fis (—oo, o). Since lim,_,~ f(z) = 0, the line y = 0

is a horizontal asymptote. It is the only asymptote of f.

The intervals of increase and decrease depend on the sign of

7 _x2+1—2x2_ 1— 22 (T =2)(1+2)
(x)— ($2+1)2 _(m2+1)2_ ($2+1)2 ’

so that the sign is obtained in the following sign chart:

Thus, fhas a local minimum at -1, which is f(-1) = —%, and a local maximum at 1, which is f(1) =

N
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The intervals of concavity depend on the sign of

—2z(2% +1)% — (1 — 2¥)4z(2? + 1)
(2 +1)*

2(a? = 3) _ 2000 — VE)@ +V3)

(2 +1)3 (2 +1)3 ’

) =

so that the concavity is given by:

Thus f has inflection points at —/3, at 0, and at /3:

(~v3.£(-v3)) = (—ﬁ—?) : (0,£(0)) = (0.0)5 (V3, £(V3)) = (ﬁ ?) :

Taking all this into account, we obtain the following sketch:
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Example 11.3.5. Sketch the graph of

e
1@) =m0
Solution. Since
3
X
f(z) = CEDICEEE

the domain is (—oco, —5) U (—5,2) U (2,00) and the lines x = -5 and x = 2 are vertical asymptotes.
Moreover, the degree of the numerator is one more than that of the denominator, so that f has a slant

asymptote. Long division gives:

r —3
2?4+ 3z —10) a3
— 23— 3224+ 102
— 322 + 10z
322 4 9z — 30
192 — 30

/
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so that y = x — 3 is an asymptote. The intervals of increase and decrease depend on the sign of

322 (2% + 3z — 10) — (2 + 3)23
(22 + 32z — 10)2
2% (2 + 62 — 30)
(22 + 3z — 10)?
2 (x —(-3-— \/@)) (a: +(-3+ \/@))
(22 + 3z — 10)2 ’

fl@) =

finding the zeros of 2? 4+ 6z — 30 with the quadratic formula. Since squares are non-negative, we obtain

the following sign chart:

Thus f has a local maximum at —3 — /39, which is f(—3 — v/39) = —16.6 and a local minimum at
-3+ /39, which is f(—-3+ v/39) ~ 3.3.

The intervals of concavity depend on the sign of

(42% + 1822 — 60z) (2% + 3x — 10)? — 2(2? + 3z — 10)(2x + 3)(2* + 62° — 3022)
(22 + 3z — 10)4

) =

(3822 — 180z + 600)
(22 + 3z — 10)3

Since the discriminant of 38z% — 180z + 600 is negative, this quadratic term has no zero. Thus f” is of

the sign of Gz737=75y7, which is also the sign of z(x + 5)(x — 2) . Therefore the concavity is given by:
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Thus f has only one inflection point at 0 (because the other changes in concavity occur at vertical

asymptotes), which is (0, f(0)) = (0,0). Taking all this into account, we obtain the following sketch:
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11.4

M9 Sample Quiz: Curve Sketching

. Use the second derivative test to the find the relative maxima and minima of the function

f(z) =223 + 322 — 122 — 7.

. Sketch the graph (i.e., find asymptotes, intervals of increase and decrease, local extrema,

intervals of concavity, inflection points, then sketch the graph) of

f(x) = 2* — 622

. Sketch the graph (i.e., find asymptotes, intervals of increase and decrease, local extrema,

intervals of concavity, inflection points, then sketch the graph) of

. Sketch the graph (i.e., find asymptotes, intervals of increase and decrease, local extrema,

intervals of concavity, inflection points, then sketch the graph) of

sinx

f(x)

~ 1+cosz
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11.5

M9 Sample Quiz Solutions

. Use the second derivative test to the find the relative maxima and minima of the function

flz) =22% + 322 — 120 — 7.
Solution. Because f is differentiable, critical points are the zeros of the derivative, that is, of

fl(x) =62 + 62 —12=6(x* +x—2) =6(z — 1)(z +2),

so that critical points are -2 and 1. To test them with the second derivative test, we use

f(x) =12z +6.

Specifically, f”(—2) = —18 < 0 so that fhas a local maximum at -2, which is f(—2) = 13; and
f"(1) = 18 > 0 so that f has a local minimum at 1, which is f(1) = —14.

. Sketch the graph (i.e., find asymptotes, intervals of increase and decrease, local extrema,

intervals of concavity, inflection points, then sketch the graph) of
f(z) = z* — 622

Solution. Because fis polynomial, its domain is the real line and it has no asymptote. Intervals

of increase and decrease depend on the sign of the first derivative

f(z) = 42% — 122 = 4a(2® — 3) = 4a(z — V3)(z + V3).

The sign of this product depends on the sign of each factor:

This gives us the intervals of increase and decrease, and the fact that f has
« alocal minimum at —+/3 which is f(—v/3) = —9;

o local maximum at 0 which is f(0) = 0;
« local minimum at /3 whichis f(v/3) = —9.
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Intervals of concavity depend on the sign of the second derivative

f(x) = 1222 =12 =12(2® — 1) = 12(z — 1)(z + 1).

The sign of this product depends on the sign of each factor:

I | (o0, —1) [ (-1,1) [ (1,00) |
12z —1) - — —
z+1 — + +
I + - +
concavity U N U

Thus, the function fhas an inflection point at x = -1 and another at x = 1 which are

(=Lf(=1)) = (=1,-9)
(1L, f(1) = (1,-9).

Based on this information, we can sketch the graph:

(0,0)
<«o>

(—V3.-9)  (V3.-9)

3. Sketch the graph (i.e., find asymptotes, intervals of increase and decrease, local extrema,

intervals of concavity, inflection points, then sketch the graph) of
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Solution. Since 2% +1 # 0 for all x, the domain of f is the real line and f has no vertical
asymptotes. Since the degree of the numerator is higher than the degree of the denominator,
lim, o f(z) = co and f has no horizontal asymptote. However, since the degree is higher by

one, it has a slant asymptote, whose equation we find by long division:

T

:l:2+1) x3
——z
-

This shows that y = x is a slant asymptote.

The intervals of increase and decrease depend on the sign of

, o 3a%(a?+1)—22-2?
=) = (@2 +1)2

4 2
N ok NN
(22 +1)2 ~

Hence the function is increasing on its domain (—oc, co) (with an horizontal tangent at x = 0).

Thus f does not have any local extremum.
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Intervals of concavity depend on the sign of

(42% + 62) (2% + 1) — da(2? + 1)(2* + 322)
(:I,‘2 + 1)4

z(z? + 1) [(42” + 6) (2% + 1) — 42 — 1227
(a2 + 1)

@) =

x [6 — 227

(z2 +1)3

20(V3 - 2)(v3+ 1)
(JJ2 + 1)3 ’

which we obtain from the sign of each factor, taking into account that (22 + 1)3 > 1 does not

change sign:

Thus, f has 3 points of inflection:

(VBAVE) = (V-2
0./0) = (0,0)
VaIWE) - (52
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Based on all this information, we can sketch the graph:

4. Sketch the graph (i.e., find asymptotes, intervals of increase and decrease, local extrema,
intervals of concavity, inflection points, then sketch the graph) of
sin x
fa) = 1+ cosz’
Solution. The functions sin x and cos x are defined for all real numbers. Hence all x are in the
domain of f, except those for which cos x = -1, that is, except for odd multiples of 7 ; in other

words

Domf = (—o0,00) \ {(2k + V)7 : k € Z},

where Z denotes the set of all integers. Because sin x and cos x are both periodic of period
27, so is f. Therefore, it is enough to study the function on the period (-, ), taking into

account that z = —7 and = = 7 are vertical asymptotes for f.
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The intervals of increase and decrease of f depend on the sign of

cosz(1 + cosx) + sin’ x
(1+ cosx)?

cos + cos? x + sin®
(14 cosxz)?

1+4cosz
(1+ cosx)?
1
14 cosz

flx) =

for all # € (—m,n) because |cosz| <1 on that interval. Thus f is increasing on (—m,7) and

has no local extremum.

Intervals of concavity depend on the sign of

sinx

f(x) = AT oosz)?’

which has the same sign as sin x. Thus f” changes sign at x = 0 so that (0, f(0)) = (0,0) is

an inflection point.

Based on this information, we can sketch the graph:

Download free eBooks at bookboon.com



12 M10: Optimization

12.1  Optimization: First examples and general method

Watch the video at
https://www.youtube.com/watch?v=vau5NjKal pE&list=PL265CB737C01F8961 &index=56.

Abstract This video goes over two elementary examples of optimization problems and

establishes some general guidelines.

General Guidelines for Optimization Problems

1. Understand the problem:
a) What are you looking for (what is the objective function, to maximize or minimize)?
b) What is given (what are the constraints)?
c) Draw a picture if relevant

2. Introduce notations: Assign a symbol to the quantity to be maximized or minimized (the
objective function). Assign symbols to other unknown quantities and label the picture with
those symbols

3. Express the objective function and the constraint(s) in terms of other variables.

4. Use the constraint(s) to eliminate all but one variable in the objective function

5. Use the methods of module 8 to find the absolute minimum or maximum of the objective

function on the domain defined by the constraints.

Example 12.1.1. You have 40 feet of fencing to enclose a rectangular space for a garden. Find the

dimensions of the largest possible garden.

Solution. We are looking for the dimensions x and y of a rectangle
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whose area
A=xy
we want to maximize, under the constraint that the perimeter is 40 feet, that is,

2042y =40 <= x+y = 20.

Since under this constraint y = 20 — =, we substitute in A and obtain

A =2(20 — z) = 20z — 2%,

which we want to maximize on [0, 20], because as x represents a dimension of the rectangle, it cannot
take values outside of this range. The function A is continuous on the closed interval [0, 20], so we can

use the Closed Interval Method (Section 9.3) to find its maximum. Since

Al(x) =20 — 2z,

the only critical value is = 10. Since A(0) = A(20) = 0, A reaches its maximum for = = 10 f¢. Then
y =20 — x = 10 ft. Thus the largest possible garden is 10 ft x 10 ft .
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Example 12.1.2. A farmer with 750 feet of fencing wants to enclose a rectangular area and then divide
it into four pens with fencing parallel to one side of the rectangle. What is the largest possible total area

for the four pens?

Solution. Let x and y denote the outside dimensions of the rectangle, and assume that the pens are

obtained with fencing parallel to the side of length y:

We want to maximize the area
A=xy

of the outer rectangle, under the constraint that we use 750 feet of fencing, that is,
2z + by = 750.

Under this constraint, y = 1 (750 — 2z) so that

A(z) = zy = - (750z — 227) ,

Ut =

which we want to maximize on [0, 375], as one dimension of the rectangle cannot take values outside
of this range. Since A is continuous on [0, 375], we can use the Closed Interval Method (Section 9.3)

to find its maximum. Since

A'(z) =150 — %x,

the only critical value is z = ™°. Since A(0) = A(375) = 0, A reaches its maximum for = ™° and the

maximal area is

A (?) = 14062.5 ft°.
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12.2  Example: an open box

Watch the video at
https://www.youtube.com/watch?v=AIxOcXcZiqg&list=PL265CB737C01F8961&index=>57.

Abstract This video goes over an example of optimization problem in which we want to

find the dimensions of a rectangular box without top of maximal volume.

Example 12.2.1. A box with no top is to built by taking a 16 inches by 12 inches rectangular piece of
cardboard, cutting an identical square out of each corner, and folding up the sides. Find the dimensions

of the box of maximum volume.

Solution. Let L, I and h denote the desired dimensions of the box, and let x denote the side of the square

to be cut out of each corner:

12

Note that
L=16—-2z;1=12—2z; h =x.
Thus the volume of the box is
V=L-1-h=(16-2z)(12 — 2x)z,
which we want to maximize on the interval [0, 6], for cutting out a square of side more than 6 inches

out of each corner is impossible. As V' is continuous on [0, 6], we can use the Closed Interval Method

(Section 9.3) to find its maximum. As

V(z) = 42° — 5627 + 192z,
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we conclude that

V'(x) = 1222 — 1122 + 192,

whose roots are obtained by the quadratic formula to be 14£2V13, Since 14+2V13 ¢, the only critical
value in the interval is 14=2V13 and V/(0) = V(6) = 0. Thus V reaches its maximum for o = 14=2v13 j,

The dimensions of the corresponding box are

14 — 2V/13 |
h = x:fm
L = 1672xzmm
[ = 1272x:#ﬁm.

(]
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12.3  Example: the best poster

Watch the video at
https://www.youtube.com/watch?v=z8TPs-UcL2w&list=PL265CB737C01F8961 &index=>58.

Abstract This video goes over an example of optimization problem in which we want
to find the dimensions of a poster of minimal area for fixed margins and a fixed printed
rectangular area.
Example 12.3.1. The top and bottom margins of a rectangular poster are 6 centimeters each, and the side
margins are 4 centimeters each. If the area printed on the posted is fixed at 384 cm?, find the dimensions

of the poster using the least amount of paper.

Solution. Let x and y be the dimensions of the rectangular posted. We want to minimize the amount of

paper, that is, the surface area

A=xy

of the poster, under the constraint that the printed area is 384 cm?.

Taking into consideration the margins, we see that the printed area is

(x —8)(y — 12) = 384.
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Under this constraint, y = 12 + 381, and, substituting in A, we have

z—8°

4
A = m(12—|— 38 )

r—8
384x
x—8’

= 12z +

which we want to minimize on (8, c0), as x cannot be smaller or equal to 8 ¢m for the given margins.

to this end, we study the variations of A:

384(z — 8) — 384z 3072
Al(z) =12 =12 =
) =12+ = —sp CEOE
so that
3072
Az) >0 < (v —8)*> g =256 < = >24.

In other words,

and f reaches its absolute minimum on (8,c0) at x = 24, and the dimensions of the smallest poster are

xr = 24cm

384
y tou_s am
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124  Example: across the marshes

Watch the video at
https://www.youtube.com/watch?v=1PYbcVxIDUY &list=P1L265CB737C01F8961 &index=59.

Abstract This video goes over an example of optimization problem in which a man wants
to reach a point across marshes as soon as possible, given the position of this point, the

width of the marshes, his speed across the marshes, and his speed outside of the marsh.

Example 12.4.1. A man stands on the edge of a 3 kilometers wide band of marsh land and needs to
reach as soon as possible a point B situated across the marshes but 10 kilometers south of the point
(C) directly across his current position (A). If he can walk at 2 kilometers per hour in the marshes and
run at 8 kilometers per hour on normal terrain, where should he emerge from the marshes to reach B

as soon as possible?

Solution. We want to minimize the time required to reach B, in terms of the position of the point where
he emerges form the marshes, which we locate by its relative position to point C, that is, we introduce

the distance x between C and the point D where he emerges from the marsh land:

We now have to express this time in terms of x. The time needed to reach B is the sum of the time to
travel from A to D and the time to travel from D to B. On the first part of the trip, the man travels at
the constant speed of 2 km/h, while on the second part of the trip, he travels at the constant speed of 8
km/h. Thus, the time required is

AD |, DB

2 8

VI+22 10—=z
2 + 8 ’

T =

where the length AD is obtained via the Pythagorean Theorem applied in the right triangle ACD.
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We now want to minimize

VI+z2 10—=z
2 + 8

T(x) = on [0,10],

for any value of x outside of this range would result in a longer time to reach B than x = 0 or

x = 10. To this end, we can use the Closed Interval Method (Section 9.3).

T () 1 2x 1 T 1
€T :7-7—7:7—7’
2 2v/9+22 8 29422 8
so that
T 1 \/ﬁ
T(z)=0 = —(——==-=—.
@) vV9+22 4 5
Moreover

1
T(0)=2.75h; T (?) ~2.7h; T(10) ~ 5.2 h

so that the absolute minimum of T on [0, 10] occurs for z = @ Thus, the man should emerge from
the marsh land @ km south of A.

operations in
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12.5 Example: the best soda can

Watch the video at
https://www.youtube.com/watch?v=XOPK6YFR518&list=P1L.265CB737C01F8961 &index=60.

Abstract This video goes over an example of optimization problem in which we look for the
dimensions of a soda can holding a fixed volume of liquid that uses the minimal amount

of material.

Example 12.5.1. A cylindrical soda can is to hold 12 fluid ounces (that is, 355 cm?®). Suppose that the
bottom and top of the can are twice as thick as the side. Find the dimensions of the can that minimize

the amount of material used.

Solution. The dimensions for a cylinder are its radius » and height h.

Its volume is fixed at 355 c¢m?, that is,
V = nr?h = 355. (12.5.1)

We want to minimize the amount of material used, which is proportional to the outer surface area of
the can, counting top and bottom twice to account for the thickness. The surface area of the top (or
bottom) is 772, and the surface area of the side is that of a rectangle of length 277 and width h. Thus

the amount of material is proportional to

A = 4mr® + 27rh.

Using the constraint (12.5.1), we have h = 253, so that

7107r
r2

710

A=d4mr® + =4mr? +
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which we want to minimize on (0, c0), as the only constraint on r is to be positive. To this end, we study

the variations of the function A(r):

710
!
A'(r) = 8mr — T
so that
710 355
Ar)>0 <= 1> — < r>{/——~3.04cm
87 4
and
Thus, A reaches its absolute minimum on (0, c0) at 7o = y %, so that the dimensions of the optimal
can are
r o= i @ ~ 3.04cm
47
355
h = p— ~ 12.2cm.
()

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...

184 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/Gaiteye

126 ~ M10 Sample Quiz: optimization

1. A 216 m? rectangular pea patch is to be enclosed by a fence and divided into two equal
parts by another fence parallel to one of the sides. What dimensions for the outer rectangle
will require the smallest length of fence. How much fence will be needed?

2. The U.S. Postal Services will accept a box for domestic shipment only if the sum of its length
and girth (distance around) does not exceed 108 inches. What dimensions will give a box

with a square end the largest possible volume?

3. A rectangular sheet of perimeter 36 cm and dimensions x and y (in centimeters) is to be
rolled into a cylinder as shown in part (a) of the figure below.
a) What values of x and y give the largest volume?
b) The same sheet is to be revolved about one of the sides of length y to sweep out the
cylinder shown in part (b) of the figure below. What values of x and y give the largest

volume?

(a) (b)

circumference
T
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12.7

M10 sample Quiz Solutions

. A 216 m? rectangular pea patch is to be enclosed by a fence and divided into two equal

parts by another fence parallel to one of the sides. What dimensions for the outer rectangle

will require the smallest length of fence. How much fence will be needed?

Solution. Let us call x and y the dimensions (in meters) of the outer rectangle, where the divider

is parallel to the side of length y, as in this figure:

The constraint that the area of the patch is 216 m? means that
zy = 216.

We want to minimize the required length of fence, which is L = 3y + 2z . Using the constraint

to express one variable in terms of the other, that is,
216
y=—
X
we obtain L as a function of x:

216 648
L=3X —+4+2x=— +2z.
T T

We want to minimize this function on (0, 0o). The derivative of L

648
is positive if
648
—?+2>0 = 2> — =324,
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so that the only critical point in (0,00) is /324 = 18 and the behavior of the function L is
given by

Thus L has an absolute minimum at z = 18m. The corresponding other dimension is
y =28 = 12m. The optimal dimensions of the rectangle are thus 12 x 18 meters and the

amount of fence required is
L=3y+2xr=3x124+2x18=72m.
2. The U.S. Postal Services will accept a box for domestic shipment only if the sum of its length

and girth (distance around) does not exceed 108 inches. What dimensions will give a box

with a square end the largest possible volume?

This e-book Y o N
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Solution. Let x be the side of the square end. Then the girth of the box is 4x. Calling the length

¥, the constraint is
Az 4y < 108,

and we want to maximize the volume, which is

V =2%y.

Evidently, the maximum volume will be obtain when the upper bound for the constraint is
reached, that is, for 42 + y = 108. Then y = 108 — 4z, so that, substituting in V, we obtain the

volume as a function of one variable:
V(z) = 2*(108 — 4x).

We now want to maximize V on [0,27]. Since V(0) = V(27) = 0, the maximum is obtained at

a critical point for V in (0,27). To find the critical point, we consider the derivative

V' (z) = 2162 — 1227 = 122(18 — 2),

so that z = 12 and z = 18 are critical values. Moreover

V(12) = 8640
V(18) = 11664

so that the maximum volume of 11664 cubic inches is reached when the side x of the square

end is 18 inches. The corresponding length is then

y =108 — 4 x 18 = 36 in>.
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3. A rectangular sheet of perimeter 36 cm and dimensions x and y (in centimeters) is to be

rolled into a cylinder as shown in part (a) of the figure below.

a)

b)

(a) (b)

circumference
T

What values of x and y give the largest volume?

Solution. The constraint that the perimeter is 36 cm rephrases as
20 +2y=36 <= x+y =18

The volume of a circular cylinder of radius r and height & is 7r2h . Here the circumference
27 is x so that r = 5=, and the height is y. Thus the volume that we want to maximize is

which taking into account the constraint y = 18 — z, can be rewritten

2%(18 — 1)
="t
4

We want to find the maximum of V(x) on [0, 18]. Note that V(0) = V(18) = 0 so that the

maximum is reached at a critical point of Viin (0, 18). To find these critical value, we calculate

V'(z) = i(36ac —32%) = 4130(12 — )

47 us

so that x =0 and z =12 are critical. Thus the maximum volume is attained when

x =12cm, in which case y =18 — 12 =6c¢cm.
The same sheet is to be revolved about one of the sides of length y to sweep out the

cylinder shown in part (b) of the figure below. What values of x and y give the largest

volume?
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Solution. The constraint  + y = 18 is unchanged. The cylinder has now radius x and height

y so that we want to maximize

V = 12y

= 7z%(18 — x)

on [0,18]. V(0) = V(18) = 0 so that the maximum is reached at a critical point of V in

(0, 18). To find critical values, we calculate
V'(x) = 3672 — 3n2® = 3wx(12 — x)

so that z =0 and x = 12 are critical, and the volume is maximal if x = 12 ¢m, in which

case y =18 —12=6¢cm.
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13 Review on modules 7
through 10

13.1  MOCKTEST 3

Instructions: Do the following test, without your notes, in limited time (75 minutes top). Then grade
yourself using the solutions provided separately. It is important that you show all your work and justify

your answers. Carefully read the solutions to see how you should justify answers.

1. [10 points] Find the local maxima and minima of f(z) = x — 323 by use of the second
derivative test if possible and by the first derivative test whenever needed.
10 points] If f(3) =5 and f’(z) > 3 for every x in [3, 9], how small can f(9) be?

10 points] Find the absolute minimum and maximum of f(z) = 2° — 2* — 4 on [-3, 3].

5 points] Find the critical numbers for f(z) = 223 + 322 — 362 + 6.
15 points] Sketch the graph (*) of

A

|
[
[10 points] Show that the equation 27 + 423 + z 4+ 5 = 0 has exactly one real root.
[
|

f(z) =2 — 152 + 927 — 2°.

7. [10 points] Find all the asymptotes (*) of

3 —2x+1
2 —x—2"

flx) =

8. [10 points] Sketch the graph of

9. [15 points] A man launches his boat from point A on a bank of a straight river, 3 km wide,
and wants to reach point B, 10 km downstream on the opposite bank, as quickly as possible.
He could row his boat directly across the river to point C and then run to B, or he could
row directly to B, or he could row to some point D between C and B and then run to B.

If he can row at 6 km/h and run at 9 km/h, where should he land to reach B as soon as
possible?

10.[5 points] Find the dimensions of a rectangle with perimeter 100 meters and whose area is

as large as possible.
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13.2

MOCK TEST 3 Solutions

. [10 points] Find the local maxima and minima of f(z) =z — 3z by use of the second

derivative test if possible and by the first derivative test whenever needed.

Solution. The domain of the function is (—o0,00), and it is differentiable everywhere but at

0. Thus, 0 is a critical point. Moreover, for z # 0,

so that f’(z) =0 if # = —1 or x = 1. The critical value 0 cannot be tested by the second
derivative test, but it is clear that f’ does not change sign at 0, so that there is no local extremum
at 0 (First Derivative Test, Theorem 10.6.4). The other two critical values can be tested by the
second derivative test: f"(z) = %x‘? so that f”(1) >0 and f”(—1) < 0 and, by the Second
Derivative Test (Theorem 11.2.1), f has a local minimum at 1, which is f(1) = —2, and alocal

maximum at -1, which is f(-1) = 2.

. [10 points] If f(3) =5 and f’(x) > 3 for every x in [3, 9], how small can f(9) be?

Solution. Since f’ is defined at each = € [3,9], f is continuous on [3, 9] and differentiable on
(3, 9) so that the Mean Value Theorem (Theorem 10.2.1) applies to fon [3, 9] to the effect that
there is ¢ € (3,9) with

70y =TI ) — 6710y 1 y3) > 184528

because f’(c) > 3. Thus f(9) > 23.

. [10 points] Find the absolute minimum and maximum of f(z) = 2° — 2% — 4 on [-3, 3].

Solution. Since fis continuous on the closed interval [-3, 3], we use the Closed Interval Method

(Section 9.3). Since
fl(x) = 5xt — 423 = x3(5x —4),
the critical values of fare 0 and 4 which are both in [-3, 3]. Moreover,

F(-8) = 328 [(0) = —4; [(5) ~ —4.08; [(3) = 158,

so that the absolute minimum is —328 and occurs at -3, while the absolute maximum is 158

and occurs at 3.
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4. [10 points] Show that the equation 27 + 423 + z + 5 = 0 has exactly one real root.
Solution. Let f(x) = 7 + 423 + x + 5. Note that
f(-1)=—-1<0< f(0)=5

and that f is polynomial, hence continuous on [—1,0]. By the Intermediate Value Theorem
(Theorem 3.3.1), there is ¢ in (—1,0) such that f(c) = 0, that is, the equation has at least one
solution. Moreover, the solution is unique for if there were two different solutions z; < z2
then Rolle’s Theorem (Theorem 10.1.1) would apply to fon [z, 22] to the effect that a value d
would exist where f'(d) =0. But

fl(z) =72 +1222 +1>1

does not take the value 0; a contradiction.

360°
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5. [5 points] Find the critical numbers for f(z) = 22 + 322 — 36z + 6.
Solution. Since the function is polynomial, the critical values are the zeros of
f'(x) = 62% + 62 — 36 = 6(x — 2)(x + 3),
that is, 2 and -3.
6. [15 points] Sketch the graph of
f(z) =2 — 152 +92° — 2°.
Solution. This is Example 11.3.1.

7. [10 points] Find all the asymptotes of

3 —2r+1
2 —x—2

flz) =

Solution. Note that

@ —20+1 2P —22+1
22—z—-2 (z+1)(z—2)

fx) =

and that 2% — 20+ 1 # 0 for x = —1 and for = 2. Thus 2 = —1 and
x = 2 are vertical asymptotes. Moreover, we see by long division

z+1

xQ—x—Q) x3 —2rz+1
— 234224 22

x? +1

—22 +z+2

r+3

that y = x + 1 is a slant asymptote.

8. [10 points] Sketch the graph of

Solution. The domain of fis (—o0,3) U (3,00) and x = 3 is a vertical asymptote. Additionally,
lim,_, f(z) = 2 so that y = 2 isa horizontal asymptote. The intervals of increase and decrease
depend on the sign of

2(x — 3) — 2z 6

fiz) = oA~ e <
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so that fis decreasing on (—o0, 3) and on (3, c0), and thus has no local extremum:

The concavity depends on the sign of

f'(z) =12(z = 3)7%,

that is, of the sign of x — 3. Thus the function is concave down on (—oc, 3) and concave up on

(3,00) and has no inflection point. Taking all this into account, we obtain the following sketch:

9. [15 points] A man launches his boat from point A on a bank of a straight river, 3 km wide,
and wants to reach point B, 10 km downstream on the opposite bank, as quickly as possible.
He could row his boat directly across the river to point C and then run to B, or he could row
directly to B, or he could row to some point D between C and B and then run to B. If he can

row at 6 km/h and run at 9 km/h, where should he land to reach B as soon as possible?

Solution. We represent the situation as follows, introducing the distance x between C and D:
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From A to D, the man travels at the constant speed of 6 km/h so that the time required to go

from A to D is

AD _ VoFw
6 6

applying the Pythagorean Theorem in the right triangle ACD to find the distance AD as a
function of x. Similarly, from D to B, the man travels at the constant speed of 9 km/h so that
the time required to go from D to B is

DB 10—z
9 9

Thus, the time required to go from A to B is

VI9+22 10—z
6 + 9 '’

T(z) =

which we want to minimize on [0, 10], by the Closed Interval Method (Section 9.3). Since

T’(m)—} 2w ]
6 2y9+a22 9
we have
x 2
T(z) =0 <= ==
(z) 5.7 3
4
= x2:§(9+x2)
== x2:§><4
6 6v5
V5 5

Moreover,

65
T(0)~1.6h; T (%) ~ 1.5h; T(10) ~ 1.7 h,

so that T'(z) reaches its absolute minimum on [0, 10] for z = % Thus the man should land

% km downstream.

10.[5 points] Find the dimensions of a rectangle with perimeter 100 meters and whose area is

as large as possible.

Solution. Let x and y denote the dimensions of the rectangle. We want to maximize its area

A=xy
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under the constraint that the perimeter is 100 meters, that is,

22 + 2y = 100 < z +y = 50.

Thus y =50 — z and

A(z) = 2(50 — ) = 50z — 2,

which we want to maximize on [0, 50], by the Closed Interval Method. Since

Al(x) =50—22=0 < z =25,

and A(0) = A(50) = 0, the area is maximal when x = 25m and y =50 — x = 25m,, that is,

for a square of side 25 meters.
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14 M11: Definite Integral

14.1 Preliminaries: Sums

Watch the video at
https://www.youtube.com/watch?v=zIrGWV agqQE&list=PL265CB737C01F8961 &index=61.

Abstract This video introduces the sigma notation for sums, goes over examples, and
establishes formulas for the sum of consecutive integers, and for the sum of consecutive

squares.
To write large sums more compactly, we introduce the notation

ST @) = F) + F@) o+ fn— 1)+ (),
i=1

in which the index i takes all integer values ranging from the initial value given at the bottom of the sigma

sign to the final value given at the top of the sigma sign, and all the resulting values are added together.

The following two formulas are established :

ii n(n+1)
i=1 2

iig _ nn+1)(2n+ 1)'
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14.2  The area problem

Watch the videos at
https://www.youtube.com/watch?v=E42fMALg5Dc&list=PL265CB737C01F8961&index=62

and
https://www.youtube.com/watch?v=3zfEHx2kzAw&list=PL265CB737C01F8961 &index=63

Abstract These two videos introduce the problem of calculating the area under the graph of
a continuous positive functions over a closed interval. On a specific example, it presents the
approach by approximation of the desired area by a sum of areas of rectangles. Specifically,

it is established that way that the area of the region

T,y :O§x§1;0§y§x2
(z,y)

is § by approximating the area from below and from above by areas of rectangles.

199
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14.3  Formal definition of the definite integral

Watch the videos at
https://www.youtube.com/watch?v=7vyg0d3mXro&list=PL265CB737C01F8961&index=64

and
https://www.youtube.com/watch?v=51gBG3ILsDU&list=PL265CB737C01F8961&index=65

Abstract These two videos present the formal definition of the definite integral of a function

over a closed interval.
Definition 14.3.1. A partition P of an interval [a, b] is a finite sequence
P=(xy=a<z1<22<...<2p =0),

and a pointed partition of [a, b] is a partition together with a choice of a point z; in each interval

[{Ei_l,.’Ei] fori:]....n.

The parameter §(P) of a partition P = (zo =a < 21 < ... < z,, = b) of [a, b] is by definition the largest

length of the subintervals [z;_;, z;]:

o(P) = max Ax; = AX 2 — Ti.
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Definition 14.3.2. Given a pointed partition P of [a, b] and a function f on [a, b], the Riemann sum for
fand Pis

n

R(f,P):=Y_ f(a})Ax;.

i=1

Definition 14.3.3. A function f is called integrable on [a, b] if the limit of R(f, P) as §(P) approaches

0 exists, that is, if there exists a number I such that for every e > 0, there exists r > 0 such that

6(P) <r=|R(f,P)—1I| <e. (14.3.1)

In that case, the number [ is called definite integral of f on [a, b] and is denoted

/a ' fa)d

where [ is called integral sign, a is called lower bound of integration and b is called upper bound of

integration. Symbolically,

b
/f(x)dx:: lim R(f,P),

§(P)—0

where the limit is defined modulo (14.3.1).

Proposition 14.3.4. If f is continuous on [a, b] then f: f(x)dx exists. If additionally f(x) >0 for all x
in [a, b] then

b
/ f(x)de = area under the graph of fover [a,b]

= areaof {(z,y): a<ax<b;0<y < fx)}.
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14.4  First examples of definite integrals

Watch the video at
https://www.youtube.com/watch?v=HRXD9OwT6W8&list=PL265CB737C01F8961&index=66.

Abstract This video focuses on the geometric interpretation of the definite integrals to

calculate the values of a few examples.

Proposition 14.3.4 provides a geometric interpretation for the definite integral of a continuous non-
negative function on [a, b]. A similar interpretation is available if we drop the assumption that the

function is non-negative:

Using geometric interpretations, the following values of definite integrals are obtained:

1
/ V1—a22dz = =
O 4
3
/:c—ldx = §
0 2
b2 2

b
—a
d = .
/am 2
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14.5  Properties of integrals

Watch the videos at
https://www.youtube.com/watch?v=VZONHDbQ-ilg&list=PL265CB737C01F8961&index=67

and
https://www.youtube.com/watch?v=qUrS5SXL5zw&list=PL265CB737C01F8961 &index=68.

Abstract These videos present various properties of the definite integrals, illustrates how

to use them, introduces the average value, and examines examples.

The following properties of integrals are established:

[ @i = o (145.1)
/ab f@yde = — / f(x) dx (145.2)
[ s = [t [ e .
/a ¢ f@)yde = e / f() de (14.5.4)
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/abf(x)dx - /acf(x)dx+/cbf(x)dx
/abcd:c = c¢-(b—a)

b 2 2
b* —a
/axdx = 5

b
f(x)>0on[a,b] = /f(ac)daczo

b b
f(x) > g(z) on [a,b] = / f(x)dx 2/ g(z) dx.

In particular:

m < f(z) < M on [a,b] = m(b—a) < [ f(x)dz < M(b - a).

Definition 14.5.1. The average value of f on [a, b] is

b
bia/ f(z)dx.

Example 14.5.2. Find:

1
1. / x? cos z du;
1

Solution. By (14.5.1),

1
/ 22 cosxz dz = 0.
1
4
2. / Vidt
9
given that [ \/z dx = 35;

Solution. In view of (14.5.2)

/94\/Edt=/:\/5dx=—/j¢§dx:—§

3

1
3. / 5— 622 dx
0

given that fol a?dr = %;
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(14.5.8)

(14.5.9)

(14.5.10)



Solution.

1 1 1
/ 5—62z%dr = / 5dx — 6/ z®dz by (14.5.3) and (14.5.4)
0

0 0

— 5x146x é —7 by (14.5.6) and (14.5.7).

4. /14f(x)d$

given that ff f(z)dz =12 and ff f(x)dz = 3.6.
Solution. By (14.5.5),
5 4 5 4
/ f(z)dx = / f(z)dx +/ f(z)de = / f(z)dx =12 — 3.6 =8.4.
1 1 4 1
Example 14.5.3 (inequalities)
1. Justify that

2 2
/ \/B—mda?Z/ va+ ldx;
1 1
Solution. If 1 <x <2 then 5 -2 <5—2 <5—1 so that
V3<Vh—x<2

because /z is an increasing function. On the other hand, 2 <z + 1 < 3, so that

V2 <Vz+1<V3.

Hence

Vo +1<+v5—zforall zin [1,2],
so that, by (14.5.9),

2 2
/ \/5—a:da:2/ v+ 1ldx.
1 1

2. Justify that

T L
gg/ sinz dx <

wl

6
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Solution. Note that sinz is increasing on (%, 5) so that

S —sinl <sinz < sin = = 1 for all zin (%, %]
2 6 2 6°2

and, by (14.5.10), we conclude that

(E_Z)</g- de< T _
57 6)= wsmmmﬁ

DN | =
M|
NE

o

that is,

r_ [F
gg/ sinx dx <

6

wlx

Example 14.5.4. Find the average value of f(z) = v4 — 22 on [-2, 2].

Solution. The graph of f is the upper half of the circle centered at the origin and of radius 2.
Thus fi V4 — z2 dz is half the area of the corresponding disk, that is,

2
4
/ \/4—x2dx:—7rz27r.
. 2

Thus the average value of f over [-2, 2] is

1 /2
Z/_Q\/ZL—J:QCZCU:z

5
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146  M11 Sample Quiz

1. Find the following sums:

i+l = 7

=2
200

Sk
k=1

50

i=1

2. Evaluate the following integrals

3
/ sin(2?) da
3
4
/ V16 — a2 dx
0
4

/ 2v — 1ldx
0

/4 V16 — 22
0 2

+ 2z — 1dx

3. If fis integrable on [1, 5], ff f(z)dx =7 and ff f(x)dx = 16, what are the values of
f35 f(z)dx and of f51 flx)dz?
4. What is the average value of f(z) = /5 — 22 on [0,1/5]?
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14.7  M11 Sample Quiz Solutions

1. Find the following sums:

5
> @2j+1) = 54+T+9+11=232
j=2

200

200 x 201
Sk o= TS = 20100
2
k=1
50
1x 101
S = 750X56X O _ 42995,
=1

using the formulas

- _ n(n+1)
A

~ 5, nn+1)@2n+1)
;k = : :
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2. Evaluate the following integrals

/3sin(a:2)da: = Objc [ f(z)de =
3

4
1
/ V16 —a2dx = % =4 , the area of %Of a disk of radius 4.
0
4
49 1 48
/o 20— ldx = 1T i~ 1° 12 (see figure below)

4 4 4
V6 =22 4
/wax—ldx - /\/167x2dx+/ 2x—1dx:§+12:2w+12
0 0 0

In the picture below, the blue triangle has area % 1.1 =1 and the red triangle has area

2°2 1
1.7 7 _ 49
2207 g

3. Iffis 1ntegrable on [1,5], [ f(z)dz =7 and [ f(z)dz = 16, what are the values of
5 f(x)dz and of [, f(z)dx?

/1 f(x)dx—i—/s f(x)dx:/lsf(x)dx — /:f(x)dm:/ff(x)da:—/ff(x)dmz16—7:9.
/Slf(x)dx:—/lsf(x)dxz—
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4. What is the average value of f(z) = /5 — 22 on [0,1/5]?

By definition the average value is

V5

1 57 \/57r
— Vi—22dr=—+ = —,
\/5/0 45 4

taking into account that fo‘/g V5 —22dz is one fourth of the area of a disk of radius /5
because y = /5 — 22 is the upper half of the circle centered at the origin and of radius /5.
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15 M12: Indefinite Integral

15.1 Antiderivatives

Watch the video at
https://www.youtube.com/watch?v=0VOuEntR7Gc&list=PL265CB737C01F8961 &index=69.

Abstract This video introduces the notion of antiderivative, and the integral notation, and

establishes a first set of formulas for indefinite integrals.
Definition 15.1.1. A function F(z) is an antiderivative of another function f on an interval I if
F'(z) = f(x) for all zin I.

Proposition 15.1.2. If F is an antiderivative of f on I, then all antiderivative of f on I are obtained under

the form

F(z)+k
where k is a constant that can range over all real numbers.

The notation

/ f(z)dz

denotes the family of all antiderivative of f on an interval, and is called indefinite integral of f:

/f(x)dx =F(z)+ k; k € (—00,0),

where F is an antiderivative of f.
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The following formulas are established, where ¢ denotes a constant:

/f(x)ig(x)dx = /f(x) dxi/g(x) dx (15.1.1)
c- flz)dz = c-/f(x)dx (15.1.2)
N xn+1

/x dr = —— +c; for any n # —1. (15.1.3)

/cosxdac = sinz+c (15.1.4)

/sinxdx = —cosz+c (15.1.5)

/sechdx = tanz +c. (15.1.6)
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15.2  Antiderivatives: Examples

Watch the videos at
https://www.youtube.com/watch?v=3Nn35QJg _00&list=PL265CB737C01F8961&index=70

and
https://www.youtube.com/watch?v=3]F7BpmGMCQ&list=PL265CB737C01F8961&index=71

Abstract These videos go over examples to illustrate how to use the formulas obtained
in Section 15.1 to calculate antiderivatives. Applications to the study of free fall are also

considered.
Example 15.2.1. Find the general form of an antiderivative of:
1. f(z) =62 -8z +3;

Solution. By (15.1.1) and (15.1.2), we have

/6:E2—8x+3dx:6/m2dx—8/xdac+3/d$,

so that, using (15.1.3), we obtain:

3 2
6-%—8-%+3x+c

/6x2—8x+3dx

22% — 422 + 3z + c.

2. f(z) = 5w — Tai;
Solution. By (15.1.1) and (15.1.2), we have

/53:%—7z%dz=5/x%dx—7/z%dx,

so that, using (15.1.3), we obtain:

5
1
/5$%—7m%dm = 5-%—73074—6
1 1
= 4(33%—33%)4—0
213

Download free eBooks at bookboon.com


https://www.youtube.com/watch?v=3Nn35QJg_o0&list=PL265CB737C01F8961&index=70
https://www.youtube.com/watch?v=3JF7BpmGMCQ&list=PL265CB737C01F8961&index=71

3. f(0) =cosf —2tan? 0 — 2;
Solution. By (15.1.1) and (15.1.2), we have:

/cos&—QtanQG—QdQZ/cos@d@—Q/tan29+1d0.

Since tan? 6 + 1 = sec? 6, we can use (15.1.4) and (15.1.6) to the effect that:

/0059d9—2/se(320d0‘

= sinf —2tanf + c.

/cos@—2tan20—2d0

4 ft) =it V- b
Solution. By (15.1.1) and (15.1.3) we have:

1
/\/i+\3/i—t—2+1dt = /t%+t%—t—2+1dt

/t%dt+/t%dt—/t—2dt+/dt
15 45 .
= S Htirtte

3

3
2
2 3 1

= g\/t3+1\/3t4+¥+t+c.

5. flw) = a2(1+ 30%);
Solution. We have no formula for antiderivatives of products or quotients, but

f(z) = 2*(1 + 32°) = 2 + 32°,

so that
3
1
/f(:(;)d:(; :/x2+3x5dx: % + 5,@6—1—0.
6. flx) =252
Solution. Since
222z 2 9 _3 4
f(x)—x4 E—E:Zr +ax7° — 227",
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we have, via (15.1.1), (15.1.2) and (15.1.3)

/f(x) de = /21;—2 +273 -2 4 dx

7,2—1,1 z
= x r “+ =-x

2073+
2 3 c
_ o2 1 2,
h z 222 33 ©
sin(2z) |
7. flz) = =55
Solution. Since
o) = sin(2x) _ 2sinzcosz 9 cosa,

sinx sinx sin x£0

we conclude from (15.1.4) that
/f(x) dxr =2sinz + ¢,
on an interval where fis defined, that is, on an interval where sinz does not take the value 0.
8. f(t)=+2t.
Solution. Since
Ft) = V2t =v2-Vt= Va2,
we conclude from (15.1.2) and (15.1.3) that

/f(t)dt = ﬂ-t§+c
2

- M

Example 15.2.2. Find:
1. the function f given that f”(z) = 6z + 1222, f’(0) =3 and f(0) = —5;

Solution. Since f’ is an antiderivative of f”, we have

f(z) = /f”(x) dx = 32? + 42® + c.
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Moreover, evaluating at « =0, we have f/(0)=c. But we are given f’(0) =3, so that
¢ = 3. Thus

f'(x) = 32 + 423 + 3.

Since f is an antiderivative of f’, we have
flz) = /f’(x) dr = 2® + 2% + 3z + d.

Moreover, evaluating at z = 0, we have f(0) = d . But we are given f(0) = —5,so thatd = —5

and

f(x) =2 + 2* + 3z — 5.

2. the function f given that f”(z) = 6z + 6, f(0) =4 and f(1) = 3.
Solution. Since f’ is an antiderivative of f”, we have
f(z)= /f”(a:) dr = 3z + 62 + c.
Since f is an antiderivative of f, we have

f(z) = /f'(x) dr = 2 + 32% + cx + d.

Moreover, evaluating at © =0, we have f(0)=d, but f(0)=4 is given, so that d = 4.
Evaluating now at x = 1, we obtain f(1)=4+c+4=8+c.But f(1) =3 is given so that
8 + ¢ = 3, that is, ¢ = —5. Thus,

f(z) = 2® 4+ 32° — 5z + 4.
Example 15.2.3. A stone is dropped from the 450 meters high CN tower.

1. Find the distance of the stone to the ground ¢ seconds later, given than acceleration from

gravity is g = —9.8m/s?.

Solution. The rate of change of this distance d with respect to time is the velocity v(¢) whose

rate of change is the constant acceleration g. Thus
v(t) = /gdt =gt+ec.

Since the stone is dropped with velocity 0, v(0) = 0 = ¢, that is, v(t) = gt . Thus
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d(t) = /v(t) dt = th + k.

Moreover, the distance to the ground at time 0 is d(0) = 450 = k , so that

d(t) = —4.9t* + 450 m.
. How long will it take the stone to reach the ground?

Solution. The stone reaches the ground when d(t) = 0, that is,

450 450
- 24 =0 & 2= &= t=4]/—— 0.
4.9t + 450 =0 =79 St o =96,

so that the stone reaches the ground after approximately 9.6 seconds.

. With what velocity does it strike the ground?

Solution. The speed at impact is

450 1450

. If the stone is thrown downward with a speed of 5m/s, how long does it take for the stone

to reach the ground?

Solution. We proceed the same way, expect that v(0) = —5m/s, so that v(¢) = gt — 5, and
d(t) = /v(t) dt = th — 5t +k,

where k& = d(0) = 450, so that
d(t) = —4.9t* — 5t + 450.

The stone hits the ground when d(t) = 0, that is,

—4.9t2 — 5t +450 =0,

which is a quadratic equation in ¢, whose solutions are obtained via the quadratic formula:

‘P 5+ /25 + 4 x 4.9 x 450
o -9.8 ’

only one of which is positive:
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— V884
po VB o1

9.8 ’

so that the stone reaches the ground after approximately 9.1 seconds.
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15.3  M12 Sample Quiz: indefinite integrals

1. Evaluate the following integrals:
a) /5m3 + 32% — 13 dx.
b) /3cos:c —2sinzdz
Q) / 3Va? - 2Va3 dx

3
d /5+4t gt

2

2. Find the function f(z) given f(0) =1, f(1)=3 and f"(z) =222 -3z + 1.

3. A particle is moving with a velocity (in meters per second)
v(t) = 2sint + cost

at time ¢ (in seconds) and with initial position s(0) = 0. Find the position s(¢) at time .
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154  M12 Sample Quiz Solutions

1. Evaluate the following integrals:
3 2 5 4., 3
2. 5z° + 3z —13dx:1:c +2°—132+C
using the power rule [ z" dx = fL—J: + C and linearity of integrals.
a) /SCOS.’I} —2sinxdr = 3sinz +2cosx + C

using [coszdx =sinz + C, [sinzdr = —cosz + C and linearity of integrals.

b) /3\3/3372—2\/3?0&13 = /3$%—2$%d{)§

3 2
= 3533% —2§x% +C
9 4

9 4

o [5+4* 5
/Tdt oz Tatdt

/575_2 +4tdt

—5t7 '+ 2t> + C
5

<+ 2t + C.

3. Find the function f(z) given f(0) =1, f(1) =3 and f”(z) =22% — 3z + 1.

f' is an antiderivative of f” so that f’ is of the form

2
f’(m):/2x2—3x+1dx:§x3—;x2+x+C.

Similarly, fis an antiderivative of f’ and has the form

/f’(x) dx

_ 2.3 3,
= /3x 296 +x+ Cdx

f(z)

1 1 2
= 6x4—§x3+%+0x+D.

Plugging in « =0 gives f(0) = D . Since f(0) is given to be 1, we conclude that D = 1.
Plugging in x = 1 gives

7
+5+C+1=C+2.
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Since f(1) =3, we conclude that C + % = 3, that is, C = !. Thus
4. A particle is moving with a velocity (in meters per second)
v(t) =2sint 4 cost
at time ¢ (in seconds) and with initial position s(0) = 0. Find the position s(¢) at time .

The position s(¢) is an antiderivative of the velocity v(¢) and has therefore the form

s(t) = /QSintJrcostdt = —2cost+sint + C.

Plugging in ¢ =0, we have s(0) = -2+ C. Since s(0) =0 is given, we conclude that
—2+C =0, thatis, C = 2. Thus

s(t) = —2cost + sint + 2.
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16 M13: Calculating Integrals

16.1 Fundamental Theorem of Calculus

Watch the videos at
https://www.youtube.com/watch?v=MkeAT gzd VKs&list=PL265CB737C01F8961 &index=72

and
https://www.youtube.com/watch?v=8RLF1pPRjEE&list=PL265CB737C01F8961&index=73

Abstract These video states the Fundamental Theorem of Calculus and goes over a few

basic examples of applications.

Theorem 16.1.1 (Fundamental Theorem of Calculus) Let f be a continuous function on [a, b]. The function
defined by

mwz/ﬁ@w

is continuous on [a, b], differentiable on (a, b) and

Corollary 16.1.2. If f is continuous on [a, b] and F is an antiderivative of f on [a, b] then

b
[ f@de = (F@)L = F) - Fla).

Thus, to calculate a definite integral of a continuous function, you only need to find an antiderivative,

that is, find the indefinite integral, which justifies, a posteriori, the terminology.
Example 16.1.3. Evaluate the following integrals:
1
1. / 24+ x—1de
0

Solution. f(x) = x3 + x — 1 is continuous on [0, 1] so that Corollary 16.1.2 applies, via (15.1.3),
to the effect that

1 4 2 1
3 T T 1 1 1
1 71d: R 7 = — - —1 —_ = ——.
/Oer:c T [4+2 SL:|O (4+2 > 0 1
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2
2. / 22(1—23) dx
0

Solution. The function f(z) = 22(1
16.1.2 applies, via (15.1.3), to the effect that

is continuous on [0,2] so that Corollary

—2%) = 22 — 4F

2 2
/J;2(1—J;3)daj = /J;Q—xsdaj
0 0
I S R N B S
13 6], 3 3 3 7

3. / cos 0 do
0
Solution. The cosine function is continuous on [0, 7] so that Corollary 16.1.2 applies to the

effect that

/ cosfdf = [sinf]j = sinm —sin0 = 0,
0

using (15.1.4).

s

4. /4 sec? t dt
0
Z] so that Corollary 16.1.2 applies,

s
4

Solution. The function f(t) = sec?t is continuous on [0,
using (15.1.6), to the effect that

™

4 il
/ sec? t dt = [tant] :tanz —tan0 = 1.
0

Note that Corollary 16.1.2 would notapply on, say, [0, 27| because f(t) = sec? ¢ isdiscontinuous

s

at§
1
5. /3+x\/5d:c
0
Solution. Since f(z) =3+ x/Z = 3+ 22 is continuous on [0, 1]:
1 1
2 s 2
3 de = |3 Zx2| =342 =__,
[ Y O
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6. ! f(x) dz where f(x) =

—Tr

T if —m<2<0
sinz f0<z<nm

Solution. In view of (14.5.5),

0 T
f@dr = [ f@r+ / /(@) da

—T —

0 T
/ xdx +/ sin z dx
—T 0

A

2

2 2
s ™
5 COS T + COS 5

Example 16.1.4. Find the area of the region bounded by the x-axis and the parabola 6 — z — 2.

Solution. The function f(z) =6 —z — 2% isa parabola opening downward, that intersects the

x-axis if

P+ -6=0=(r—2)(z+3),

that is, for x = —3 and = = 2.

Thus the desired area is the area under the graph of f over the interval [—3, 2], where fis a non-negative

function. In view of Proposition 14.3.4, the area is given by

2 2 372
/ 6—2—ader = [6x—m——m—]
_3 2 3

i

12 -2 —

Il
wl oo
rO | ©

)

125
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16.2  Proof of the Fundamental Theorem of Calculus

Watch the video at
https://www.youtube.com/watch?v=DNQs7gHjluc&list=PL265CB737C01F8961 &index=74.

Abstract This video goes over a proof of the Fundamental Theorem of Calculus (Theorem

16.1.1).
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save up to 16% on the tuition!

pay in 10 installments / 2 years
Interactive Online education

visit to
find out more!
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Note: LIGS University is not accredited by an
nationallg' recognized accrediting agency listed
by the US Secretary of Education.

ore info here.

—
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16.3  M13 Sample Quiz 1: FTC applied

1. Evaluate the following integrals:
1
a) / 4o — 22 +x — ddx
0
2
b) / 222 (2% + 3) dx
1
%
) / 2sinxz — cosx dx
0
: 1
d) / 22%\/x — —du
1 x
2m
e) / | cos z| dz
0

2. Find the area enclosed by ¥y =4 — (z —1)* and y = 0.

sssssssssssssvssssssssssssssssssssssssssssesssssnsssssssssssssssssssssssfilcgte]-Lucent @
www.alcatel-lucent.com/careers

"'

o

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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16.4

M13 Sample Quiz 1 Solutions

. Evaluate the following integrals:

1 1
2 1 2 1 13
a)/O49:3—21:2+:z:—4d1:—{z4—§x3+§x2—4x]0—1—§+§4—E.
2 2
b) / 202 (2® +3)dz = /2x5+6x2dm
1 1
6 2
[
3 1
_ (B Lo
- \3 3
= 35.
3 ks
C)/ 2sinx —cosxdr = [—2cosz —sinz|S
0
V3 1
= (2. X2 _Z ) _(=2—
 3-2V3
5

1 1 4 ,
d)/12x\/5—gdw = /12x2—w dz

508 15 16151
7 32 224

27 5
e)/ |cosz|dr = / \cosx|dm+/
0 0
x 3
2
= / cosxdm—/
0

= [sin m]O% — [sin z]
= 1-(-1-1)+(
4.

377‘ 2m
|cosx|dx+/ | cos z| dx
3

2

[NE]

vy

27
cosxdm+/ cosx dr
3

ST

[ME

s

o

+ [sin x]%g

- (=1)

S vA ,\,|
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2. Find the area enclosed by y =4 — (z — 1)? and y = 0.

y=4—(z—1)> = —2?+ 22+ 3 is a parabola that open downwards. It intersects the x-axis
= 0 at solutions to

—2?+20+3=0=(3—x)(x+1),

that is, at # = —1 and z = 3. Thus the area we consider is the area under the graph of

f(z) = —2? + 22 + 3 over [—1, 3] as shown below, that is,

3 3 3
/ 224+ 22+ 3dx = [—34—1‘2—}—31}
-1

-1

1
= (=9+9+9) - <§+13>
32

3
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16.5  Substitution for indefinite integrals

Watch the videos at
https://www.youtube.com/watch?v=RnRRtxVIi6 A&list=PL265CB737C01F8961&index=75

and
https://www.youtube.com/watch?v=EAZlrzF;j-Kc&list=PL265CB737C01F8961&index=76

Abstract These videos explain the principal behind substitution and go over a number of

examples, in the case of indefinite integrals.

Theorem 16.5.1 If u = f(z) is a differentiable function whose range is an interval I and g is continuous

on I then

[atsn - s'was = [ gty au

Example 16.5.2. Evaluate the following indefinite integrals:

1. /Qx\/l—l—xzdx

Solution. Let u = 1 + z2. Then du = 2z dz . Thus

3
2

Wl N

2
/2xx/1+x2dw:/\/ﬂdu: gu% +e=Z(142%)°%+ec
2. /x3 cos(z* + 2) dx
Solution. Let u = z* + 2. Then du = 423 dz and z*dz = {du. Thus

1
/x3cos(x4+2)dx = 1/cosudu

Dt
= —Ssinu Cc
4

= i sin(z? +2) +c.
3. /1:2(1”3 +5)% dw

Solution. Let u = 2® + 5. Then du = 3z* dz and 2 dz = $du . Thus

. 1
/xz(x3+5)9 dx g/ug du
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X
4. —_—
/(:c2 EVE

Solution. Let u = 2? + 1. Then du = 2z dz and zdz = $du. Thus

[t - 3
@2r12 ™ T 2w

1 1
= _%+C__72(:L‘2+1)+C'

5. /cos495in9d9

Solution. Let w = cos 8 . Then du = —sin6d# . Thus

5 5
/cos49sinod9:—/u4du: —% fe= S0

5
6. / Sm%@ du

Solution. Let u = /z . Then du = % and d—\/z— = 2du . Thus

sm(\/f) dr = 2/sinudu =—2cosu+c=—2 cos(\/E) +c.
NG
7. /sin(ﬁt) dt

Solution. Let uw = 7t . Then du = wdt and dt = Zdu . Thus

1 1 1
/sin(ﬂt)dt: f/sinudu:—fcosuﬁ—c: ——cos(mt) + c.
™ ™ ™

8. / 05 (5) g
x

Solution. Let u = Z. Then du = — % dz and % = —1du. Thus

o8 (;) dr = —1 cosudu = —lsinu—i—c: —lsin (Z) + c.
2 T T T

T
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16.6  Substitution for definite integrals

Watch the videos at
https://www.youtube.com/watch?v=rplpmWktDHE&Iist=PL265CB737C01F8961&index=77

and
https://www.youtube.com/watch?v=1fUz20hP9Bw&list=PL265CB737C01F8961&index=78

Abstract These videos present the substitution rule for definite integrals and goes over a

number of examples.

Theorem 16.6.1(Substitution for definite integrals) If f is continuous on [a, b] and g is continuous on

the range of u = f(x), then

/

Leadiny
% Maastricht University o Learnin:

Join the best at
P i N - 33" place Financial Times worldwide ranking: MSc
the Maastricht University International Business

+ 1% place: MSc International Business
M + 1% place: MSc Financial Economics
SChOOI Of Bus' ness a nd « 2" place: MSc Management of Learning
. - 2" place: MSc Economics
ECOHOm |CS! - 2" place: MSc Econometrics and Operations Research
- 2" place:MSc Global Supply Chain Management and
Change
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Example 16.6.2. Evaluate the following integrals

JF
L / x cos(x?) dx

0

Solution. Note that f(z) = z cos(z?) is continuous on [0, /7], so we will be able to use Corollary
16.1.2. Let u = 2°. Then du = 2z dz and x dz = du. Moreover, when z = 0, v = 0 and when
x = /7, u=m7.Thus

JE
/ x cos(x?) dr =
0

1
2. / _dz
o (2z—3)2

1

Solution. Note that f(z) = ;== is continuous on [0, 1], so we will be able to use Corollary

N~

U 1 71-
/ cosudu = < [sinu]j = 0.
0 2

16.1.2, even though we would not be able to do so on, say, [0, 2] because fis discontinuous at
3. Let u =2z — 3. Then du = 2dz and dz = Ldu. Moreover, when z = 0, u = —3 and when

z=1, u=—1.Thus

/1 da _1/1du_1 11770 1 1 1
o 2z-32 23w 2] u] , 2 6 3
2
3. / cos z sin(sinx) dz
0

Solution. Let u = sinz . Then du = coszdx and when z =0, u =sin0 =0, and when z = %,
u=sin% = 1. Thus

z 1
2
/ cosxsin(sinx)dx:/ sinudu:[—cosu](l)zl—cosl.
0 0
7
4. / V4 +3xdr
0

Solution. Let w =4+ 3x. Then du = 3dx and when z =0, v =4, and when z =7, u = 25.
Thus

25
172

4

25

=Rl V)

7
1
/ VAt 3rde = o (125 — 8) = 26.
0

4

[ s

—dx

0 1+2(E

Solution. Let v =1+ 2z . Then du = 2dx and when z =0, v =1, and when 2 =4, u=9.

Moreover, z = “51. Thus

4 T 1 911,51 1 9 1
76[1’ — dU:— u——du
/0\/1—&—23: 2/1 Vu 4 /; Vu Vu
172 5 .17 10
= —|—-uz —2u2 = —
4|3 N
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16.7  Integrals and symmetry

Watch the video at
https://www.youtube.com/watch?v=LOnBQbPn8Kc&list=PL265CB737C01F8961&index=79

Abstract This video examines the particular case of definite integrals of odd or of even

functions over an interval centered at the origin.

Definition 16.7.1. A function fis odd if whenever x is in the domain, so is -x, and

for all x in the domain; equivalently, the graph of f admits the origin as a center of symmetry.

A function is even if whenever x is in the domain, so is -x, and

for all x in the domain; equivalently, the graph of f admits the y-axis as an axis of symmetry.
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Theorem 16.7.2. Let a > 0.

1. Iffis odd then

" f@yde =0,

—a

2. Iffis even then

:1 flx)de = 2/0‘1 f(z)dz.

Example 16.7.3. Evaluate the following integrals:

Solution. The function f(z) = ﬁ% is odd because f(—z)= % = —f(x) because

sin is odd. Thus, by Theorem 16.7.2,

/’5 J:2sinxd 0
—— dx = 0.
_m 1+5E4

2. /6 tan> 0 do

Solution. The function f() = tan®6 is odd, because both the tangent function and the cubic

function are. Thus, by Theorem 16.7.2,

/6 tan®0.do = 0.

jus
6

3
3. / V22 4+ 9dx
-3

Solution. Even though we could proceed by substitution, it is faster to observe that

f(z) = zv2? +9 is odd, so that
3
/ V2?2 +9dx =0.
-3

2
4. / 22+ 1dx
-2

Solution. The function f(x) = 22 + 1 is even so that

2 2 3 2 9
/ $2+1d$:2/ z2+1dx2[z+m} :—8.
0 3 0

—2
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16.8  M13 Sample Quiz 2: substitution

Evaluate the following integrals:

1. /m2 cos(2?) da

N

/(4x+1)\/2x2+x+1dx

seci}z\/f) i

. / vbx + 11dx
1

N

W~

™

El
5. / sin z cos(cos ) dx
0

2 6.
20 sinz
[
o 1+at

o
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16.9  M13 Sample Quiz 2 Solutions
L /x2 cos(z®)dx = %/COS(U) du
= % sinu + C

1 ]
= 3 sin(z®) + C,

using u = %, hence du = 32% dx .

2. /(4x—|—1)\/2m2+x+1dm = /\/ﬂdu
2
= §U§+C
2 3
= §(2x2+x+1)2+C7

using u = 22% + x + 1, hence du = (4z + 1) dx .

3. MT\/E)dx = 2/sec2(u)du
= 2tan(u) +C

= 2tan(vz) + C,

using u = /= hence du = ﬁ dr .

5 1 36
4. /\/5x+11dx = Vaudu
1 16
1 2 §36
- 5.5.[1”]16
- %(36%—16%)
2 304
= 2 (216-64)= >
15 (216 -64) = 37,

using v = 5z + 11, hence du = 5 dz . Note that when 2 = 1 then v = 16 and when z =5 then

u=36.
z 0
5. / sinz cos(cosx)dr = —/ cosu du
0 1
1
= / cosu du
0

= [sin u](l)

= sin(1) —sin(0) = sin(1),
using u = cosz and thus du = —sinz dz, and noting that « = 1 when z = 0 and « = 0 when
r=1=
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6. /2 xﬁsinxdx:()
9 14+ a4

because the function f(z) = Zsinz is odd and [—2,2] is centered at the origin. Indeed,

1424
—z)%sin(—z 28 sinx
[y = (2 sne) _asing
1+ (—x) 1+
because sin(—z) = —sinz.

237
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17 M14: areas and other
applications

171 Area between two curves

Watch the videos at
https://www.youtube.com/watch?v=2CYpuS0PoJI&list=PL265CB737C01F8961&index=80

and
https://www.youtube.com/watch?v=_uJxAleo 2A&list=PL.265CB737C01F8961&index=81

and
https://www.youtube.com/watch?v=83GvmDv1CGc&list=PL265CB737C01F8961 &index=82

Abstract These videos apply the previous results on calculating definite integrals to calculate

area of various plane regions.

Theorem 17.1.1. Let f and g be two continuous functions on [a, b] satisfying
f(z) > g(z) for all zin [a, b].

Then the area of the plane region bounded by v = a, x =b, y = g(z), and y = f(x) is

b
A=/ (f - 9)() da.
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M14: areas and other applications

Example 17.1.2. Find the area of the plane region bounded by y =2+ 1, y=z,z=0and z = 1.

Solution. Since z <1 < 1+ 2?2 for x in [0,1], the region considered is

Thus the desired area is given by

1

1 3 2
9 x z 1 1
/Ox-i- T dx [34-1‘ 2]0 3+ 5

Iy
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Example 17.1.3. Find the area of the plane region bounded by y = 22 and y = 2z — 22.

Solution. The two curves intersect when

2

2? =22 —2? = 22° - 22 =2x(x—1)=0,

thatis, x = 0 and = 1. Moreover, y = z? is a parabola opening upward while y = 2z — 22 is a parabola

opening downward. Thus the region considered is sketched as follows:

Thus the desired area is given by

1 1 371
2 2 1
/QIIZIQdI/QIQIZdI{IZL} =1—-=-=-.
0 0 3 1, 3 3

Example 17.1.4. Find the area of the plane region sketched below:
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Solution. The area is given by
6 6 23 6
/ 2:6—(1:2—4a:)da::/ 6z — z2 dr = [3:&—} = 36.
0 0 3 1o
Example 17.1.5. Find the area of the plane region bounded by y =sinz, y =z, =%,z =mr.
Solution. Here

x> —>1>sinzx

o] 3

so that the region considered is sketched as below:

Thus, the desired area is given by

/7r inxd v + cos ' m 1 U 1
— Sin = | — 3 = — — - = — — 1.
. T — sinx dx 5 T 5 g g

2

no
w
3

no

R

Example 17.1.6. Find the area of the plane region bounded by y = 12 — 2% and y = 2> — 6.

Solution. The two curves intersect when

2

12—22=22-6 < 22=9 «— z =43,
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and y = 12 — z? is a parabola opening downward, while y = 2 — 6 is a parabola opening upward. We

obtain the following sketch:

Thus the desired area is given by

3 3
/ 12—2% — (22 - 6)dz = 18 — 2% dw

-3 -3

—

3
= 4/ 9 — 22 dx because 9 — z2 is even
0

Il
S

$33
[995——] —4x18="T2.
3 0

Need help with your
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Theorem 17.1.7. Let f and g be two continuous functions on [a, b]. The area of the plane region bounded

byr=a,x=0b, y=g(x), and y= f(x) is

b
A= [ (1= 9@ do.

In practice, we need to find the points of intersections of the two curves and calculate the area of each

piece of the region.
Example 17.1.8. Find the area of the plane region enclosed by y = sinz, y =sin(2z), * =0,and z = 7.
Solution. The two curves intersect when

sinx = sin(2x) = 2sinzcosz <= sinz (1 —2cosz) =0,

that is, if sin z = 0, which, in [0, 5l only happens at x = 0, or if cosz = %, which, in [0, 7], only happens

at x = Z. We obtain the following sketch:
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Thus the desired area is the sum of the red and blue parts, that is

A

5 3
/ sin(2z) — sinz dx 4+ / sinz — sin(2z) dx
0 jus

3
1 3 1
= |73 cos(2z) + cosx| + |—cosz+ 5 cos(2x)
0

(N

1

5

Example 17.1.9. Find the area of the plane region enclosed by y =z, y = ¥/
Solution. The two curves intersect when

3

r=15 e 2®—2=0 < 2(@@—1)(x+1)=0,

that is, if z = —1, x = 0 or = 1. Thus we obtain the following sketch of the region:

We see that from -1 to 0 x > /z, while &z > z on [0, 1]. Thus, the desired area is the sum of the blue
and red area, that is,
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Example 17.1.10. Find the area sketched below:

Solution. We could calculate the equation of the segment of line and proceed as before, or observe that
the desired area is the area under the graph of \/z on [0, 4] minus the area of the blue rectangle below,

which has area 2:

Thus, the desired area is given by

A = Vadr —2
0
4
= [2333} —9
3 0
_ 16, 10
3 3
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17.2  M14 Sample Quiz 1: areas

Find the value of the area of the plane region bounded by

r=1,2=4,y=2+r and y =1 — 22
y=0and y =23 — 622+ 9x2.

y =4z — 22 and y = 8z — 222,

Ll

y=cosz, y=sinz,z=0and z = 7.
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17.3  M14 Sample Quiz 1 Solutions

Find the value of the area of the plane region bounded by

l.z=1,z=4,y=2++z and y=1—22

Solution. Here is a sketch of the graphs considered, and the corresponding region:

Accordingly, the area of the shaded region is given by the integral

A = /14(2+\/E)—(1—m2)dm
= /14a:2+\/5+1dz

[x3 7 T
- T 322+
1

3 3

o [(64+16+12) 1+g+1
- 3 3 3

86

X
2. y=0and y =23 — 622+ 9z .
Solution. The two curves intersect when
22— 62 +92=0 <= a(2®—62+9)=0

— z2(x-3)?%=0
<— x=0o0rax=3.
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Moreover, f(z) = 2% — 622 + 9z is positive between 0 and 3. Hence, the desired region is the

area under the graph f over the interval [0, 3]:

3
A = /x3—6m2+9mdm
0

x4 9:L'23
= |Z —2pd 4+ =
[4 x+2L
81 81
P— ——4 JES— J—
(4 5+2) 0
_
R

3. y=4r — 2% and y = 8z — 222.
Solution. The curves intersect if

4y —2® =8x — 22 = 2 —dr=zx(x—4)=0,

that is, when = = 0 and when = = 4. Here is a sketch of the region considered:
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Thus, the area of the region considered is given by

A

4
= / dx — 2 dx
0

4
= {21:2—30—3]
3 1o
64 32
= 32— —-=—
3 3

/04(8:17 —22?) —

(4o — %) dx

4. y=cosz, y=sinzr,r=0and z = 7.

Solution. On this interval,

cosSx =sinxr < x =

S
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as shown below:

On [0, ], we have cosz > sinz and on [%, 5], we have sinz > cosz. Thus, the area shaded

above is given by

A

Y 3
/ cosx—sinxdm+/ sinx — cosx dx
0

™

4

= [sinz + cos x]g + [—cosz — sin ]
= (Vi-1D+(-1++2)
= 2v2-2

ISETNES
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174  Arc Length

Watch the videos at
https://www.youtube.com/watch?v=Piawwy3Scys&list=PL265CB737C01F8961&index=83

Abstract This video establishes a formula for the arc length of the graph of a differentiable

function over a closed interval.

Theorem 17.4.1. Let fbe a differentiable function. The length of the graph y = f(z) fora < x < b is given by

b
L= / V14 (f'(x))? d.
Example 17.4.2. Find the length of the curve

y:z% for 0 <z <1.
Solution. Applying the formula from Theorem 17.4.1, we obtain

1 3 2
L = / 1+<—x%) dx
O 2
1
/O\/l—i—gxdx.

Letting u =1+ 22, we have du = 2 dz and when 2 =0, u =1, and when z = 1, u = 13. Thus

13
4

13 3

4 (% 412 3 8 132
L=~ du=—- |22 =—=1[[=2) —1].
9/1 Vi 9{3“]1 27((4) )

Download free eBooks at bookboon.com


https://www.youtube.com/watch?v=Piawwy3Scys&list=PL265CB737C01F8961&index=83
https://www.youtube.com/watch? v=Piawwy3Scys&list=PL265CB737C01F8961&index=83


A youtube Calculus Workbook (Part I) M14: areas and other applications

17.5 Work

Watch the videos at
https://www.youtube.com/watch?v=kGE y9PicEg&list=PL265CB737C01F8961&index=84

and
https://www.youtube.com/watch?v=CL9SaB7N2so&list=P1L265CB737C01F8961 &index=85

Definition 17.5.1. The work done if a body moves a distance d along a straight line by applying a constant

force of magnitude F in the direction of motion is
W=F-d,

where the force is measured in Newton (N) and the distance in meters (1) and the work in Newton.meters,

or Joules (J), or force is measured in pound (Ib) and the distance in meters (ff) and the work in b - ft.
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If the magnitude of the force is no longer constant, we obtain:

Definition 17.5.2. The work done if a body moves along a straight line from = = a to z = b by applying

a force of magnitude F(z) that depends on the position, in the direction of motion is
b
W = / F(z)dx,
and the units are as before.

Example 17.5.3. A 2 kg bucket is lifted from the ground into the air by pulling in 6 meters of rope at a

constant speed. The rope weighs 250 grams per meter. How much work is done in lifting the rope and bucket?

Solution. The force applied when the bucket is x meters from the ground compensates the combined

weight of the bucket and the rope.

Since 250 grams is 0.25 kg, the weight of rope when the bucket is x meters from the ground is

m-g=(6-—12)-025-¢

because the length of rope is 6 — 2z meters. Thus the combined weight is

F=2+(6-1z) 025)g.
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Thus using g = 9.8 m/s?, the work is given by

w

Hooke’s Law:

6 6
3
= F(z)dx =9.8 24+ - ——d
/0 (x) dz /0 —|—2 1 i
6 276
7 x 7 T
= 9.8/ ———dsz.S{—x——}
0o 2 4 2 8 1o
= 161.7J.

The force it takes to stretch or compress a spring x unit of length from its natural length

is proportional to x, that is,

F=k-z,

where k is a constant that depends on the spring, called spring constant.

Example 17.5.4. A spring has a natural length of 1 meter, and a force of 24 N stretches it to a length of

1.8 meters.

1. Find the spring constant;

Solution. If the spring is stretched from 1 meter to 1.8 meters, the elongation x is 0.8 m. Here,

this is the result of applying a 24 N force so that, according to Hooke’s Law:

24=08k <= k= 5—2 =30 N/m.

. How much work would it take to stretch this spring from its natural length to a length of 2
meters;

Solution. Stretching the spring to a length of 2 meters corresponds to an elongation of 1 meter.
Thus

1 1
W:/ F(m)dx:/ 30z dz = [1527], = 15.J.
0 0

. How far will a 5 kilograms mass attached to the spring stretch it?

Solution. The force exerted is the weight
m-g=5-98=49N
of the 5 kg mass. Since the spring constant is k¥ = 30 N/m , we have
49
F=kr < 49 =30xr — x:%:1.63m,

so that this force stretches the spring 1.63 meters from its natural length, that is, stretches it

to a length of 2.63 meters.
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17.6  M14 Sample Quiz 2: applications

1. Find the length of the curve y = 2v/z3 4+ 2 for 1 <z < 2.

2. What is the work necessary to lift a 100 kilograms package by 50 cm?

3. A 200 pounds cable (with homogeneous density) is 100 feet long and hang vertically from
the top of a tall building. How much work is required to lift the cable to the top of the
building?

4. A spring has a natural length of 20 cm. If a 25 N force is required to keep it stretched to a

length of 30 cm, how much work is required to stretch it from 20 cm to 25 cm?

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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17.7  M14 Sample Quiz 2 Solutions

1. Find the length of the curve y = 23 +2 for1 < x < 2.

Solution. The arc-length formula ensures that the desired length is given by

L:/Hl—&-
[ 3 u

= / V14 9z dx
1

1

19
= = Vaudu
9 J10

_ ! Fu;]lg
913 luo

- % (19% —10%),

using the substitution v = 1 + 92 for which du =9dz and v =10 when 2 =1 and « =19

when z = 2.

2. What is the work necessary to lift a 100 kilograms package by 50 cm (taking g = 9.8 m/s?

for the acceleration from gravity)?

Solution. In this case, a constant vertical force compensating the weight does the work, and
W = F-d

= (100 x 9.8) x 0.5
= 490J

taking into account that 50 cm = 0.5m.

3. A 200 pounds cable (with homogeneous density) is 100 feet long and hang vertically from
the top of a tall building. How much work is required to lift the cable to the top of the
building?

Solution. The density of the cable is 2 pounds per foot. If x feet of cable have already been lifted

to the top, the remaining weight of cable is

F(z) = 2(100 — ),
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so that the work needed is given by

w

100
/ 2(100 — x) dx
0

[20030 — 932] 300

= 100000b- ft.

4. A spring has a natural length of 20 cm. If a 25 N force is required to keep it stretched to a

length of 30 cm, how much work is required to stretch it from 20 cm to 25 cm?

Solution. Since a force of 25 N is needed to stretch the spring 10 cm from its natural length,

the spring constant is (using meters instead of centimeters, hence 10 c¢m = 0.1m )

25
k== =22 =250 N/m.
z o1 ON/m
The work to stretch the spring from its natural length (x = 0) to 5 e¢m = 0.05m from its natural

length is therefore

0.05
/ 250x dx
0

= [1250%)"

= 125 x (0.05)* = 0.3125 J.

w
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18 M15:Volumes

18.1  Volume by cross-section

Watch the videos at
https://www.youtube.com/watch?v=Ir4depygEjo&list=PL265CB737C01F8961&index=86

and
https://www.youtube.com/watch?v=V]JgNP4yCB00&list=PL265CB737C01F8961&index=87

Abstract These videos present the method of calculating volumes by cross-section, establish

a formula, and examines examples that are not solids of revolution.

We look for the volume of the solid S that is bounded by two vertical planes z = ¢ and = = b , knowing,
for each x in [a, b], the area A(x) of each cross-section by a plane P, of equation = = ¢st , perpendicular

to the x-axis (%):

Then, if A(z) is continuous on [a, b], the volume of the solid is given by

V= /b A(x) dx. (18.1.1)
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Example 18.1.1. Find the volume of a 3 meters high pyramid with a square base of side 3 meters.

Solution. The geometry of the problem is as follows, if we use the axis of symmetry of the pyramid as

x-axis, with the origin placed at the vertex:

Thus, the cross section is a square of side x, that is, A(z) = 22. In view of (18.1.1), the volume of the

pyramid is given by

3 23713
V:/ 22 dr = [—} =9m3.
0 3 1o

Example 18.1.2. Find the volume of a wedge cut out of a circular cylinder of radius 3 by one plane
perpendicular to the axis of the cylinder, and by another crossing the first plane at a 45° angle along a

diameter of the disk forming the cross-section of the cylinder by the first plane.

Solution. We see from the geometry of the problem

Download free eBooks at bookboon.com



that the cross section is a rectangle whose sides are of length x and 2v/9 — 22 respectively. Thus the area

of the cross section is
A(z) = 22/9 — 22
and, by (18.1.1), the volume of the wedge is

3
V:/ 229 — 22 dx
0

which we calculate by substitution with v =9 — 22, so that du = —2x dz :
0 9 9 ,1°

V= —/ Vudu = / Vudu = [5“2} = 18 (unit of length)3.
9 0 0
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18.2  Volume by cross-section: solids of revolution

Watch the videos at
https://www.youtube.com/watch?v=t-vV_Wj0gx0&list=PL265CB737C01F8961&index=88

and
https://www.youtube.com/watch?v=wy 179P9EWc&list=PL265CB737C01F8961&index=89

and
https://www.youtube.com/watch?v=P3WUSOW0Sq4&list=P1L265CB737C01F8961&index=90

and
https://www.youtube.com/watch?v=Xh0AhuftFTc&list=P1.265CB737C01F8961&index=91

Abstract These videos go over examples of calculations of volumes of solids of revolution
using the cross-section method, so that the cross-section is either a disk or a washer. Both

cases are examined.

Definition 18.2.1. A solid of revolution is a solid obtained by revolving a plane region about a line in

that plane.

In this section, we focus on solids obtained by revolving plane regions about horizontal line, as the

cross-section method is most efficient in this context. We consider also an example where the rotation

is about a vertical line.

Example 18.2.2. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by x =0, 2 =4, y =0 and y = /= about the x-axis.

Solution. First, we sketch the plane region to be rotated, the intersection of = = ¢st with this region, and

the cross-section it generates by rotation about the x-axis:
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The cross-section is a disk of radius +/x , and thus its area is
Alz)=m (\/5)2 =7z,
so that, by (18.1.1), the volume of the solid of revolution is

4 2214
V:/ mcdx:w[—} = 8.
0 2 ]y

Example 18.2.3. Establish a formula for the volume of a ball of radius r.

Solution. A solid ball of radius r can be obtained by rotating the area under the graph of y = v/r? — a2

over [—r,r] about the x-axis:

i . . oy . .
The cross-section is then a disc of radius /r2 2, so that its area is

Thus the volume of the ball is

T 3717 4
V= / n(r? —at)de =7 {rzx - a:_] = —7r3,
3)_. 3

-

Example 18.2.4. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by y = 0 and y = 4 — 22 about the x-axis.
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Solution. The two curves intersects when

4—7°=0 < xz=20rz=-2.

We first sketch the plane region to be rotated, the intersection with z = c¢st, and the cross-section

generated by rotating it about the x-axis:

Thus the cross-section is a disk of radius 4 — 22 and has area

A(z) :7r(47x2)2 = (2" — 82% +16) ,

so that the solid of revolution has volume

2 5 3 2

8x 5127
V= 18 1 16) de =7 |2 — 2 f6x| =221
/_271'(1; x? + ) x 7T|:5 3 + xiz 5

Example 18.2.5. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by z =0, y =1 and « = tan (§) y about the y-axis z = 0.
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Solution. We first sketch the plane region to be rotated, the intersection with y = cst, and the cross-

section generated by rotating it about the y-axis:

Thus the cross section is a disk of radius z = tan (Zy) and has area

A(y) = 7 tan® <gy> ,

360°
thinking.
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so that the volume of the resulting solid of revolution is

vV = /Olwtan2 (%y) dy

= 7r/01 (tan2 (gy) —|—1) —1dy

1
= w/ sec? (zy> — 1dy.
0 4

Using the substitution v = Zy (so that du = § dy ), we obtain
4 (5, =
sec‘u —ldu=4tanu —ulf =4—m

V=r—
™Jo

In all of the previous examples, the cross-section turns out to be a disk, because the region to be rotated

shares a boundary with the axis of rotation. When this is not the case, the resulting cross-section is a

washer, that is, a a disk with a smaller concentric disk removed from it (°):

Example 18.2.6. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by y = 22 + 1 and y = 3 — = about the line y = 0.

Solution. We first sketch the plane region to be rotated. To this end, we need to determine where the

curves intersect, that is, to solve:

P Hl1=3-2 < 2*°+2-2=(r—1)(z+2)=0.
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Thus the curves intersect for = —2 and = = 1 and we obtain the following sketch for the region, its
intersection with x = ¢st, and, for the right-hand side, the cross-section generated by rotating this

intersection about the x-axis:

Thus the cross-section is a washer of outer radius 3 — z and inner radius 2 + 1 so that the area is

™ ((3 —a)’ - (2 + 1)2)

= 77(—:E4—3:2—6x+8).

A(z)

Therefore the volume of the resulting solid of revolution is

® 2P Yo

1
V7r/2x4x26x+8d9:7r[??3x2+89: B 5

Example 18.2.7. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by y = 2y/z, y =2 and = = 0 about the line y = 0.
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Solution. We first sketch the plane region to be rotated, together with its intersection with z = ¢st , and,
for the right-hand side, the cross-section generated by rotating this intersection about the x-axis. Note

that y = 2y/z and y = 2 intersect exactly when z = 1:
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Thus the cross-section is a washer of inner radius 2./ and outer radius 2, and has therefore area
Az) =7 (2° — (2v2)?) = 4n(1 — 2),
and the volume of the resulting solid of revolution is
1 22711
V=47T/ 1 —zde =4r [Jc——} = 2.
0 2 Jo

Example 18.2.8. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by x = tany, y =0 and « = 1 about the line z = 0.
Solution. We first sketch the plane region to be rotated, together with its intersection with y = ¢st, and,

for the picture below, the cross-section generated by rotating this intersection about the y-axis. Note

that tany = 1 when y = 7, so that =1 and = = tany intersect for y =

Thus the cross-section is a washer of inner radius tany and outer radius 1, so that its area is

Aly) == (1 — tan? y) ,
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and the volume of the resulting solid of revolution is given by

i i
77/ 1—tan2ydy:7r/ 2 — (1 +tan’y) dy
0 0

V =
2

= — — T.

w2y — tany](% =3

Example 18.2.9. Find the volume of the solid of revolution obtained by revolving the first quadrant
plane region bounded on the left by 2 + y? = 3, on the right by = = /3, and above by y = /3, about

the line z = 0.
Solution. We first sketch the plane region to be rotated, together with its intersection with y = ¢st , and,

for the picture below, the cross-section generated by rotating this intersection about the y-axis:
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Thus the cross-section is a washer of inner radius /3 — 32 and outer radius /3 and has therefore area
2
A == (V32 - (VB=3)") = 2

so that the volume of the resulting solid of revolution is given by

V3 Y V3
V:W/ y2dy=7r[—] = V3.
0 3 0
Ijoined MITAS because L,
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18.3  Volume by cylindrical Shells

Watch the videos at
https://www.youtube.com/watch?v=cMWkUeKtVrM&list=PL265CB737C01F8961 &index=92

and
https://www.youtube.com/watch?v=sV-7AtmmO0SY &list=PL265CB737C01F8961&index=93

and
https://www.youtube.com/watch?v=Gql13TKPa6Vc&list=PL265CB737C01F8961&index=94

Abstract The first video establishes a formula for calculating the volume of a solid of

revolution by cylindrical shell, while the other go over examples.
When a region of the plane is rotated about a vertical line, the method by cross-section to determine the

volume of the resulting solid of revolution can be very cumbersome. Consider for instance the region

bounded by y =0 and y = 3z — 2% rotated about the vertical line z = —1, as represented below:

To use the cross-section method, we would need to:
« find the maximum of the function y = 3z — 2% to determine the interval of y values to use

in the integral of A(y);

« solve the equation 3z — 2% = y for x in terms of the parameter y.
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This could be done, but is cumbersome. For a more complicated function, this might become difficult or
even impossible. Thus, we need another, more efficient, method when we generate solids of revolution
via a rotation about a vertical line. Approximating the area by rectangle, we approximate the volume of

the solid of revolution by cylindrical shells (°):

With this method we obtain:
Theorem 18.3.1 (Volume by cylindrical shells) If a plane region bounded by x = a,x =b, y = f(x) and
y = g(x) where f and g are continuous, is rotated about a vertical line v = L (to simplify, we assume that

L is not in (a,b)) the resulting solid of revolution has volume

b
V= 277/ height-radius dz,
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where height and radius are those of the cylinder generated by rotating the intersection of = = cst with the plane

region about the axis of rotation x = L :

Going back to the motivating example:

Example 18.3.2. Find the volume of the solid of revolution obtained by rotating the region bounded by

2

y =0 and y = 3z — 22 about the line x = —1.
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Solution. We represent the region to be rotated and a typical cylindrical shell:

Thus a typical shell has height 3z — 2* and radius « + 1, so that the volume of the solid of revolution is

3
V = 27r/ 3z — 2?)(x + 1) dx
0
3
= 271'/ —23 4222 4+ 3z dx
0

——+ T+ | ==

_ 223 3a? 3 457
e 2 2

0

Example 18.3.3. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by y = 222 — 2% and y = 0 about the line = = 0.

Solution. To represent the region to be rotated, we first note that y = 22% — 23 = 2%(2 — z) intersects

y =0 for = 0 and = = 2. Representing the region to be rotated together with a typical shell, we obtain:
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Thus the radius is x and the height is 2z — 2®, so that the volume of the resulting solid of revolution is

Vv

2 2
27r/ r(22% — 23) dx = 27r/ 223 — 2t dx
0 0

_ 2[__}£
0

Example 18.3.4. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by y = x — 2% and y = 0 about the line z = 2.

Solution. To represent the region to be rotated, we first note that y = z — z? = z(1 — z) intersects y = 0

for = 0 and = = 1. Representing the region to be rotated together with a typical shell, we obtain:
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Thus we see that a typical shell has radius 2 — = and height = — 22, so that the volume of the resulting

volume of revolution is

1
vV = 277/0 (2—x)(x—x2)daz

1
= 277/ 3 — 322 + 2z dx
0
1

4
€T B
2T {Z—m3+x2]ozg

Example 18.3.5. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by y = x and y = 22 about the line z = 0.

Solution. To represent the region to be rotated, we first note that the two curves intersect when

=1 <= x(x—1)=0,

thatis, when 2 = 0 or z = 1. Representing the region to be rotated together with a typical shell, we obtain:

Thus, we see that a typical shell has radius x and height 2 — 22, so that the volume of the resulting solid

of revolution is
1 1 3 471
V:27r/ x(w—x2)d:1c:27r/ 2 —dde=2n |2 2| =2
o o 3 4], 6

Example 18.3.6. Find the volume of the solid of revolution obtained by revolving the plane region

bounded by y = 4z — 2% and y = 8z — 222 about the line z = —2.
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Solution. To represent the region to be rotated, we first note that the two curves intersect when

4o — a2 =8z —22% — dr—a2? =z(4—2z) =0,

thatis, when 2 = 0 or « = 4. Representing the region to be rotated together with a typical shell, we obtain:

Thus, a typical shell has radius 2 4+ = and height 42 — 22, so that the volume of the resulting solid of

revolution is

4

V = 21| 2+2)(4r —2?)da

4

= 27 —2% 4+ 222 + 8z dx

S— >—

o [_x4 223 12 Y 2567

IR
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184  M15 Sample Quiz: volumes

1. Find the volume of the solid of revolution generated by revolving the plane region bounded
byz=1,2=2, y=0and y =2 — z + 2 about the x-axis y = 0.

2. Find the volume of the solid of revolution generated by revolving the plane region bounded
byz=1,2=2, y=0and y =23 — 2 + 2 about the y-axis z = 0.

3. Find the volume of the solid of revolution generated by revolving the plane region enclosed
by y=(z —1)>+ 1 and y = 6 — 2z about the line y = —1.

4. Find the volume of the solid of revolution generated by revolving the plane region enclosed

by y = (z —1)>+ 1 and y = 6 — 2z about the line z = —3.
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18.5 M15 Sample Quiz Solutions

1. Find the volume of the solid of revolution generated by revolving the plane region bounded

byz=1,2=2, y=0and y =2 — z + 2 about the x-axis y = 0.

Solution. First, we sketch the plane region:

We revolve the region about the x -axis, hence we use the cross-section method:
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Thus the cross-section by z = cst is a disk of radius (z® — z + 2). Therefore the area of the

cross-section is
Alz) = m(2® — 2z +2)? = 7(2® — 22" + 423 + 22 — 4o 4+ 4)

and the volume of the corresponding solid of revolution is

Vo= /12A(x)dx

2
7r/ 28— 22 + 403 + 2% — 4z + 4dx
1

72 3 ?
w[f—x5+x4+x—2x2+4x}
1

7 5 3
B 2536 323
- (%) - (%))
22137

105

2. Find the volume of the solid of revolution generated by revolving the plane region bounded

byzx=1,r=2, y=0and y= 2> — x + 2 about the y-axis x = 0.

Solution. The plane region considered is the same has in the previous question, but this time,

we revolve it about « = 0. Thus we use cylindrical shells, has shown below:
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As shown on the picture, a typical cylindrical shell has radius x and height 2 — x + 2. Thus

the volume of the resulting solid of revolution is

2
V = 27r/ (2® — x4+ 2)zde
1

2
= 27r/ a2t — 2% 4 2z dx
1

535 LE3 2
= 271 |= — L 4 2
"53],
32 8 1 1
= 2 Z o2 g (2241
((F-5+)-(-5+1))
_ 2067
15

3. Find the volume of the solid of revolution generated by revolving the plane region enclosed

by y=(z —1)>+ 1 and y = 6 — 2z about the line y = —1.
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Solution. First, we sketch the plane region:

Note that the two curves intersect if
6-2r=(x—-1>*+1 <= 2°-224+2-(6-22)=0

— 22 -4=0
<— x=-2o0rx=2,

so that the interval of x-values to consider is [—2,2]. Because we revolve the region about an

horizontal line, we use cross-section, as shown below:
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The cross-section is a washer with inner radius

(x—1)2+1+1=2%—22+4,

which is the vertical distance between the curve y = —1 and the curve y = (z — 1) + 1, and
outer radius

6—2r+1="7-2z,

which is the vertical distance between the curve y = —1 and the curve y = 6 — 2z . Thus the
area of the cross-section is

Alz) = 7 ((7 —2x)* — (2* — 22 +4)2)
m (42® — 28z + 49 — (2" — 42® + 122° — 16z + 16))
= (2" +42° — 82> — 122+ 33).

The volume of the resulting solid of revolution is then

/iA@ﬁm
2

= 7T/ —z* + 42° — 822 — 122 + 33 dx
—2

Vv

x® 8 2
7l 42t — 223 — 622 + 332
5 3 9

32 64 32 64
= _= —(Z+ 22—
ﬁ<( g 3+58> (5+3 7>>

4. Find the volume of the solid of revolution generated by revolving the plane region enclosed

by y = (z —1)>+ 1 and y = 6 — 2z about the line z = —3.
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Solution. The plane region considered is the same has in the previous question, but this time,

we revolve it about = —3. Thus we use cylindrical shells, has shown below:

A typical cylindrical shell has radius 3 + z (the distance between the axis of revolution z = —3

and a line = = ¢st ) and height

6—22—((x—1)2+1)=4—2°
Thus the volume of the corresponding solid of revolution is given by

Vo= 27/2(4m2)(3+$)d$
-2

2
= 27r/ —2® — 322 + 4o+ 12dx
-2

1’4 2
= 927 [— — 23+ 222 + 122
4 -2

27 (20 — (—12))
= 64m.
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19 Review on Modules 11
through 15

19.1 MOCKTEST 4

Instructions: Do the following test, without your notes, in limited time (75 minutes top). Then grade
yourself using the solutions provided separately. It is important that you show all your work and justify
your answers. Carefully read the solutions to see how you should justify answers.
1. [10] A stone is dropped from the CN tower (450 m tall). If acceleration from gravity is
g =9.8m/s*, determine how long it will take for the stone to reach the ground, and at what

speed it strikes the ground.
2. [8 x5 =40] Estimate the following integrals:

1
a) / (22° — 22° + 3) dz
0

1
b) / tan(3z2° — 623)dx
-1
) /ﬁ sin (z*) dx

d) /1 2" sin® (¢™ 4 5x)dx
o / 2\/_ -2,
f) / (122 — 4) /322 — 2z + ldx

g / 5 sin x cos(cos z)dx

h)/ (5 + 249
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3. [5] Find
i /1 Y\/Yy cosy J
dt \J; v>+3y3+1 v)

4. [10] Find the area enclosed by the curves y =2 — 2% and y = —x .
5. [15] Find the volume of the solid obtained by rotating the region enclosed by
y=22—-5z+1, y=—x2+ 2z — 3 about the line y = 0, then about = = 0.

6. [15] Find the volume of the solid obtained by rotating the region enclosed by y = 2,

y=2sinz, =0 and = 7 about the y = 2.

7. [10] A spring has natural length 20cm. If a force of 50N is required to keep it stretched to a

length of 25cm, how much work is required to stretch it from 25cm to 35cm?

Excellent Economics and Business programmes at:

7

university of e AACSB
groningen b (e

N A

| 4

| .
“The perfect start

of a successful,
international career.”

-, . 4 CLICKHERE
® F to discover why both socially
and academically the University

of Groningen is one of the best

i laces for a student to be
www.rug.nl/feb/education P

286 Click on the ad to read more

Download free eBooks at bookboon.com


http://www.rug.nl/feb/bookboon?utm_source=AdBookboon&utm_medium=Bookboon&utm_campaign=130215Bookboon

10.2

MOCK TEST 4 Solutions

. [10] A stone is dropped from the CN tower (450 m tall). If acceleration from gravity is

g =9.8m/s?, determine how long it will take for the stone to reach the ground, and at what

speed it strikes the ground.
Solution. Let s(t) denote the distance of the stone from the ground at time ¢, and v(t) its velocity.
Since the stone is dropped from a 450 meters high tower, we have s(0) = 450 and v(0) = 0.

The only force exerted on the stone is gravity, and therefore acceleration is a(t) = —9.8m/s%.

Velocity is an antiderivative of acceleration, that is,
v(t) = /a(t) dt = -9.8t+ C.

Thus v(0) = C', and we have observed that v(0) = 0, so that C' = 0. Therefore
v(t) = —9.8t (m/s).

The position s(t) is an antiderivative of v(t):
s(t) = /v(t) dt = —4.9t> + D.

Thus s(0) = D and we have observed that s(0) = 450, so that D = 450. Therefore
s(t) = 450 — 4.9t% (m).

The stone strikes the ground when s(¢) = 0, that is, when

450
450 — 4.9 =0 <— ?=""
4.9
450
= {= ) ~ 9.58s,

because we only consider positive time. Thus the stone reaches the ground after 9.58 seconds,

at a speed of
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2. [8 x 5 =40] Estimate the following integrals:

1
a) / (2333 — 222 + 3) dxr
0

Solution.
1 4 3 1
2
/(2x3—2x2+3)da€ = [x_z+3x]
0 2 3 0
RN TN
2 3 6

1
b) / tan(32° — 623)dx
-1

Solution. f,lltan(3$5 —62%)dz = 0 because the interval is centered at the origin and the

function is odd.

c) /x3 sin (z*) dz

Solution.

/Jc3sin (Jc4) der = l/sinudu

1
= fzcosu+C

>

1
= -3 cos(a:4) +C,

using u = z* and thus du = 423 dzx .
1
d) / x” sin® (2™ + 5x)dx
1
Solution. fll 27 sin’ (2™ 4 5x)dxr = 0 because we integrate over an interval of width 0.

e) /@d:r

ZCQ
Solution.
2vVx3 —2
/%dm = /2$_% — 22 2 dx
X

= 4dp2 427 4 C
2

4+ = +C.
xr
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) /(m )37 — 20 1 Lda

Solution. Let u = 32? — 2z + 1. Then du = (6z — 2) dx and (12z — 4) dz = 2du . Thus

/(12m_4)mdx = 2/\/ﬂdu

2 3
= 2.2u 4+ C
3u+

- %(3x2—2x+1)%+C.

g) /2 5 sin z cos(cos x)dx
0

Solution. Let u = cosz . Then du = —sinz dz . Note that u =1 when 2 =0 and v = 0 when
x = 5. Thus
% 0
/ 5sinz cos(cosx)dr = —5/ cos u du
0 1
1
= 5/ cosu du
0
|
= 5[sinul,
= b5sin(1).

1
h) / 22(5 + 22%)*dx
0

Solution. Let uw =5+ 2z3. Then du = 6z2dx and z%dzx = % du . Note also that v =5 when

=0 and v =7 when z = 1. Thus

1 1 /7
/ 22(5+ 223 de = = / ut du
0 6 /s

1[u5}7
615,
75_55

30

3. [5] Find

d /1 Y4/Y cosy
— —————dy | .
dt \J, v>+3y3+1

Solution. Recall that

i ([ o) = @
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provided that fis continuous, according to the Fundamental Theorem of Calculus. Hence

d by ycosy J _d b oyycosy J

dt </t v+ 38 + 1 y> - dt< /1y5+3y3+1 y>
_ d t Y\/y cosy i
- _E</1 GEEES y)

t\/fcost
o+ 383 +1

)

on an interval where this function is continuous.

4. [10] Find the area enclosed by the curves y =2 — 2% and y = —x .
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Solution. Here is a sketch of the region:

The two curves intersect when

2—’=-2 << P-z-2=0
— (z+1)(xz—2)=0
<— x=—-lorx=2.

Thus the area we are looking for is given by the integral

2
A

(2 —2?) — (—z)dz
22+ x+2dx

3 2 2
= {x_ + % —1-24

3 1
8 11
= (2 42+44)—(z+2-2
(5+21)-(G+32)
J
2

. [15] Find the volume of the solid obtained by rotating the region enclosed by
y=22—-5z+1, y=—x2+x — 3 about the line y = 0, then about z = 0.
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Solution. Here is a sketch of the region to be rotated:

The two curves intersect when

202 —6r+4=0
2(2* —32+2)=0
20 —-1)(z—2)=0

r=1o0orz=2.

2 —br+1=—-2+2-3

1o
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When rotating about y = 0, we use the washer method, as shown below

The cross-section of the solid of revolution generated by rotating the region about y =0 is a

washer of inner radius —z2 + = — 3 and outer radius 22 — 5z + 1 and has thus area

A(x) ?

7r<(1’2—51+1)2—(—x2+x—3)
7T(ZE4*10.’L'3+27.T2*10$+1* (:c4721'3+7:r276a:+9))
= 7r(—8m3+20m2—4.1:—8).
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Thus the volume of the corresponding solid of revolution is given by

/12 A(z) dx

2
= 71'/ —82% 4+ 2022 — 4z — 8dx
1

2

v

2
= 7 [72x4 + —Ox?’ — 2% — 84
3 1

(e 2-00)-(3-0)

8
= —T.

3

When rotating about = = 0, we use the shell method as shown below

A typical shell has radius x and height

—x?+r—3— (Jc2—5x+1) = 227 + 6z — 4.
Thus the volume of the corresponding solid of revolution is given by

2
V = / 21z (—22° + 6z — 4) dx
1
2 -
= 27r/ —22% + 62° — 4w du
1

1‘4 2
= 27 {—— + 223 — QmQ}
2 1

= 27r<(—8+16—8)— (—%+2—2)>

1
= 2 X =-=m.
2
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6. [15] Find the volume of the solid obtained by rotating the region enclosed by y = 2,

y =2sinz, =0 and x = % about the y = 2.

Solution. Here is a sketch of the region
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Because we rotate about an horizontal line, y = 2, we use the cross-section method. Here, as

shown below, the cross-section is a disk of radius 2 — 2sinz .

Thus the volume of the corresponding volume of revolution is given by

s
2

vV = / 7 (2 —2sinz)? dx
0

2
= 47r/ 1—2sinz + sin? z dzx

3 1 — cos(?2
= 471'/ 17251nx+$dx using cos(2z) = 1 — 2sin’x
0

33 1

= dm — —2sinz — = cos(2z) dz
0 2 2

3

0

7. [10] A spring has natural length 20cm. If a force of 50N is required to keep it stretched to a

length of 25cm, how much work is required to stretch it from 25cm to 35cm?

Solution. A force of 50N is required to increase the length of 5cm. Thus the spring constant is

F
k:;:?zl()]\f/cm

50

(or 570

= 1000 N/m )The work required to stretch the spring from 25cm to 35cm, that is, to

stretch from 5 cm more than its natural length to 15 cm more than its natural length is given by

15
W= / 102 dz = [52%],” = 1000 N - em
5
or

0.15
/ 1000xdx = 10N -m =10 J.
0.05
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21 Index

A

absolute extremum 128
absolute maximum 128
absolute minimum 128
absolute value 28
antiderivative 211

arc length 251

area of a disk 109, 262

area of a rectangle 175

average value on an interval 204

B
bisection method 51
bounds of integration 201

C

Chain Rule 92

Closed Interval Method 132
composite function 92
concave down 154

concave up 154

concavity 154

conjugate (for limits) 16
conjugate quantity 17
constant multiple rule (derivative) 74
constraint 174

continuous at a point 45
continuous on an interval 46
critical value 129
cross-section 258

current 81

cusp 58

cylindrical shell 272

D

decreasing function 145
definite integral 201
derivative function 58
differentiable 57
discontinuity 45

E

equation of line 13

even function 233
existence of solutions 51

Extreme Value Theorem 128

F

factoring (for limits) 16

First Derivative Test 146

fixed point 141

Fundamental Theorem of Calculus 222

G
girth 185

H

height of a shell 273
Hooke's Law 254
horizontal asymptote 38

I

increasing function 145
indefinite integral 211
indeterminate form of type % 16
infinite limit 33

inflection point 154
instantaneous rate of change 57
integrable function 201

integral sign 201

Intermediate Value Theorem 50

L

limit at +c0 38

limit at — 38

Limit Laws 15

limit of a function 14

limit of a function from the left 25
limit of a function from the right 25
local extremum 129

local maximum 129

local minimum 129

M
Mean Value Theorem 139

N

non-removable discontinuity 45

(0]
objective function 174
odd function 233
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one-sided infinite limit 34
one-sided limit 25

Optimization 174

P

parameter of a partition 200
partition (of an interval) 200
perimeter of a rectangle 175
pointed partition (of an interval) 200
Power Rule 73

Product Rule (derivatives) 75
Pythagorean Theorem 110

Q

quantity of charge 81
Quotient Rule 76

R

radius of a shell 273
removable discontinuity 45
Riemann Sum 201

Rolle's Theorem 138

S

Second Derivative Test 156
similar triangles 112

slant asymptote 41

slope 12

slope of tangent line 13, 57
solid of revolution 261

spring constant 254

Squeeze Theorem 18

Substitution 229

substitution for definite integrals 231
sum of consecutive integers 198

sum of consecutive squares 198

sum rule(derivative) 74

T

tangent line 13

U

unique solution 140

v

velocity (average) 12

velocity (instantaneous) 12
vertical asymptote 35

vertical tangent 58

volume of a ball 262

Volume of a cone 112

volume of a cylinder 183
volume of a parallelepiped 177

w
washer 265
work (variable force) 253
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22 Endnotes

L. the second equality is simply a rephrasing, letting h = = — a.

2. i.e., find the asymptotes, intervals of increase and decrease, local extrema, intervals of concavity, inflection
points and then sketch the graph.

you do not need to sketch the graph.

Some of the pictures in this section are reworked versions of examples in this book

half of this picture is taken from this website

S

The picture is borrowed from this site.
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